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PREFACE 

The author’s ODject in writing this book has been to provide a 
practical statement of the principles of Mechanics. 'I'he fliiangement 
•adopted is similar to tliat of his App/icd Mi\hani(S for 
Great pains have been taken to make the tr(‘alm('nt ade(|iia(e ; piin- 
ci|)les have bei^n illustrated by numerous fully ^voiked-cjut examples, 
•}nd exeicises for home or class woik have been provided at (he ehds 
of the cha})ters. 'hhe working out oT ty{)ical exercises must j^e done 
by eveiy student of Mechanics, l)ut the mere ability to solve examina 
tion questions is not the only servu'e the study of Applied McH'hanu's 
’ can render the l^igineer. 'I'he problems met with in a<'lual engineer- 
ing practice often differ greatly froin the text-book form of exercise, 
•and the student of Mechanics, in addition to a sound knowledge of 
principles, must learn to appreciate the assumptions'^involv ed aiul the 
conseiiuent limitations whu'h arise in their piaetu'al api)lications 
Consccpiently, the studcait must be provided with ficijuent oppor- 
tunities for [lerforming suitable ex[)erini^nts under workshop (ondi- 
tions. In the mechanical laboiatory I# must ('ome into touch with 
[iractical problems, and there leant to test andapitly his know k'dge of 
principles, and in this woik he should have the (^ssistaiK'e of a teac her 
and the criticism of fellow-students, ihit il the whole value of sue h 
Jajtoratory work is to be .secured, no slip-shod working out of rc'sults 
must be tolerated. In rccognitiftn of the supreme importance of the 
exjtericncc gained in the laboratory, many suitable experiments have 
be^n ^Jcscribcd, and these have been arranged on p. xi to provide a 
confiected coi^r'fe of prac'Vical work. 'I'he nature and scope of the 
apfiaratus availaHe M different laboratories vary greatly, and some of 
the experiments included are given as suggestions oni^, so as to be 
^ipplicableto any form of macljin'^ or instrument. 

* Students using ihe boc'J: must have a knowledge of Algebra up to 
quadratic ecjuations, and of 'rrigonometry^to the simple pro{)erties of 
tn^nglcs. »'l'hcy should be acquainted also with abput half-a dozcai ' 
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rules^f the CalcSfcs, tand these are ^‘ven in|j. (■hai)tj;r‘ I. Students 
able. to integrate andto differentiate a”, bmA’, aiid cosa’, wilhlg; 
able to uiukTStand pnietically the whole volume. 

d'hoiigh no particular examination syllabn-. has been*follo\\ed, the 
book should be of sen ice to studcaits prc[)aring Jor Ui^versity degrees 
in ^kigineering, foi ihe examinations ol the Institutions of f'iyh 
EngiiK'eis and of iMechanual haigineers, and for the higher e\an. illa- 
tions of the Ebard of halucation and the (‘ity and (i.jlds of London 
Institute. s 4 

JCxercises marked B.IC aie fiom lei'cnt examination papers of the 
Board of Ik^iiiration, and an^ i(‘[)rinted l)y permission of the i''on- 
tixfller of H.M. Stationery Oftici'; those marked I.(MC are taken 
from receiU examination pa[)cis of the Institution ol C'lvil Ikrgineeis, 
and are reprinted by permission of the publishers, Messrs. \V. (dowes 
tS: Swis. Exeicises maiked E. U. are u-printed, with permission, from' 
recent examination [)ap('rs foi B Sie (Ihig) of London Eniveisity. 

It is impossible to give in <i book of modc'rate si/e a ('omplete state- 
ment ol all subjects of Applied JVIe< hanics Ibir fuller information on 
sj)C('ial maltcas the student is releiu'd to scjiar'ale treatises ; the names 
of some of tlu'se are noted in tire text, and the author takes the 
opportunity of acknowledging his own indebtt'diuss to them, esi)e( lally 
to Sfrc/i<;f/i of Materials^ by Sir J A. Iswing (Cambiidge Unuersity 
Press), and to Machine Aavgv/, by J'lol W’. (’. Ihiwin (J.oiigmaiis). 

Sit Ri( hard (Iregoiyand Mi. A. 'I'. Simmons have lead the pioofs, 
and to their expert knowledge of books and book jirodudion the 
author owga a heavy debt of gratitude. 'I'hanks are also due to Mr. 
Iv. M'yld, B.Sc., Assistant Lecturer at West Ham Institute, who has 
read ff/(e proofs and ch^s'ked the whole of the mathematK'al work and 
the answers to the exercises , it is hoped that his <\aie has had the 
tEi'ct of reducing the number of eiiors to a minimum. ' 

' I'he api)aiatus icpresenled in Eigs. 706, 707 and 715 is made by 
Mr. A. Macklow'-Smith, (Ekm'Ii Anne’s (’hambeis, W’eslminstei, and 
the illtistialions have been ie|)r-oduced fiom woikiiig drawings kirn^^ 
supplied by him. 'Phe illustration of a clafin (Fig. is inserted 
by permission of Messrs. Hans Renold, Ltd? •f'la' d'ables of 
Logarithms anfl 'rrigonomi'lncal Ratios aie i|^‘piinted horn Mr. F. 
Castle’s Machine ConstruLlwn ^nd Draiotni!; (Ma^?millan). 

J. DVKLhXN. 

#WLsr I 1 A\:, ScptcinlK j, 1913.* 
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PART L 

,MATERIALS AND STRUCTURES. 

CHAPTER I. 

iN'rRODrcroRV ]*rin('ii rj<:s. 

Definition of terms. Applied incriianies treats ol those laws 
of force and the efteets of f<>re(' upon miittei which ap|)Iy to woik.s 
of human art. It will siiftaa^ to define matter a.i anything whuh 
occujnes .s[)ace. Matter (‘\isls in many dilleriait forms, and can 
often be changed (lom oik' foim to another, but man cannot create 
sit, nor can he annihilate it. Any gi\cn piece of maltei, oC(m|)ying 
a definite s[)ace, is called a body. Force may exert push or pull 
on a body ; fona* may ( hange or tend to change a body’s state of 
rest or of motion. 

Statics is that [lait of the siilijc'ct embracing all questions in 
which the foiccs applied to a body do not pioduce a distui banco 
in its state of lest or motion. W'hen we speak ol a body’s motion 
we mean its motion i dative to other bodies. Rest is meiely a 
relative tv'rm ; no body, so lar as we an' aware, is actually at rest; 
but if its [)Osition is not ('hanging m lelation to other neighbouring 
oodies, we say it is at rest. In the same way, when we spi'ak ol 
a body’s motion w^e iiK'an the change of jiosition which is being 
elTected relative to neighbouring bodies, (’hange of the state of rest 
O’" of motion may be secured by the application ol a frirc'e or forces, 
but if the^joi('es applied are self-C(|uilibrating, i.e. balance among 
themselves, no d.ange of motion will oc'cur. Kinetics includes all 
problems in which change of motion occurs as a ‘Consequence of 
the application of forces. 

There is another division of the subject called kinematics. This 
ai vision may be defined as the geometry of motion, and has no 
reference to the forces which may be required for the production 

D.M. A 
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MATERIAL^ A."iD STRUCTURES 

of the motion. Problems arise in kmematirs such as the curves 
describe^ by moving points tn a mechanism, anS f'ice velocities of 
these points at any instant. 

Measurement of matter. Matter is measured by the mass, or 
quantity of matter, it contains. The standard unit of mass for this 
country is the pound mass, which may be defined as the quantity of 
matter contained in a^ ceitain piece of platinum preserved in the, 
Exche([ucr Olfiix. A gallon of water at 62" F. has a mass of 10 
pounds. In cases where a larger unit is desirable, the ton, ( onlain- 
ing 2240 pounds, or the hundredweight, containing <112 pounds, 
may be used, ricnerally speaking, it is best to state lesiilts in tons 
afid dcs'imcds of a ton, or in [lounds and decimals of a pound. 

In countries using the metric system, the unit of mass einjiloyed 
is the gram. 'I'his n,xiy be defined as the (juantity of mattiT con- 
^tained in a ( ubic centimetre of pure water at the tempi'iature of 
4" (d \\’heie a larger unit is rcHjuired, the kilogram nui)’ be used, 
being a mass of 1000 grams. 

'The terin den8i<iy refers to the mass of unit \olume of a substance. 
'Thus, in the British system, the density of water is about 62-5, theie 
being 62-5 pounds mass in one cubic foot of water. 'I'he density of 
cast iron in tlie same system is about 450 pounds per cubic foot. 
'The density of water in the metric .system is 1, and of cast iron 7-2, 
these numbers giving the mass in grams in one cubic centimetre 
of water and cast iron resjiectively. 

Measurement of force. Forces may be measured by ('om- 
[)arison with the weight of the unit of mass, 'fluis, the weight of 
the one pound mass, or that of the giam, may be taken as units of 
force, and as these depend on giavitational effort they are refeired 
to as gravitational units' of force. 'I'he attraction exerted by the 
earth in producing the effect known as the weight of a body varies 
in different latitudes, hence gravitational units of force have the 
disadvantage of possessing variable magnitudes, 'i'he variation can 
be disregarded in many engineering calculations, as it affects the 
re.sult to a very small extent only. Other jiraclical giavitational ur'iits 
of force are the weight of one ton (2240 Ux) and the weiglTt of 
a kilogram (1000 grams or 2-2 lb. nearly). 

An absolute itnit of force does not vary, as it is defined in relation 
to the invariable units of mas.s, length and tim^ belonging to the 
system. In the British system, the absolute unit of force is called' 
the pound£^ and hac such a magnitude that, if it acts on one j>oui^ 
mass, assumed to be perfectly free to move, for one second, it wall 



INTRODUCTORJ’ PRINCIPLES 


3 


)roduce a \e1ocUy of one fSot i)er second. I'he* metric absolute 
inft of force dyne, and will prcMuce a velocity of one (cnti- 
netre per second if it acts for one second on a gram mass which 
s perfectly free to move. The [loundal is ecjiial roughly to the 

veight ot half-an-ounce, or, accurately, it is equal to ^ lb. weight, 

beingf the |ate*at which a body falling freely increases its speed. 
0)r all pa|js of*Pritain ^ niay be taken as 32*2 in^ffet and second 
ir-yts, or^pHi in ((‘lUimetre and second units. On this basis, the 

lyne will b^ ^ giam weight, or 981 dyiu's ('qual one giam weight 
learly. 

‘ Newton’s laws of motion. In connc( tion with tlu* alx^e 
lefinitions, it is uschil to study th(' laws of motion laid down by 
'^('wton. •'I'hese laws loim tlu* basis of all principles in mechanics, 
Liid are three in number. 

First law. I'Rery body continues 111 its state of rest 01 of jinifoim 
notion in a straight line (‘\c('pt in so tar as it is compedh’d by forces 
o change that state. • 

Second law. C'hange of momentum is proportional to the a()plicd 
orcc, and takes [)la('e in the dyection in which the force acts. 

Third law. d’o every a( tion there is always an capial and contrary 
reaction ; or, the mutual ac'tions of any two bodies aie always equal 
and oppositely directed. 

d’he first law expresses what is ( ailed the inertia of a body, 2.e. that 
projicrty whereby it resists any (‘ffort made to change either the 
magnitude of its velocity or the direction of its motion. In the 
second Uiw', the term momentum may be here understood to mean 
quantity of motion, nu'asiired by the firoduct of the bt^dy’s ma.ss 
and velocity. 'The law' expresses the oli^erved facts that change 
in the magnitude of the velocity of a given b(;dy is proportional 
*to the force ap[)lied, and change in the direction of motion takes 
place in the line of the force. The third law also expresses 
observed facts. It is impossible to ap[)ly a single forca; there 
must always be an eijual opposite force. One end of a string 
cannot b(% p'ulled unices an equal opposite pull be applied to the 
other end. Jf itie Ixxly used be free to move and an effort be 
applied, the veUxji^v will change continuou.sly ancl the jnertia of 
the body provider* the resistance ei^ual and oppo.site to the force 
hpplied. 

Efperimental measurement of m%ss and Torce. Masses may 
fie comfAired by means of a common balance (Fig. i). In this 
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As equa> 


appliance, a beam AH, pivoted at its centre, will become hori/ontal, 
or will describe small equal angles on each side (kdthe horizontal 
when equal forces are a{)[)lied at A and H. Such equal forces will 
^ g arise when bodies (' and 1), having equal 

-a r masses, are placed in the pans. T'liis 

‘A A follows as a consec[uence of the fact that 

/ \ / \ 0(}ual masses have c([iiul weights at the 

\ » / |^0\ same part of the earth’s siirfci(Y,\ Further, 

^ ^ no matter at what pait of the earth the 

Kic. 1. —Common halanc e. i , • i •. n i • r . 

balance is used, it will ahways indicate 
ecpial mass('s. it therefore follows that such a balaiKe could not 
be used to indicate the vaiiation of a body’s weight in different 
places. 

Spring balances (l^ 1 g. 2) may be used to iiK'asiire dorces by 
observation of the extensions [iioduced in a sj)iing. As equa' 
masses have equal weights, such balances will indicate 
the same scale reading lor e(iual masses, but as it is the 
weight ()f the bgdy wliudi piodiu es the extension of 
the spring, and as it is known that the extension is 
pioportional to the foiee applied, it follows that change 
of weight, such as would be produced by taking the 
balance to anothei pait of the eaith’s surface, will be 
evidenced by a different scale reading. As has been || 
already mentioned, such diffeience is \ery small. Spring ^ %J 
balances aie generally calibrated in a vertical jiosition, 
as shown in I^dg. 2, and will not indicate quite the same JL 
force when the balance is used in an iiK'lined or inveited ^ 

[losition. Thi.s is owing to zero on the si'ale being LJ 

marked for the s[)ring Extension corresponding to the dlAT 
weights of the parts of the balance suspended from the / I 

spring, but no load on the hook or scale pan. ('on- 

sequently the zero wall change if the balance is used 
in any position other than that shown. 

Specific gravity. 'The specific gravity of a substance is the 
weight of a given volume of the .substance r as compaT-C)’ with the 
weight of an equal volume of pure water. Spev^ific gravities are 
usually measLirefl at a temperature of 60° Fahrenheit. 

Let V = volume of a gweii body in cubic feet, 

I . . . 

P = specific gravity of material, 

r 

W = weight of body in lb. 



rhcn 


Hence 
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\V’^= 62-5V lb. weight if the mateiial is water, 
lb. weight forth e given substance. 
\V 

P^- 


62-5V 


This egression enables the specific giavit) of a gi\en body to Ije 
found roughly by first weighing it, then calculating its volume from 
^he measured*diifiensions * • 

'riie follbwing table gives the weights and specific gia\ities of 
some ct)nT'nvin substanc'es : 


\\>.l(.llis AND SPKtlMC GkAVIIII-,s. 


• 




• 

M.ittrial 

W.i. 

l)t of 

W cikI'I "f .1 ‘-IkO 

1" lliu k, 

Spci i(u 
( >r.i\ ii > 

• 

( )tl(' 1 til) foot 

One cull iiicli 

I s<| fool atc.i. 

• 

ll> 

II. 

Il> 


\\'rouglU non 

480 

0 28 

40 


Steel 

4 <>o 

0 28 

41 

7 « 

C'ast non 

450 

0 26 

37^ 

•72 

Copjier - 

55 <> 

0 

46 

88 

Ih.iss 

5-5 

0 30 

44 

cc 

42 

(lUn metal 

540 

• 031 

45 

8 6 

1 Ahiniiniiim 

165 

oo(;5 

M 

26 

Zinc 

450 , 

0 26 

37 l! 

72 

'I'm 

465 

0 27 

39 

74 

Lead 

710 

0 4 1 

59 

11-4 

Kresh water 

5 

0 0 ^6 


1 0 

Sea water 

64 i 

1 

I 0 037 


1-024 


Mathematical formulae. 'The following malhematual notes are 
given for reference. It is assumed that thc^ reader has studied the 
[)rinci[)les involved, or that he is doing so conjointly with his course 
fti meclianics. It may be noted here that a knowledge of the 
elementary rules of the calculus given below is not re([uired in 
reading the first five ehajiters of this book. 


Mensuration. 

Determination areas. 

S{/uare. side r ; ar^a - - 

Rectangle, adjac^ait sides a and 

Triangle, base b, pcrpe*Kliciilar height // ; area - 

Tnianie^le, sides a, b and e. 2S =-- a + b^ c. 

Aiea - sfs(s - a){s - b){s - e). 
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Faralh’/o^^ram \ area = one side x perpendicular distance from that 
side to the opposite one. * • I* 

A?iy irregular figure bounded by straight lifies ; sf^rit it up into 
triangles, find the area of each se})arately and take the sum. 

T?'apezoid\ area half the sum of 
the end ordinates x the basci 

A trapezoidal figure haviny equal 
intenials (Fig. 3) ; 

( ht y hf , ,\ 

1 - IG. T — Tr.ipc/oitl.il figure. arca = ^ ( ' + U-) + T 1. 

Simpson^ s 7 'ule for the area bounded by a curve (h'ig.*4); take an 
odd number (say 7) of equidistant ordinates; then 

arca = + 4//,^ + 2h.^ + 4/q E 2//., + + //-). 




(( arcumfcrence = ntr-ird.) 


Parabola^ vertt‘\ at O (Fig. 5); area 

Cylinder^ diameter d^ length /, area of curved 
surface -- 'ndl. 

Sphere, diameter d, radius r] arc'a of curved 
surface= W- 47r/E 

Cone; area of (airved surface = circumference 
of base x \ slant height. 



Determination of volumes. 

Cube^ edge.^; volume 

Cylifider or prism, having its ends perpendicular 
to its axis; volume = area of one end x lengyi of 
cylinder or prism 


Sphere, radiujj r; volume^ 
Cone or pyramid; volume = 



area of Imse x j perpendicular height. 


Tkioonometrv. ' 

A degree is the angle subtdnded at the centre of a ciicle by an atic 
of -jjJ^jth of the circumference. 
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A radian is tkc iingle at the reiftre t)f a^'irclc hy aii^jirc 

e(iu%l to the ladi^^ of the circle. • 

'I'hcre are 2;^^ulu\ns in a ('oinplete cnele, lienee 
27r ladians ^360 degrees. 

„ -270 

TT ,, - 180 ,, 

, . V „ yo „ 

Let I be the lefigth of arc subtended by an’angle, aiKl let r be the 

" " . * / 

radius yf ijie circle, both in the same units; then angle = ladians. 

*• ^ 
Trigonometrical ratios. In log. 6 let OIJ rinoht' anticlockwise 
a^iout O, and let it stop suc(‘essi\ely in [losilions Ol’,, 01\,, OL,, 
01*4 ; the angles described by Ob are said to be as follows : 

P,(n^, in the first quadrant CX^b. 

is( 3 b. in the second ([uadrant COA. 1 

bjOb (greater than 180''), in the thiid quadrant AOI>. 

PjOb (greater than 270"), in the fourth (|uadraiU bOlt 
Drop |)erpendi('ulars such as PiM, from eac'h position of P on to 
Alb 01 ’ is alwa)s regarded as positive, OM is positive; if on the 
right and negative it on the left of O, I’M is positive it above and 
negative it below Ab. ^ 


N.Tinc of 

K.'Uio .IS 

V.lItK- of 

Alj^clir.iic si|^ii of t.'itio 

I.ttlO 

wrilttii 

r.itio 

isl qii.nd. 

pikI (HU'kI 

311I (|ii.i(l. 

|tli (|n,pl 

sine POM 

Sin POM 

PM 

OP 

-f 

f 



cosine PO.M - 

cos POM 

OM 

OP 




1^ 

tan;;ent POM - 

tanl>OM 

PM 

OM 

+ • 

- 

1 


cosecant POM 

( oscc POM 

OP 

PM 

+ 



1 

secant POM - 

1 secl’OM 

OP 

OM 


i 

i 


H- 

c'otangent POM 

cot 1*0 M 

OM 

1 *M 

+ 


i- 

• 

• ^ A - 

f _ 






'Phe values' of the ratios are not affected by tli^‘ length of the 
radius O]’ ; taking QP to be unity, we have 
sin POM=^PM (Fig. 6), 
cos rOM^^OM (fig. 6), 

tc^n POiM P'b (a l’'A, dependltig on the ([uadrant (Fig. 7). 
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Figs. 6 and f show clearly both the sign and th^ varying values^ 
these ratios, and enable 4h^e following table to bf^deduced : c 


Name of ratio. 


Values of the ratios for 

angles of 



90° 

I ft./ 

■2^o 

360° 


, in POM - 

0 

, 

0 

- I 

0 

■os POM - 

1 

r 

0 

“ I 

% 0, 

I 

an POM -♦ 

""o 

CO 

0 

CO ^ 

° i 


C 



Fig. 6.— Tiigonomclric.'vl latios. 



The following foinuilae arc given for reference: 


cosec A ^ 


sin A ’ 
sin A 


sec A --- 


cot A 

tan A 


tanA -- ‘ v) cotA^ 
cos A, 


( os-A + sin-A -= i 


cos A ’ 

('OS A 
' sin A ’ 

tan'-A + I ^ se('-A ; ('(jU’A + i =- cosec-A. 

sin A = ('os(()o“ - A) ; sin A = sin (i 80“ - A), 
sin (A + 1^) = sin A cos !> 4 - cos A sin ]>. 

cos{A + B) cos A cos 1) - sin A sin U. 

sin (A - B) = sin A cos B - ( osr\ sin B. ' 

cos (A - B) ^ cos A cos B + sin A sin*B. > 

tan A tan B ^ 

I -t tan xV tan B 


tan(x\ + B) = 


,, tan tan B 

^ tan A tan B 
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• If the angles >of a triangle ar* A, R and C',* and tha sides ()j)p(#;ite 
thes§ angles are^/<^ and r respectively, tlvi following relations hold : 

rt cos C + c cos R. 

(I h t 

sin A sill R sin C 
d- =- //- + / - - 2 A' cos A. 


then 


Ai.c.khra. 

Sftlution of simple simultaneous equations. If the given eijuations are 

*• 

rr,.\ .. (i) 

a,x -f /m’ ^2’ '• (“,) 

oA, 




then 


^ a^(K, - f7 /, 

Solution of a quadratic equation. 1 f 

- + Av + c - o, 

A + sj Ir - ^<i(' 

^ 2a 


( \\i,cui.ns. 

Differential calculus Let AR (log. 8) represent the relation 
of two (pjantities .v and y vvIik h aie comu'cled in some delinite 



. Fig. 8.- (ji.inluc illustration of a differential coefficient 

manner. Considt?r two points R^ and lA on AR se{)arated by a 
short distance RiP2i 

VrU.-Vr 

The difference between the ab.scis^ae OMj and OM., will be 



[O 
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and jnay be* written #the symbol S fignifying “the* 
lifference in ” ; similarly wiil^the ordinates P^Mj ai^ P 2 ^ 2 * H^^nce 
• Sx==x.,-x^^M^Mo=l\K. ^ 

The ratio of these will be 

• Sx P|K 

The value of this ratio depends on the proMnuLy ui U] ijiiu*x 2 * 
[f these points are taken indefinitely close together, tlTb ratio tends 
o take a definife value whieh depends on the given relationship of 
^ and y. 'Phis value is called a differential coefficient, and serves 
o measure the rate of growth of v with x. 

If P, and P., are very close together, PjP^ practically a straight 
line, and we have p 

If P^ and P.j arc indefinitely close together, I’lP.^ is in the direction 
of the tangent I’^'f drawn to toiK'h the (ur\e at Pj ; in this ('ase 
and Sx are written (fy and ^/a-, and the final value of the ratio is 

Pi 1^1 1 

For example, suppose a graph such as AB m Fig. 8 to have been [ilotted 
fiom the equation, v—.i- (i) 

Then + *" + <^ 0 ' 

( 2 ) 

Taking the difference between (2) and (i) goes 
(]y — 2 x . 8 1 + (8 1 )“. 

Now (8.r)“ is the square of a (juantity which ultimately becomes \eiy 
small, and theiefore becomes negligible. Hence we may wnle ^ 

dy~2 \ . d\^ 

- . « 

vSuppose, as another exanqile, we take ^ 

y=^<rd\ .* .^. .f. (4) 

when a is a constant. It will be CMdent, on repeating thc*above piocess, 
tliat Jy t I / X 

• ^5) 

•thus givirij; llic rult^ that any oonstant faclor appears un.alterid in 
the value of the diffeiential ct^flicicnt. 
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* Take now the following ecjuat^^n : 

^ j = .V- + r7. . .0 (6) 

^The effect of the addition of a constant a to the right hanS side 
of (i) is simply to raise the graph to a higlicr level above OX in 
Fig. 8 ; its ^hapc will be exactly as before, and lienee the tangent at 
any point will make the same angle with OX. Therefore the’ 
^fferential coeffici^dit will have the same value ,;is (3), vi/.. 


It wall also be clear that, if the e(iiiation is 


j = + (8\ 

then (9) 


^rhe rule may be expressed that a constant (jiiantity added to the ^ 
right-hand side disap[)cars from the differential ('oefhcient. 

'I'hc following differential coefficients are useful ; the methods of 
obtaining them maybe studied in any book dealing is'ith the calculus. 
The symbol c represents the base of the Naperian or hyperbolic 
system of logarithms, \i/. 2-7i82<:>. 


1 ) 1 1 r h R KN I I A L COK t F iC I KN'I S. 



dx 


dy . 

dx 

/ = 

dv 

1 y ^ ad>£ 

dx 

/ = log^.r 

dy _ 1 
dx .r 


dy a 
dx X 

9 ' — sin i' 

dv 

i 

j — //sinAr 

n 

0 

;' = C()s 1' 

dv 

- — - Sin r 
dx 

y~acQ'i,hx 

- (d> sin Ai 
dx 

« 

. 7 = tani- 


\ y~(i tan hx 

— (df sec-Ar 
dv 

/ = 

• dy 




« 


'» Differentiation rules. , The lollowang rules may also be stated 
here.* ^ • 

^If the •^ight-hand side lakes the form of the sum of a number of 
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tarms each depending on .r, then thcf' differential coefficient is the sun^ 
of the differential coefhci(^i;s of the terms taken sa|}arately. dffius : 

• y == ax^ + /u2 + <rx 4- </, 

• 'Fo differentiate the product of a number of factors, cacn of which, 
depends on x, multiply the differential co(;fficieni ol'each factor 5 y 
all the other factors and take the sum. 'Fhus : 

j = A:“sin .r, 

. - 2 vsin.r + a’“Cos.v. 
av 

'I’o differentiate a fraction in which both numerator and denomi- 
nator de[)end on .v, proceed thus : 

diff. coeff. of numerator x denominator 
r/r _ - diff. coeff. of denominator x numerator 

* r/.v sijuare of denominator 

KXAMPI.K Let - . 

sin i' 

The diffcrenti.il cocfCu icnt of the numerator is 2 .v and that of the 
denominator is cos.i, hence, by the above lule : 

^/y _2.vsin r - .r-cos r 
r/.i' sin-.r 

Supiiosing w'c have to find the differential coeffuienl of 
4 '--sm'\v, 

it should be noticed that the given expression, vi/. the cube of sin.v, 
depends on another function of .v. d’hc rule to be followx'd is to 
differentiate the expressjon as given, viz. (sin.v)^, the result being 
3(sina:)‘'^; then multi[)ly this result by the differential coefficient of 
the function on wdiich the given expression depends, viz. sin.r, few: 
which the differential coefficient is cos .r. 

Hence, ^ (sin a )“ cos .v 

= 3 sin At cos ar. , 

In successive diflferentiation, the differential coeffit:ient: of the given 

function is takefi as a new function of .r and its differential coefficient 

is tound ; the latter is called tl\p second diffierentiid coefficient, and is 

• (f‘^y . % * 

written The operation may be rc[)eated as many times a%>may 

be necessary. 
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' Example. Lei 






dx 

d‘^y_ 

dx^~ 

d^> 

dx 


= 5('u-*, 


20ilX'\ 


7 — 6 cvm 


, The maxim, m value of a givt n fiiiu lion of x may often l)e found 
by ap^)licati9n of the following simple method. It will be noted that, 
in Fig. 8, at ilie ])oint in All for which j' has it.s maximum \alue, 

the tangent to the rune is paiallel to OX, and heni'c for this 
' ' dx 

point w'ill be zero 'bhe rule thert'fore is, take the differential 
coefficient and equate to zeio, this will gi\e the \alue of .r coire- 
sponding to the maximum value of jc by inserting this \alue of .r 
in the given equation cijimceting .v andq’, the maximum value of 7 
may be found. Thus • 

Let 7-biu.i, 

dy 




-cos \ -0 foi the maximum value of y. 


* Now' when cosa' -o, 1 is ciihci 90’ 01 270”, / o ^ or ladians, hence 
IMaximum \'alue ofr-sm^ 01 

As the numerical value of sm ^ is unity, it follows that the maximum 
\alue of/ is also unity. 

As anothei example, take 

y~cii -a-, 
dy 


then, 


dx 


~ a -2x^0 ; 


. X foi the maximum value of/. 


Maximum value of /-- 


<r (r (V 


Incegral ^calculus. I.i this branch of mathematics, rules are 
formed for the add/tion of the indefinitely small {lortions into which 
a quantity may bok imagined to be divided. In Fig. 9, OA and OB 
are two distances mt^sured along the .same straight line from 0. 
L^t these be a and b respectively, then the length of Ab will be 

' AV> = b-a.^ (i) 

The lin«S AB might ]be measured also by the process of dividing it 
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up into a large number of small portions 8x2, 8x3, etc. The 


-r o _ ^ 

total length of AB will theit be 

AB = 8 xj 4- 8x2 + 8x3 4 - etc. 

= from (i) {2) 


'Fhe symbol L' or J (sigma) is used to denote the phrase “the 
algebraic sum of,” and if any expression follows .the symbol 2 , it jj; 

< 0 A B 

a I 

^ b 


Ki(. 9 


understood to be one only ot a number of terms whi('h are all of the 
same type. T'hus,^L' 8 x means “the algebraic sum of all terms of 
which 8 x is given as a type.” If we write it is to be understc )d 
that we ar(! to begin taking small poitions, such as 8 xp at a distance 
a from the origin, and to finish at a distaiuHi />. Hence we may^ 
w r i t e ( 2 ), Sjp/x = - rr ( 3 ) 


In Fig. 10 is shown another example. As before, 0 .\-^rr and 
OB-/^ and the figure AB(T) is 'constructed by making AD-u: 

and BC=-/^ both being perpen- 
dicular to OB. 'I'he area of the 
figure AB(.'l) may be calculated 
by deducing the area ol the 
triangle OAl) from that of the 
triangle OB(\ 'fhus : 

Area of A BCD 

~ (/) X .y>) - {a X Tr) 

j'y- (•) 

2 2 

Alternatively, the area may be 
estimated by cutting the figure 
into strips, such as the one shown 
shaded. It is evident from the 
con.struction that its height y is 
equal to x ; let 8 .x be its breadth, then u 

Area of^he strip = x . 8 x. ' ( S ) 

Any similar .strip,.will have a similar e.xpre.ssion for its area, h-^nce 
I'otal area of the strips ^„x 8 x fb) 




The area stateXi in (5) is tak .>n as that of a rectangJe, and hen^e 
omits'Xi small triaj^gle at the top of the st'jip. If, however, tlie strips 
^be taken indefinitely narrow, these triangles will practically vi\nish, 
arftl the area expressed in (6) will be the area of AbCD. Hence 


from (6) and (4), 




■•■( 7 ), 


In mathem^atica? books, it is shown that if .vis raises! d> a j)ow'er n 
in ecjuation fy), n having any value except - 1, then du* lesiilt is as 
follows/ * /,!> W 

:i;:.x>‘../.v- / . ..(8) 


// -t- I 

if// is “ I, then the lesiilt ma) be shown to be 
v'' -1 \,ur 


■\dx 

df )i is /eio, then .1"=^ i, and we have 

i;': (",/,v s's/i 


1 


1 


( 9 ) 


< (10) 


'fhe above are example's of dt'finite integrals, taken between given 
limits n and // ; the sum may be stated in an indefinite manner, 
leaving the limits to be inseitedlilterwards. 'i'hus ; 

A 'HI 




(•0 


It is also shown in matlu'matu's that a constant teim c should he 
added to the result. 'The value of r depends on the conditions of 
the problem, and can b(‘ lound usually fiom the data. The ('om- 
plete solution of (i i) would thus lx* 

. if 1 1 

(12) 

(13) 


> 1 1 

-VO 

// + 1 


.Similarly, 


, dx 


log^.A' + o 


If a constant factor is given on the left-hand side, it w'ill appear 
unkltered on the right-hand side. 'I'hus : 

' ‘ 

• 3 

If a number of terms be given, the result will be obtained by 
applying die rule^ To each term separately and then summing for 
the total. Thus : 

I ^(.v^ 4 * A“ 4 " (i^dx ~ — 4ki 4 - (IX -?• c. 

4 3 
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tThe rules ^8), (9), *(12) and (i3> should be learned thoroughly. 
Some examples are given. 

Example i. Find the area of the triangle given m Fig. i r. 

Taking a narrow strip parallel to the base and at a distance / from 0 , 
let the breadth of the strip be and 



Now 


Area of the‘stiip=-/' . (S/. 

b _y , 

1 ^ H ’ 




aiea of the stri])- ./ 8 / 

Any othei simiLii strip will have r 
similar cxpiession for Us aiea, hence 


v >• b , 

total aiea =- 2. 

oil 

HI! 


Now 


Example 2. Find the volume of a cone of height H and radius 0 
base R (Fig. 12). 

In this case take a thin slu e parallel to the base ; let the ladius of tlu 
slice be rand its thickness d// . I'hen 

\^olume of the slice - ^ ;r/“ . d/r 
r h 
K II ’ 

'. volume of the slice - tt ,//'d//. 

Any other similar slice will have a similar 
expression for its volume, hence 



Total volume •= ^ ^ li'-dli 


H 3 

= 7rR2xJH. 

No constant of integration i;>eed be added in either of these examples. 
Instances where a constant is necessary will occur later. 
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I'he following tabic ol nulcrinile integrals is given here for lefetence. 


In 1 K(iRAI,S. 


c/.r 

a" 1 1 

/ sec'“ V .</i 

=^tan i 

“z/T I 

J 


/i... 

-- logr r 

^cosec'.r c/i 

- cot l 


"cz log,' r 

1 (1 C OsZ-'l .{/l 

- , sin l> 1 

0 



1 a sin /> i .c/i 

c os /m 

I'"''""'' 

tf 1 
//"' 

l^zsec-'Vu ti \ 

't , 

t.in /' r 

1 C us 1 .c/l 

- sin i 

1 (f ( /'I ti\ 

- -'^'cot/;i 

1 sin i </ 1 

( os 1 1 

1 ‘ T. 

J cos' 1 

- sec 1 

1 tan i .c/t 

log sec r 

1 ‘ ' c/l 

- - cosec i 


/ SIU' 1 



EXERCISES ON CHARTER 1 . 

1 . A iiKisoniy wall is iMpc/oitl.i! in sc( non, one face of the wall being 
vertical. Height of wall, ?o fat , thickness at top, 4 fc.'ct ; thickness at 
base, cj f(>et. 'khe inasoniy weighs 150 lb pen cubic, fcjot. Find the 
weight of a poition of the w.dl t foot in length, 

2 . A trapezoidal figurcy having (‘cpial inteivals of 10 fc'Pt eac li, has 
oidinates in feet as follows o, 100, 140, 12 <j, 80, o. find the total aiea 
in sejuare feet. 

3. Diaw' a paiabolu ciiive on a base a 60 feet ; the height / feel of 
the curve at <iny distance i liom one end of the b.ise is given by 


Find the area by applic ation of Snnpscjn’s rule ; clieck the result by use 
of the rule : aiea"fj<r//, where /> is the inaxiinuin height of the cuivy. 

4 . Write down the differential coefficients of the following : 

(cc) 5 r‘. (c/) y ^snf'^a +c:os“a. 

(fi) yr\ (tj /--sinli Tcos'b. 

(c) j-2sin r-3cos i. (/)/"=" 3 lan r-cos.r. 

5 . In Question 3, fioin a point M on thp base, distant 15 feet fioni one 
end, draw a perpendicular to cut the curve at a point P. At P draw a 
tangent to the curve cutting She base produced in a point ' 1 '. Measure 

PM { 

PM and AFF and evaluate the ratio I he I'csult gives the differential 

ii 


D.M. 
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coefficient for tlie curve at P ; comparer this result \vitli«t]iat obtained by^ 
diffcrenti.ition of7 = 2a‘-'^^ And putting .ir=i5 in tho expression fOr 
How do you account for the discrepancy, if any? 

6. 'Take the equation =(4 - .r) r. F'lnd the \alue of .r for which 
attains its maximum value, and find also tlie maximum value of/. Check 
•your result by plotting a giajih fiom the equation. 


7 . Wiite down the indefinite integrals of the follo\ungs 
) 3 /.r. (^/ ) ( 2 1 ' + cos a 

(/-) de 

{c) (2~r)^/r. ‘‘^ 0 ' 


8. iMnd the v'aluc of the following expression \\hen R, = 12 inches and 

inches. No constant of integration is required. 

I = 27 r / ^’rC dr. 

hi., 

9 . Find the value, of the follow mg expression w'hen B = 4 inches and 
H^8 inches. No constant of integi.iiion is lecpiired. 
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FORCES ACriN(; AT A POINT. 

• Representation of a force. Any fnice is s[)eciried completelji* 
when we are given tiic lollowing particulars : {<i) its magnitude, (/^) its 
point of a[)pli('ation, (r) its line of direction, {(/) its sense, i.e. to state 
w^iether the force is pushing or jiullmg at the poiftt of application. 

A stiaight line may he em[)loyed to represent a given force, for it 
may be drawn of any length, and so represent to a given scale the 
magnitude of the foice. 'I'lie end of the line shows the point of applica- 
tion, the direction of the line gi\es the direction, ancf an arrow point 
on the line will indicate the sense of the forc'e. rims a pull of 5 lb. 
acting at a point 0 in a body (Fig. 13) at 45” to the horizontal 
would be completely rc'iiresentc'd by a line OA, 
of length 2y' to a scale cd' h" to a lb, and an 
arrow point as show^n. OA is called a vector; any 
physic'al cjuantity for which a line of direction must 
be stated in order to have a complete s[)ecifica- 
tion is called a vector quantity. Other (piantities, 
such as mass and volume, into which the idea of 
direction does not enter, are c alled scalar (quantities. 

The expression “ force acting at a point must not be taken 
literally. No material is so hard that it would not be penetrated by 
even a very small force applied to it at a mathematical point. AVhat 
is meant is that the forces may be imagined to be concentrated at the 
point in t[uestion without thereby affecting the condition of The body 
as a whc4e. • 

Forces acting# in the same straight line. A body is said to 
be in equilibrium if the forces applied to it balapce one another. 
, d'hus, if 4vo ec|ual»and ojijiosite pulls P, P (Fig. 14) be applied at a 
»4X)int O in a bocly, both in the same* .straight line, they will evidently 
balfmee one another, and the body will be in e^(|uilibrium. 

* Exanples of this principle occur inMes, and in struts and columns. 
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T&;8 are those parts of a structure intended to be unoer pull (Fig. 15), 
struts and columns are thoset^parts intended to be under i)ush (Fig. 16). 
T'hes(f parts remain at rest under the action of the cc^ual and op{)osite 
forces applied in the same straight line. 

It Is impossible for a single force to act alone. To every force there 
must be an ecjual and opposite force, or what is exactly equivalent to 
an equal and opposite force. The term reaction is often used t(. 
distinguish the resistance offered by bodies to which a g-’ven body is 



Fir.. 14 - I'wo e<iii il Fu. 1: l‘(jmlil)uum Ik. i6 — K(iuilil)riiim 

opposite forces of a tie. of.tcoliniin 

connected when forces are applied to the lattei body. An example 
of the use of the term will be found in the leactions ot the [)iers 
supporting a bridge? girder. Loads applied to the girder are balanced 
by the reactions of the piers. 

If several forces in the same stniight line at t at a [)oint, llie point 
will be in e(|uilibrium if the sum of the forces of one sense is eejual to 
the sum of those of opposite sense. Calling those forces of one 
sense [)ositivc and those of opposite sen.se negative, the condition 
may be expressed by stating that the algebiaic sum of the given 
forces must be zero. 'Thus, the forces P,, P^, etc. (Fig 17), will 

balance, provided 

or, 

the interpretation being that the algebraic sum of all the forces of 
which one only is given as a ty[)e immediately after the symbol 
must be equal to zero. 

Suppose in a given case it is f{)und that the algebraic sinn of the 
given forces is not zero. We may infer from this tfuit a single force 
may be substituted for the given forces w’ithout altering the effect. 
Thus, in Fig. 18, callii^g forces of sense fiom A 'awards P positive, 
we have 2 + 3 + 5_8_, = + i. 

The given forces can be replaced by a single force of i lb. w eight of 
sense from A towards B. The single force w hich may be substituted 
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for a given system of for('(‘s without alteryig the effe('t on the body is 

called the Resultcoit of the system. 'To find the resultant R pf the 
•s)Ktem w’e have been considering above, we have 


The resiiltant R may be balanced by ap[)lying an e(iual oi)posite, 
<r(jr('e in the sjyne straight line, and, since R is c(|uivalent to the given 
system of f(*w'es, riie same forc e would also balance the 4 ;iven system. 


0 B 



17 —I utlcs 111 lIiL s.iine Imc \l<<. 18, 


Any force which balances a given system of forces is called the 
equilibrant of the system, d'hus, the ('(piilibrant K of the system 
shown in Fig. i8 is a loice of i lb. weight of#scnse Irom R 
towards A. 

Two intersecting forces. 'Vo find the resultant of two intersec ting 
forc'es, the following construction may be* employed, l.et V and i) 
be two pulls ajjplicd to a nail at O (h'lg. ic^fr)), their joint 
tendency will be to carry the nail ui)warcls to the right, and the 
resultant must produce I'xactly the same tendency. 8c“t olf, in the 
direction in wliuT P acts, OA, to some suitable sc'ale, ecjual to P, 
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and pB, ^o Uie same scale, ecpial to (} and in the direction in which 
Q acts. Complete the i)arallelc)gram OAC'B, and draw its diagonal 
OC. This diagonal will represent R completely, the magnitude being 
measured by the length of 0(1 to the same scale. The method is 
^called the parall^ogram of forces. I* and (^ are called components 
o*f • 

ipAs equivalent in its effects to V and Q jointly, we may apply 
eiiljer P and Q together, or R alone, without altering die effect on the 
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nail. This may be expres;^3d by stating that the resultant may be 
substituted for the components, or vice ve?'sa. 

Substituting R for P and Q (Fig. 19 (/^)), we may balance R by 
ap{)lying an ecjuilibrant K = R as shown. Again, replacing R by P 
^and Q (Fig. i9(<r)), it will be evident that P, Q and* F are in 
equilibrium. 

ExperimenJ|;al verifl6ation. T'hc most satisfactory proof that the 
engineering student can have of the truth of the [larallelogram of 
forces is experimental. 

Expt. I. — Parallelogrram of forces. In Fig. 20 is shown a board 
'attached to a w’all and ha\ing three |)ulleys A, 1 > and b' ca[)able jf 



being clamped to any part of the edge of the board. These pulle^^s 
should run very easily. Pm a sheet of drawing paper to the board. 
Clamp the piille\s A anvi B m any given positions. 'J'ie two silk 
cords to a s[)lit key ring, pass a bradawl through the ring into the 
board at O, and lead the cords over the ])ulleys at A and B. 'I'he 
ends of the cords should have .scale pans attac hed, in which weiglits 
may be placed. T’hus, known ioices P and Q are a[)[)licd to the ring 
at O. Take caie m noting these forc'cs that the weight of the scale 
pan is added to the weight you have placed m it. Mark carefully the 
directions of P and () on the ])aper, and fiivl their rcsuFint R by 
means of the paiallelogram ()<r/v. Prcxluce the hne of R, and by 
means of a thiid cord tied to the ring ap[)ly a force E ccpial to R, 
bringing the cord exactly into the line of R by^using the [lulley (' 
clamped to the proper jKJsiliom on the board. NcTe that' the [iiopei' 
weight to place in the .scale pan is E less die w'eight of the scale 
so that W’eight and 2cale paq together ecjual E. If the methdd of 
construction is correct, the bradawl may be withdrawn without ihe 
ring altering its position. 
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* In i^eneral it will be found after the brada^\l is removed, tlie 
ring tnay be made to take up positions sJime liltlt' distance from O. 
T'his is due to the friction of the pulleys and to the stiffness t)f the 
cd^ds bending round the pulleys, giving forces wliich cannot easily 

• be taken into account in the above construction. 

• 

Notice that, before attemjning to apj)ly the parallelogram of forces, • 
*uoth given forces n^st be made to act either towards or from the point of 
application. >Thiis, given P' pushing and Q pulling at’O (Fig. 21), 
the*tenUerK'y will be to carry O downwards to the riglit. Substitute 
P = P', pullinj at O for P' ; -complete the parallelogram OACb, when 
OC will give the resultant R. * ^ 

•it wall also be noticed that any one of the forces 1 *, Q and K 
(Fig. 19(c)) will be equal and opposite to the resultant of the other 
tw'o if the three forces are in eciuilibrium. 

Rectangular components of a force. Very frc(jucntly it becomes 
useful in a given problem to deal with the co^'^ponents of a given 




force instead of using the force itself, d'lu'se components are 
generally taken along tw’o lines at 90° intersei ting on the line ol the 
given force. T’hus, given P ai'ting at 0 (Fig. 22), and two lines OA 
• and OB at 90'' intersecting at (), and in the same plane as P. 'i'hc 
C( 5 mponents will be found by making ()( ' e(|ual to P, and codipleting 
the j)aralk?l(Jigiam of Iqrces OBC'A, which m this case is a redangle. 
S equal to OB lyid 'J’ ecpial to OA will be the rectangular com- 
ponents of P. , 

The following wili be seen easily horn the geometry of the figure : 

• Q(V^OA2%A(P 

-OA“+,OB-^; 

P-’ = S“’fTA 
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^ Also, let the angle C'OA <t , 
{)A 
OC 


thefi 


OA - ()(! .ros a ; 
'I P. cos a. 


Again, 


A( 

()( 


sin a, 


AC~()B - OC.sin a, 
S - P.sin a. 


Triangle of forces. It will now be understood that the conditicais 
whi('h must be fulhlled in order that three forc'cs whose hues inter- 
sect may be in eciuihbriiim are : (a) the forc'es must all be m the 
same jilane, i.e. uniulanar ; {/>) their lines must int('rse('t in the same 
point ; (<■) any one of them must be ecpial and opposite to ihe 
resultant of th(‘ other two foic(*s. 

Condition (<) may be stated in another manner. In fhg 23, Band 
Q have a resiiUant K, found by the [laiallelogram of foic'cs ()A(d>, 
A foK'e b has bc'cn applaal equal and 
o])posite to R as shown q hence the 
forc'es 1^1, 1* and (^) aie in eiimhbiium. 
'The follow'ing relation evidcaitly holds: 
\<:i) P--f.)(; .Ob OA. 

Note the oid(‘r in which the letters 
of the lines ha\(' In'cn waatten , thus, 
R IS represented by ()(', not by 00 , 
the (jrder being so c'hoscai as to show 
JNow IC is eijual to R, and OA is eciual to 



the sense of the force 
bO : hence we may waate 

E • ( ) • 1 


(:0:0b:b('. 


OC having been altered to CO so as to give the proper sense to IE 
Expressed in words, the [)roportion states that the three forces ,in 
equilihrium are proportional respectively to the sides of a triangle taken in 
order. 'Ehe triangle ObC in hdg. 23 may b‘e diawn an)\vherc on 
the paper, and is called the tnangle of forces for the ror('es E, Q, P. 


Ex.amim.K r Oiven three iiniplanar forces Ig Q,vS' (Fig. 24) acting at 
O ; test for their equilibi lum. *' " 

Using a conxenicnt scade of foice, draw /^cand tW parallel and ^pro- 
portional respectively tVS the forc'^s P, Q and S' If the given forces are in 
equilibrium, the lines so drawn will foim a closed tnangle. Iif'Fig. ^4, 
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Tt will be noticed tfiat there is a gafi (t<i\ S' \\ill thercfoic not c(|uilil)iaie 
1 ’ and^v^, but nia)' be made to do so if it is* lediawn as S, paiallel and 
proportional to the closm^^ line of the tnanplc dlh. 



Kxampli: 2. (ii\en luo foiccs V and Q (Fi}^. 25) acting at O ; find 
their cciuilibiant. 

It will be obserxed that, in a])pl>in}^^ the tiiani;lc of fn;'( ('s, th(M(' is no 
necessity for fust mahini; both the j^ixen foices jiushes 01 pulls, ])!()\ided 
attention is iD.iid to dr.iuin^ the, sides of the tiianj^le in proper older. 

,Thus, draw to tepicsent V and />( to rc'piesent (^) , then c<! will ie|)ie- 
sent the ecpiilibrant, whu h should now be diawn as F ac tin^ ,it ( ), paiallel 
and piopoitional to (d and of sense shown by the older of the letters or. 
Note (arefully that the piobhun is not finished until K has been .ipjilicd 
on the drawin;^ acting at th(* pioper jiKu e O 

I'ANMPI.F. 3 ddnee ^i\en forces ate known to be in e(|uilibrium 
(Fi^c 2('-)(d)) , (haw the tnanj^lc of foues 
'rhis example is }^i\en to illustr.ite a (on- 
venicnl method of lettcnu}^ the forces calk'd 
Bow’s Notation. This method will be found to 
simplify many of the pioblems which ha\e 
to be discussed, and consists in giving letters 
to the spaces instead of to the forces In 
F'\g. this plan has beencairied out by 

calling the space between the 41b and the 
2 11) v\, th.'t between thcr2 lb and the 3 lb l’>, 
and the remaining* sjiac c C. .Staitmg, say, 
m space A and crossing over into space 15 , 

^ line AB(l’hg. 26(/C'' is drawn par.dlel and 
proportional to th'^; fore e crossed, and' the 
letters are so placed that the.V order A to B represents the sense of that 
force. Now cross from space B into space C, and'diaw' 15 C to refirescnt 
completely the foice crossed. Finish the construction by crossing from 



t K. j 6 — V|)|ilii allot) of lioNv’.s 
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s%icc C into space A, when CA in Fi^ 26{b) will repre*scnt the third force 
completely. • ® 

Extimining these diagrams, it will be observed that a complete rotatioi^ 
round the point of application has been performed in Fij,c 26 (r?), and Aat 
there has been no reversal of the direction of rotation. Also that, in 
h 1^. 26((^), if the same order of rotation be followed out, the silles correctly 
represent the senses of the various forces. Either sense of rotation may 
be used in proceeding j-ound the point of application, clockwise or anti- 
clockwise, bift i?nce started there must be no leversal. 

Relation of forces and angles. In Fig. 27 {a) tljere are three 
given foree.s in equilibrium, vi/., P, O and S, and in Fig. 27 (/q is 
• shown the triangle ot forces for them. From what has been sijid 
above, we may write 

P:Q:S- AK: BCiCA. 

It is sliown in trigonometry that the sides of any triangle are j^ro- 
portional to the sines of the op[)osite anghss. Hence, in log. 27 (/;), 
AB • B(^ : (LA - sin y : sin a : sin /i, 
or, , P : (^) . S = sin y . sin a • sin /i. 



It will be noticed in Fig. 27 (a)y as shown by dotted lines, that a, /?, 
y are respectively the angles between the produced directions of 
S and P, P and (), and i) and S , also that the angles or spiR:es 
denoted by A, B and (. in the same figuie are the supplements of 
these angles. As the sine of any angle is ccpial to the sine of its 
suppleifient, w'e ha\e, in Fig. 27 ((/), 

P • (^) : S sin Q : sin A . siA B. 

We infer from this that each force is proportionaf to the sine of the 
angle between thtf other two forces. 

Any number of uniplanar Jforces acting at a, point.* d'he nef 
effect of such a system of forces may be f^und by taking component* 
of each force along two rectaijgular axes which meet in the point of 
intersection and are in the same plane as the given forces. It is best, 
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in ord^ to roniply with the usual trigonometrical conventions 
•regarding the algebraic signs of sines and* cosines, to arrange the 
f^r(Wb^to be either all pulls or all pushes. 

, In Fig. 28, P,, P,, P., and P^ are the given forces acting at O, 
and OX aiuFOY are two rectangular axes. T'he angles of direction 



of the forces are stated with leference to OX as <>,, a.^ and 
Taking components along OX and OV, we have : , 

Components along OX, PjCosu^ P,('os<c,, P3('osag, PjCos«^. 
Components along ()\', Pj smxip P.>sin(^, FaSinag, P^sma,. 

* Paying attention to the algebraic signs of these, it will be observed 
that components acting along OX towards ^ 
the right are positive, and those acting g 
towards the left are negative , also, of the 
components acting along OV, those acting 
upwards are positive, while those acting 
downwards are negative. Isach of these 
sets of components may have a resultant, 0 A x 

or they may be in eciuilibrium. Supiiose 29.- Resnii.mt uf the sjstuiu 
each to have a resultant, and denote 
that along OX by Rx, also that along OV by ; then 
^ cos + 1C cos « ,+ 1*3 cos a,j ^ P_j cos = Rx , 

Pj sin + IC sin a, + ]\^ sin a.j + Pj sin «, = Ry. 

Using tiie abbreviatefl system of writing these, we have 


EPcosa-Rx, (i) 

EP sin a = Ry . . (2) 


^ The system being now reduced to tjvo fort es Rx and Ry acting in 
lines at 90'’ to each other, vc have for the resultant (Fig. 29), 

R = v'O.V + Oli- 
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Also, 


tai^ <1 ^ 


()A"OA 


Rv 

Rx‘ 


' ( 4 ) 


It may so hii{)j)cn that cither Rx or Ry may l)c zero, in which case 
the resultant of the system is a force acting along either OX or OY, 
depending ii|)on whu^h of the forces is zero. ]>;r ei^uilibiiiim of the 
given system both R>^ and Ry must be zero, 'i’his Vondition may 

be WTitten NEcosa^o, ( 5 ) 

sin a o ; * (6) 

a jiair of simfiltaneous c<i\iati()ns which will serve for the solution 
of any jiroblem connei'ted with the ecpiilibrium of any system of 
uniplanar forces acting at a point. 

Graphical solution. A graphuval solution of the same problem 
may be obtained by re[)cated apjilication of the paiallelograi^ of 
forces. T'hus, given P, i), S and T acting 
at O (log. 30). First find R, of P and S, 
then R., of () and 'P by applications of the 
j)arallelogram of foici's. T'he resultant R i'' 
lound by a.thiid appluMtion of the parallelo- 
gram, as shown. A better solution is 
obtaiiusl by repealed appluation of the 
triangle of fori cs. 

In F ig. 3 1(^)5 h)rces P, Q, 8 and 
are given 'To ascertain the net effect of the 
s\st(.‘m, first find the e(|iiilibiant Iv, of P and 
() by the triangle of fon'cs .ALL (Fig. 31 {/>)). Iv, reversed in sense 
will give R], tlu; resultant of P and (), and is so shown in P'lg. 31(1/), 
and is represented by AAf in Fig. 3i(/^) Now find the e{}uilibrant 



l-'u 


■ kt siilt.ml hy.ipplh .itioii 


of tlie par.'illeloiir.iin of fortes 



E2 of R, and S by means of the triangle »f forc'es ACI) (Fig. 3iJ/^)V 
E., reversed gives R,, the rissultant of R, and S, and hence the 
resultant of P, Q and 8. R., will be represented in FAg. 3i(//’)%y 
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A^). R.j and 'V hcin^ the onl^' fonx-s remaining in I'lg. 31 (^z), 
Uieir resultant R \m11 be I'ouncl from the triangle ol loreis ADA' 
f‘/i^ 3 1 (/d), wliich gues their ecimlihrant 1*^3, lepresenled by /V'A, 
and on renersal gives R. 

It will be noticed that, had the gi\en foices been in e(iuilibi mni, 
E3 would have b(‘en zero, and A' would have (oincided with A. 
'This ('ase is .shewn^nn Fig. 32, giving a c losed jiolvgon- A H( ' 1 ), the 
sides of whic h, taken in order, rc-present respc-etively the guen lorces. 
W'e therefore infer that a given system of uniplanar forces acting at a 
point will be in Equilibrium, provided a closed polygon can be drawn whioh 
shall have its sides respectively parallel and proportional to ihe given forc^^s 
takAi in order. Should tlu' |)olygon not < lose', then the line* re quired 
in ordc‘1 to close it will lepic'sent the* c-cjuilibrant ol the given Iokc's, 
and, the sense; being icweiscel, the same* line* will give the le-sultaiT 
of liTe given s)'stc‘in 'The figuie* AlU'D (log. 32(/'')) is < .died the* 



polygon of forces for the given forc es. Note, as before, that no j)robleni 
can be regarded as c'omplete*d until R or Jv, as the; ease; may leejiiirc*, 
is actually shown on the drawing acting at its jiiopei place (). 


lh<pr, 2.— Pendulum. Fig 33 (e?) sliovvs a iiendulinn consisting of 
a hejavy bob at A suspended by a eoid attae':h(*d at F) and having a 
spiing balance at F. Anothei cord is attached to A and is led 
horizontally to K, where it is fastened. A spring balance at D 
enables the pull to be lead, h ind the jiiills '1' and 1^ c)l the sjiring 
^balances F and 1 ) resjic'ctively whe-n A is at gradual]) me rc-asecl 
distiinces .r from the \c;itical. ( 'hcjc'k these by calc illation as dhown 
below, and plot 1* and .v. 

Since P, \V and 'h are respe*c'lively horizontal, vertical and alemg 
Alh it follow.s that AIK.' is the tiiangle of foices foi them. Hence 


P 

W' 


('A 

ik: 


^ (I'iK 3.C'), 


1 * = 


a 

k 


\V 


\\' tan a . . 


(«) 
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Also, 





= Wscca , (2) 



Measure /, also .v and //, for each position of the bob, and calculate 
P and 'r by inserting the required quantities in (i) and (2). 
Tabulate thus : Weight of bob in lb. - W' - 

Length of AB in in('hes-/ = 


X indies. 


Calculated \alues 

Obsci vc(i v.iluos from 
spiinc; bai.inces 


W lb 
h 

T-fw 11). 

h 

P 11). 

Til) 


1 









• 



The curve will resemble that shown in Fig. 34T Note how nearly 
straight it is far comparatively small values of a. 

Expt. 3. — Roof tniaa. In ^Fig. 35 is shown a* simple model o(*a 
roof truss consisting of two rafters matle of wooden bars AB a*nd 
BC hinged by medns of a ioolt at B and connected at the l)opom 
by a cord AC, which takes the place of the tie-bar in the a(!tual tru.ss- 
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(Jomprcssion si)rin^^ balances I) ^iiul K^aml an oulinary sj)iin^ 
balance^F enal)le the forces in tlie \anous parts to be nieasuted. 
ii is pivoted l)y tv\o pointed set screws, 

as shown in the end ele\ation, and a 7 0j K 

rones' at A, also shown in end elevation, 

permits the sjjan of the truss to be °° y' 

altered by a’djiisting the leiy^th of the / 

cord A(\ A weight W is hung (roin 1 >. y 

Set up the ajibarctus, and obser\e the / 

I)ush in each ifitier Ab and ('B, and also 

the pull in the tie A('. Mc-asure and /— 

note the lengti.s All, li(' and AC' when )' 

the load is on. Repeat the e\|)crinient, 20 

using different weights and spans, being / 

careful in each case to note the altered 10— V 

dimensions of the parts. C'ompaieeadi / 
set of reachigs with those found by apph- o^To «o — so" 4 o s o 
cali(>4i of the triangle of forces, as shown » pt 

below — Cr.ipli of r and i fora 

. , ; 1 I • r 1 peiidviiimi 

Make an outline drawing ot the truss 
to scale (Fig. 3C)(a)). If the truss is symmetrical, each rafter will 
give e(]ual pushes, say P lb., to the joints at P, A and F. 'The tie 
will apply equal forces 'I', 'T at A and ('. 'The reactions of the 
huppoits, Rj and R,, nia\ be assumed to be \eitical. (.’onsidenng 


CO so 40 so 


Fu,. ^4 — Crapli of P and i fora 
pciididnni 



//// 1 


- PApenmeiital roof tr>ss 


the f(^rces acting at the point P, which is in equilibrium, and setting 
off ab to represent (log. 36 (/;)), and and be parallel respectively 
to AP and PC', we have the triangle of forces abc for 1 ‘, \V and P 
acting at P. Now ca represents P acting at P, and ac may be 
taken to represent P ol opj)osite sense acting at A. Draw' cd 
parallel tOt>^CC 'Then ,die triangle aed is the triangle of forces for 
P, Rj and 'T acting at A. In the same way btd is the triangle of 
forces for R.^ and 'T acting at C'. 'Therefore, 

P - ar, 

'\^cd. 

The results for P and 'T as obtained from the diagram will agree 
fairly well with those obtained from the Tipring balances, provided due 
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allowance be made for the effectjj of the weights of the various jmrts 
before the application of W. To do this, remove \V and note the 
readings of the balances.' These readings should be deducted from 



those taken after W is a[)[)lie(l, when the corrected results will show 
the forces in the [)urts due to the applu'ation ot W alone, d'he results 
should be tabulated thus : 


UnRths ,u .nrl.es 

tones 111 11) fioiii 
(li.ii'r.im 

('oirectetl forces in Ih 
from spriMj; h.ilanccs. 

AB 

f.C 

AC 

push 

T, ,)ull. 

P, ))usli. 

T, pull 



_ - 






From your experimenl.s, give a general statement of how P and ' 1 ' 
vary for the same value of W, but with increasing lengths of s[)an. 



The case of an unsymmetrical roof truss may be worked out ir? a 
similar manner, and is shown in Fig. 37, the lettering of which 
corresponds with that of Fig. -^6. ^ 
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• Expt. 4.— Derrick crane. A cterrick cranu* model is shown in* 
Fig- 3^ consisting of a post AR firmly ITx^xl to a Imso hoaul which 



is screwed to a t.ible , a jih AC lias a [lomletl tiul at A heaiing in a 
Clip recess, a |)ulley at (' and a (ompression spiing halaiK'e at D. A 
tie RC supports tlie jih and is of adjustable leiiglli ; a spiing balance 
for measuring the pull is inserted at lb 'fla^ weight *s supiiorted 
by a cord led over the pulley at (' and atla* hed to one ol the 
screw-eyes on the post. 'The inclination of the jib may be altered 
•by adjusting the length of and the inclinations of I’T' and H(' 
may be changed by making use of different screw {‘yes. 



Fi(,. J9 — Forces in a derrick ( raiie, 

t • f 

Find the push in^the jib and the pull in the tic for different values 
of W and different dimensions of the apparatus by observing the 
spring balances. Check the results by means of tlTe polygon of 
foTces. 

•'I'he methods are similai* to tho.se adojited for the roof tru.ss 
(p. 3(?). It may be assumed that the jnilley at (J merely changes 
th€ direoiion of the cord without altering the force in it. Hence 
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(Fig. 39 (^?)). ' The polygoil of forces is shown in Fig. 39 (/^), 
in which 

P-//r, T=^da. 

The observed and graphical results should be compared in tabular 
form as before : 



Lent;ilis 1 

f 

11 incSfs 


hoicos jn lb (ronf. 
(Iiagmni 

('oriecred forces in lb 
fr^^in spring balances. 

All 

lu: 

AC 

\h 

(}, push 

'I', pull 

Q, pcsb 

T, pull. 






i 




J'vXPT. 5. — Wall crane. A model wall crane is shown in Fig. 40 (rt). 
Its constiuction is similar to that of the derrick crane, and the method 
of experimenting is the same. 'I'he outline diagram is given in 



I' lc.. 40 — hxpcriinental w.ill cr tiie. 


Fig. 4o(/'), and the polygon of forces in Fig. 40(c). 'I'hese are lettered 
to col-respond with those for the derrick crane, and will be followed 
readily. , 

Forces acting at a point but not in the same plane. In Fig. 41 
is shown in cutline a pair of sheer legs such as is used for moving 
heavy loads. Two legs AB and BC are jointed' together at the top B, 
and are hinged at the ground at A and C so as to be capable "of 
rotating as a whob about Jhe line AC in the plan. The Idgs are 
supported in any given position by means of a back leg DP, whicn is 
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1 - - li 

pointed to -il P of 5 Ih. and anothe? force Q of unknown inaj^nitude act 
^move(f horizontal of 7U>, Find the ni.ij^nitude of (F 
4 ,oad \V is hung fro 3 ^ supposiuK P and Q 
legs ; these aie shown . 

the same vettical plaii’h" 43 ) has its anus at 
. , , , . . AC 1 5 inches, HC 6 

inclined plane wlncli f 

legs are symme^iit ;^, tiic’ ?nothci O is applied 
resultant S, \tTiich \m 11 fall in tlie*^ame \ertiral plani'*as *1' and W. 




Diaw the triangle of forces ak hy making ab represtaU W, and A* and 
ca parallel to A'P>' and IPD' iespc<di\ely. 'Then ca gives the pull 'P 
in the back leg, and cb gi\es the foice S. 'Po obtain the loiccs Q, 
rotate the plane of AIR) about the line A(', as shown, until it lies on 
the giound, when the true shape of the liiangle AIR] will be seen in 
the plan as AHjO. Mark off P,E to lepresent S, and draw the 
paxaflelogram of forces P,( 1 EF, when the e([ual lines (JHj and FPi 
will give the values ol the espial lorces (), 

4 tripod is worked out in Fig. 42. 'Phree jioh's A I), ill) ai\d CD 
are lashed together at their tops, and have their lower ends resting on 
the grounr^ Often the* poles arc tapial in length, but for greater 
generality they hav? been taken une(pial in the example chosen, d'o 
draw the plan (log. 42), first construct a [ilan of the itiangular base 
A'CC from the givi^il* distances betweeij the feet of the poles. Con- 
sflruct the triangles AFC and*l->KC by making AF erjual to the length 
of th(f pole AD, BE equal to that of BD^and CP«and CE each equal 
to that of CD. It is clear that AFC and BEC are rcsnectivclv the 
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‘'P = W (Fig. 39(a)). The polygoti of forces is shown in and 
in which Q = ^a', jU the posiJon of 

c I) and perpendicular 


The observed and graphical results should ^ i .u r 

r 1 r ) and S be the forces 

form as before : ' • , , 

_ ' ‘’ame vertical plane, 

and ma^ be I i-orcesm ip.icJ 'in the same vertical 

plane and. also contained by ..uie of AI)(^ Thvj line of Z in 
the plan will be DG, obtained by jirodiu ing lU). 'I'o (>bU]in a true 



view of the forces P, W and Z, take an elevation on the giound line 
xy, \vhich is parallel to PI); in this elevation, P'D' is the true length 
of the pole lU). The lines of P and Z are shown by P'D' and 
G'D' in this view (Fig. 42). W will be perpendunilar to .rr, and 
by making 1 ) 7 ^ equal to W and diawing the parallelogram \yaln\ 
the values of P and Z will be given by alY and cD' respectively. 
To obtain Q and S, we have in the plan their lines lying or. the 
ground at AF and CF, and GF will be the line of Z. Make Ye equal 
to Z and construct the parallelogram Ydef^ when Q and S will be 
given' by dY and /F respeetively. 


EXERCISES ON CHAPTER'II. 

1 . Two pulls aie applied to a point, one of 4 Ih^ and the other of 9 lb. 
Find graphically the magnitucie and direction of tl>e resuruint wlien t'he 
forces are inclined to each other at angles of ia) 30°, {p) 45'', {c) 126’. 
Check your results hy calculation. 

2 . Answer Question i, supposing the 4 lb. force to be a push. 
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3 . A pull P of 5 lb. and anolhet force Q of unknown ma^mitiide act* 
It 90°.« They are balanced by a force of 7 lb* Find the magnitude of Q. 

4 . Answer Question 3, su])posing P and Q 
'il^rsect at 45^ 

• 5 . A bent lever (Fig 43) has its arms at 
90° and is pointed at C. AC == i ^ inches, PC - 6 
inches. A force P »)f 35 lb. is applied at A 
at 1 5° to the hoi i/onf/l, and anothei Q is applied 
at P at 26' totfte vertical. Find the magnitude 
of Q, and the m.igmtude and diiection of the 
reaction •at C required to balance P and Q, 

6. A body weighing 34 lb is kept at rest 
on an incline which makes 40' with the hoii- 
/01ft. il by a force P which is |)aiallel to the 
plane (Fig. 44). Assume that the re.ution R 
of the plane is at ip" to its surface, and find P. 

Answer Question 6, supposing P to be horizontit 4 . 

8. Four loaded bais meet at a joint as shown (Fig. 45). P and Q are 
in the same hoii/ont.i! line ; I' and W are in the same veitual ; S makes 


l-K, 

45'' with P. (bven that P -15 tons, \V^I2 tons, S = 6 tons, find Q 
and T. 

9. Lines aie drawn fiom the centre O of a hexagon to eac h of the 

corners A, P, C, 1 ), K, I'. Foices are a[)plied*in these lines as follows: 

From 0 to A, 6 lb. ; fiom P to (), 2 lb. ; fiom C to O, 8 lb. ; from O to 

D, lb. ; from to O, 7 lb. ; from F to C), 3 lb. Find the resultant. 

10 . Two ecjual bars AC and PC aie hinged at C (P'lg. 46). A and P 
♦ are capable of moving in guides in the stiaight line AP. A constant 

force P of 40 lb. is applied at C m a direction at 90' to AP, .and is 
balanced by equal forces Q, Q aj)()licd at A and P m the line AP. 
Calculate tite rallies of Q when the angle ACP has values as follows; 
170°, 172'’, 174°, 176'^ 178", 179", 180L Plot Q and the angle ACP from 
your results. (The arrangement is called a toggle joint.) 

11 . P'lve forces meet at a point O as shown (P'lg. 47)* and are in 
e^^uilibriLim. • In th§j front elevation, P, Q and S are in ilie plane of the 
paper and T is at 45' to the jfiane of the paper; Q makes 135“ with S. 
In tli« side elevation P and V are in the olane of the paper. V is per- 
piyidicular to the plane (ont.immg P, Q and S, anclT makes 45" with V. 
Given Q^qo tons, T — 35 tons, find P, b and V. 
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12 . In a hinged structure, pieces ISO and CO meet at tlie lunge O, and 
a force of 2 tons acts upon O in the direction AO, Tlie anj>le / OB is 
115'’^ BOC IS 15” and the angle AOC is 130° ; find the forces in the two 
pieces and say whether they are struts or ties. (B.F ] 



Fif. ^6. 



13 . 'Fherc is a trianj^ul.ir loof tiiiss ABC ; AC is horizontal, the angle 

BCA IS 25' and BA(. is 55°; theie is a \eiti(al load of 5 tons ,it B. 
What aie the ( oinpressiv c foi<es 111 BA <iiid BC ^ What .ue the vertical 
supporting foices at A and C What is the tensile foue in AC ^ Kind 
these answers m any way you please. (B.E.) 

14 . Eai h of the legs of .1 pair of sheer legs is 45 feet long ; they are 

spread out 23 feel at then base. I he length of the back stay is 60 feet. 
If ,i load of ^ tons is being lifted .it a distance of 15 feet, nicasuted in a 
jicrpcndit ul.ir line fioni the line joining the feet of the two lej.;s, find the 
forces m tlic legs .ind in the backst.iy due to this load. (It may be 
assumed that the load is simply hung from the top of the lej^s ) (B.E.) 

15 . A tii[)od h.is the following dimensions: d'he ape.\ point is O, and 

the lengths of the three legs AO, BO and CO aie lespc'ctively i8'Ofeet, 
I7'5 feet and 16 fei'l The lcnj.;lhs of the sides of the tiiangle formed by 
the feet y\B, BC and CA aie 90 feet, 9 5 feet ,ind 10 feet resjiectively. 
Find {^rapliK ally, or in ,my othei way, the fon es whn h act down each leg 
of the til pod when a load of 10 tons is suspended fiom it. (B E.) 

16 . If a ri^id body be ai ted on by tw'o non-parallel forces whose points 

of .ipplication aie dilTeicnl and be kept at lest by a thud force, how must 
tins thud force ait, and what must be its m.agintude? A stiaight h^ht 
lod .rj'ir IS pivoted fieely^.rt r, and the jxiiiit j is attached to a pin 7 ', 
veitii.dly above .1, by <i lij^lit i ord ; if is 3 feet, i?' is 4 feet, V 7 ' is 2 feet, 
fa IS 2 feet ; fiom is hung a weight of 30 lb. Find graphically the 
tension in the coid. (I.'C.Fk) 

17 . If three non-pai.allel foues aie in ecpnlibmim, prove that their lines 

of action must be com iirient. A uniform pi, ink AB has length 6 feet and' 
weight 80 pounds and is im lined at 40° to the \ertical. Its lower end A 
IS hinged to a support, while a light chain is fastened to a ring four feet 
vertically abo\ e A and to .1 point on the plan'.c five feet fioai A. Find 
graphic.'illy, or otherwise', the tension in the chain and the magnitude and 
(iiiection of the action of the hinge at A. (The weight of AB may be 
concentrated ;Vt the centre of the plank.) (L U.) 

18 . Three cylinders. A, B ;ind C, alike in all rcL5pe('ts,'aire arranged 
as follows : A and B rest on ,i horizontal Lible and their curved surfaces 
touch one another.,, C rests on the top, its curved surface bo’.ng in 
cont.'ict with both A and B. Each cylinder weighs 6 lb. ^ Find, 'i by 
calculation, the mutual prcssuie between C and A, also what minimum 
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4iorizontal forces must he appliciMo A and B, ’p.issinj," throu^li then* 
axes, order to preserve equilibnuni. •Fiulional effects are to be 
•disregarded. ^ 

^9. Three similar spheies rest on a hori/ontal table and aic m 
contact uith each otlier. A fourth sjdiere, similar to the otlieis, rests 
on the top the thice spheres. Each spheie weighs lo lb. Find the 
pressure communicated by the top spheie to cacli c)f the othci ihice 
spheres. Neglect fri^ tion.il effects. 



CHAPTER III. 


PARALLEL FORCES 

Parallel forces, (^)nfining ourselves for the present to two forces 
only, tliere aie two cases to be considered, vi/. forces of like sense 
and forces of unlike sense. To find the resultant of two parallel 
forces P and () (Fig. 48 (^;)) ot like s'ense, the following method may be 
employed. Let the given forces act at 90“ to a rod, at the points A 
and B respectively. The equilibrium of the rod will not be dis- 




Fig 48.— Result.mt of two parallel foices. 

turbed by the application of etpial opposite forces S, S, a[)plied in 
the line of the lod at A and B. By means of the jiaiallelogiam of 
forces Aina, find R^ of P and S acting at A ; and by means of the 
parallelogram of foices Bt/r/, find R., of Q and S acting at B. 
Produce the lines of Rj and until they ii'ttersect at O, and let Rj 
and R2 act at O. Apply the parallelogram of forces 0 /iki; to find R 
of R^ and P..,.* R will clearly be the resultant of P and Q, and will 
balance P and Q if its sense„be reveised. By measurernent it will 
be found that R is c([ual to the sum of P and Q- 
'Phe resultant of two [laraPel forces of unlike sense may be foui?|l 
by the same proce.ss. 'Phe construction is shown for two such 
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forces, V and i), in Inn;. 4 S(/'), tlfl' Icttcnni; ol^tliis diaj^rain corre- 
;^)onds^’Uh lliat of Fig ‘Hid ina\ l>e« follow cal without linther 

t^planation. ]f tiin diagiain hi- mnasiirnd, it will he found tliat R*is 
equal to the differeiu e of I* and Q. 

Moment of^a force. The moment of a force means the tendency of a 
force to turn the body on which it acta about a given axis. I'he moment 
of agiien fon'i* deq^nds u[)on {(i) the magnitude of the fon'e, and 
{/f) the length*ttt a peipendieular (hojiiied from the a\ii of* rotation 
on to ^he«liiu.' of action of tiu' loiec', and is theielore measured by 
taking the protKu t of these tpiantitu's. 'Thus, in Fig. 49, the body 
is free to rotate al ioiit (), and a foiee V is ad mg 
on iH Draw OM at 90' to \\ then 
Moment of F PxO.M. 

do .state the units in which a gi\en inomc'iit 
is measured, both the unit of lone; eiujilcncal 
and the unit of length must be nu-nlioned. 
d'luis, in the above c^asc-, if V is in lb. wc'ight 
and OM in feet, the- units will be lb 4eet. Othei 
units whicdi may be iiscal are ton-foot, ton-inch, gram-eenlimetie, etc'. 

d'he sense' of the momcait of a foic c' is bc‘st statc'd by releienee to 
«lhe direction of rot.ition of the hands of .1 clock, dims the moment 
of a given force; will be clockwise or anti-clockwise accoidmg as it 
tends to produc e the same or opjiosite sense of rotation as that of 
the hands of a c'loc'k. 

Principle of moments. d'hc‘ n-sultant momc'iit of two or more 
forces, all of whic h tend to rotate thc‘ body on which they ac t in the 
same sense, will bc' found by first calculating the; moment ol each 
force, and then taking the sum Jf some of the fore c-s have 
moments of opjiosite sc'iisc', these- may be dc-signatc-d negative, and 
the resultant moment will be found by faking the algebiaic sum. 
Should the resultant moment be zero, the body will be in eciuihbrium 
.so far as rotation is camcerned. d'his Ic-ads to the statemc-nl that 
a body will be in equilibrium as regards rotation provided the sum of the 
clockwise moi^en|,s applied to it is equal to the sum of the anti clockwise 
moments, d'his is c alled tfie principle of moments. 

j 

ExamI’I.K I. A hoiizontal rod All, the weight of whicb^may he ne- 
glected, has a pivot :nj' (Fig 50), and has two \eitical forces P and Q 
applied at A dnd B respcctivdy. Tind tl?c lelation of and Q if the 
rocl IS in cciuihbrium. 

Lpt ^ 

r,c=A 



I' K. 4<; - Moment of a 
fou t 
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Taking moments about C, 

clockwise moment = anti-clocku’ise moment, 
Q xZ» = PxfZ, 


Q 

It will be seen from this result that the forces are inversely propor- 
tional to the segments into which the rod is divideil by the pivot. It will 
also be eyident that tbe equihbrant of P and Q acts throiigh C. 




Qt 




c Ja 


B 


^ ' a --+* 

1^. 

6--. 



Kir, so. 


Kk, sr. 


Example 2. rA horizontal rod BC, the weight of whic h may be ne- 
glected, has a pivot at C, and has two vertical forces P and Q of i 5 nlike 
sense applied at A and B respectively (Eig 51). Find the relation of 
P and Q if the rod is balanced. 

Let , AC:-rz, 

BC-/Z. 

Taking moments about U, 

Pxa=--Qx/^, 

V 

Q-a 

Again we may say that each force is proportional to the distance of 
the other force from the pivot, and that the equihbrant of P and Q acts 
through C. 


Example 3. A horizontal rod z\B, the weiglit of which may be ne- 
gle< ted, has a weight \V ap|)hcd at C and is 

i W , *■ supportcal at A and B, the reactions P and Q 

^ ^ » ’ 






being vertical (Fig. 52). I'lncl P and Q, 


Let 


Fic. 51 - 


then 

Taking moments about B, 

Px/-W(/-rt)T(Qxo), 



Taking moments about .A, 

Wxrr''-(Qx/)-f-j:Pxo), 

Q=';-w 


AH = ,, 

AC = rr, 
BC-/-rr. 
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•h IS of interest to find the sum of Pand Q, using \lieir \alucs as found 
above; l^ms // .A , • 


-w 


{{l-a 


IV / 


)*i) 


-\V*I 

-w. 


Besultaiit 6f two parallel forces. lAannning the results of these 
evamplcs together with what lias been said legardiiig two paiallcl 
forre.s on p. 40, wc may stale that tlie resultant of two parallel fore’es 
has tlie following projierties ; 

( 1 ) The resultant is equal to the sum or differenoe of the given forces 

according as they are of like or unlike sense. ^ 

(2) The resultant is parallel to the given forces and acts nearer to the 
larger ; it falls between the given forces if these are of like sense and outside 
the larger force if of unlike sense. 

(3) The perpendicular distances from the line of the resultant to the 
given forces are inversely proportional to the given forces. 

Wo may state properties (1) and (4) algchiaiVally ; 

R P±(,), (i) 


A special case, d'hc resultant of tw'o equal parallel forces ol 
()[)[)osite sense (log. 54) (annot he (leterniined from these e(|uations. 
Here Q is e([ual to P, henre 

R--.P- P-o, 

1 ’ b . 

P a ’ 
a -b 

dd^cse results show' that no single force ran 
form the resultant of such given forces, and we may infer from this 
that the resultant effect i.S to jirodure rotation solely. The name 
couple is given to this^systeni. 

Resultant of a number of parallel forces. In Fig. 5 ; 's shown a 
,horrA)ntal rod. AR acicd on hy a numhyr of parallel vertical forces 
Wj^, \V.,, W3, P and (). 1 ‘or tjie rod to he in equilibrium under the 
action df these forces, the following conditions mu.st J:)c eoniiilied with : 
(i) (he forties must not produce any vertical movement, either upwards 
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or downwards : (2) they mt^st not produce any rotational movement, either 
clockwise or antl-clockwiscfc • * 

‘The first condition will be satisfied provided the sum of 
upward forces is e(pial to that of the downward forces ; hence 
Wj + W, + W3 = P + Q. 

The second condition will be satisfied if, on taking moments 
about any point such as A, the sum of the clockwise moments is 
e(|ual to* that of the anti-clockwise moments, lienee 
WVr^ + -t- = \\i + Q/k 

Supposing that it is found that the sum of the downward forces is 
not ecpial to that of the upward forces, then the rod may be equilibrated 
by application of a force E erjual and opposite to the difference of 
these sums ; thus p: = ( \v^ + W, + W3) - (P + Q). 



The distance x from A at which Is must be a[)p]ied (Fig. 54) may 
be found by taking moments about A ; thus 

Ex = {Wj.Vi + WUq + - (?a + Q/j). 

Flaving thus found^the magnitude, position and sense of E, the 
resultant of the given forces may be found by reversing the sense of E. 

We have therefore the following rules for finding the resu|jant of 
a number of parallel forces P^, Po, Pg, etc. 



K = 

(') 


RT = 1T\t, 

'-(2) 


_ lEx 


or, 

11 

H 



II 

r 

(3) 


E(|uation (i) will give the magnituck; of R, and its position will* be 
given by calculatitig a, oliiained by taking moments about a1iy_con- 
venient point as indicated by equation ( 2 ). 
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•Example i. Four parallel forces on a rtnl AB its shown (Fig. S5(«)). 
Find the^ resultant. 

" R-i:p 

= 2 + 5 + 7+3 

= 17 lb., of sense downwaid. 

Taking moments about A, we have 

" * 1 7.1-=^ (2 X 2)p(5 X 5) + (7 x6) + r3X7) 


= 92, 



IMG. 55. 


EXAMPf,K2. I'aiallel forces act on a body as shown in I'ig. 55 (/ 0 . I'ind 
then lesultant. 

= (3 + 4 + 2)-8 

■—9-8 — 1 11). , of sense dowmwaid. 

It is con^'enlent to take moments about a point () on the line of the 3 lb. 
force. 

K.r = l'l>.r, 

I x.r = (3xo) + (4x i})-(8x4^) + (2x 6J), 
ft .r=- 17 feet. 

I'he negative sign indicates that R falls on the left side of O. 

ExAjMPLE 3. A beam of 16 feet span rests on supports at A and B 
and is loaded as shown (Fig. 56 (rf)). Find the reactions of its supports. 
Taking moments about B we have 

Px i6 = (2x i4) + (i X ii)+(Jx 5) + (^X3), 

P = 2-765 tons. 

Taking moments abdut A we have 

Qx i6 = (2X2)V(i x5) + (|x ii)-f(i^x 13), 

Q = I >484 tons. 
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To check the work we have 

. ‘ P + Q = :iVV, 

2765 + I'484 = 3+ i+l + i, 

4-249=4.25, 

results which agree within the limits of accviiacy of the answers found for 
P and Q. ♦ 
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1’ k; ijS.—Rcaction? of the supports of beams. 


Example 4. A beam tests on suppoits at A and B (P'lg 
ends oveihanging the suppoits, and the beam is loaded as shown, find 
the reactions and Q. 

Taking moments about H, we have 

"(Px io) + (i X J; + (4X4) = (2X 13} E (3 x ^) + (5 x 5 ). 

10 P ^75 - 17, 

1‘ =- 5 8 tons. 

Taking moments about A, we ha\e 

(Qx io) + (2x 3)-(4x 14) |-(T X n)E (5 X 5 ) 3 -( 3 X 2), 

109 = 98 - f>, 

0 = 9 2 tons. 

To check the woik, we have 

P + Q = 2 + 3 + 54 -i+ 4 , 

15 --'5 


Graphical method ,of finding the reactions of a beam. The 

method will be illustrated by relciencc to Eig. 57, which sliows a 
beam simply siijiported at A and U and carr)ing a single li^ad 
Taking a base line (d) [trojected horn the (hawing of tlie beam, set 
off CE at right angles to (d), and of lengtii to scale to rejiresent W. 
Join 1 )E and project \V downwards so as to intersect CD and PiE in 
F and G. d'aking moments about B, we iia\ e 
1 V= WVy, 


i>=^ 9 ' 
/ ■ 


■(>) 


From the similar triangles ECI) an^ GFD, w*e have' 
CE ^ F(; 

Cd)“FT)’ 




Hence FG represents P to the same sc ale that CF represents W. 
'Phe value of Q may he loimd horn 
P + Q W, 

. g - W - 1\ 

Gi, by using the same constiuclion, (J may be found by making 
T)H ecpial to \V, joining ('ll cutting F(i m K, when h'K gives the 
value ol g (h'lg. 57). 



Fig. 58.— Graphical sululion of P for a beain carrying several loads. 


If thd* beam carries several loads (Fig. f;8), the construction for P 
should be carried out for each load as indicated; the total sum of the 
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^ t 

intercepts will give the value Q- may he found by means of a 

similar construction ('ar.^-ied out for the other end of the lir.im, and 
the result may he checked hy com[)aring the sum of P and Q with 
the sum of the given loads. • 

Centre of parallel forces. Let two parallel forces P and Q aot on 
a rod AP (h'lg 59). 'Their resultant R will di\ide AB in the pro- 
portion P:Q-BC;AC. \ .. .(i) 

Let Pie lines of P and Q he rot.iti'd to new jidsilions P', (V, 
without alteimg the magnitudes. 'Thiough (' d!aw'd)(ds perpen- 
dicular to P' and (V. 'I'hen R', the resultant of P' and Q', will 
divide I)L in inverse propoilion to 1*' and (/. Inspection of Fig. 
59 will show ihiit the tiiangles A(T) and P>('L aie similar, hence 

ik: - iklac 


-p.() 

from ([). It therefore follow's th.it R' passc's thiough the same [loinl 
C. 'I'his point is called the centre of the paiallel forces and Q. 


\ 
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Ae 
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'R X > 
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i' ll.. 5y. ( cnti(.‘ of p.xr.illel fun t 
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If theie are a numlier of parallel fon'es, it will he seen easily that 
their lesiiltant always pas.ses through the same point, whatever may 
be the inclination of the forces. A common example ot this oi'i'urs 
in the case of the weight of a body. Lai h p.nlicle in tl^e body 
possesses weight, hence gravitational effort on the body is really a 
large number of forces directed towards the earth’s centie, and these 
will be parallel and vertical for any body of moderate dimensions. 

It is not jfossible to incline the diiection;, of the forci^ in this case, 
but the same elTect may be pioduced by inclnmg the body. The '« 
weights oLyill jiarticles will still be vertical, but theii direi tions wall be 
altered in relation to a fixed line AB in the kndy (Fig. 60 (a and /^)). 
Supposing the line Cl) of the resultant weight W to be marked on 
the body in Fig. 6o(ir), and to be marked again as TT' in F’^c 6o(/'), 
the intersc'ction G of these lines of \V would be the c:;ntre df the 
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weights of the composite j)articles. 'i'ho name centre of gravity is 
g^’en to'this [)oint. 

"• '^'entre of gravity by calculation. The gem ral method of calcu- 
lation will he understood l)y releience to Fig. 6 i. 'I'he body is 
supposed to by a thin sheet of mateiial. 'Fake two cooidinatc axes 



OX and OY. First let OX be hoii/ontal ; the weights of the 
particles being called 7 e,, rry, etc, and their coordinates (a’jjiy), 
{‘'^’'^ 2 )’ (■^’• 1 ^ 3 )? have, by taking moments about (), 


(7£'j + 7i>2 + + etc.) \ = 7('^ Vj -f 7C,r._, + + CtC,, 


or, 


l7(> 


It is evident that '^7(> gives the total weight W of the sheet, hence 

w 




(■) 


Now turn the sheet round until OY is horizontal ; the lines of 
direction of the weights will be parallel to OX, and, by taking 
moments about (), w'e have 

(7//j -t- + ^^'3 + = ^^'\)\ F ^^^2^2 + F 

l7V 


y. 


'^7(IV 
^ ' VV ■ 


U) 


iJraw a line parallel to OX, and at a distance J from it, and 
another parallel to OY at a distance x; the intersection .of these 
gives the centre of gravity G. 

D.M. 


D 
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The position of the cenfre of gravity in certain simple caries may 

seen by inspection. T'hus for a slender straight rod or wire, it lies 

at the middle of the length. In a sejuare or rectangular plat vj 
lies at the intersection of the diagonals 

A circular ])late has G at its geometrical centre. '!'he position of 
G in a triangular [)late may be found by first hnagining it to be cut 
into thin strips parallel to. EC (Fig. 62). 
'The centre of gravity of each strip w'ill lie 
at its centre of length ; hence all these 
centres will he in DA, where 1 ) is the 
centre of lU', and hence D.A contains 
the ('cnlre of gravity of the plate. In the 
same way, by taking strips parallel to AH, 
the centre of gravity will lie in (Ev, where 
C Iv is the centre of AH, Hence G lies at 

Fic. 62. -Centre of gravity of ;i the inteiseciioii of DA and CE, and it 

is easy to show by geometiy that DG is 

one-third ef DA. Hence the rule that G lies one third up the line 

joining thcT centie of one side to the opposite corner. 

Advantage is taken of a knowledge of the position of G in thin 
plates having simple outlines in apjdying etjuations (1) and (2) above.' 
'The following examples will illustrate the method. 

Exami'LK I. Find the centre of giavily of the thin uniform ])late shown 
in Fig. 63. 

Take axes OX and OY as shown and let the weight of the plate per 
scjuare inch of surface be w. I'oi convenience of r alculation the plate is 
divided into three rectangles as shown, the lespective centres of gravity 
being Gj, (/2 and Gj. 'T.aking moments about OY, w'e have 

w{(6 X i)-h(8 X i) + (3 X i)} I =7 c( 6 X i x 3) + 7£/(8 x i x J) + w(3 x i x i|), 

-._26.5 
a — > 

17 

— 1-56 inches. 

Again, taking moments about OX, we have 

i7T-(6x I X9j)-f(8x I X 5) + (3x I x^), 

~ 98-5 

* — 5-8 inches. 

Example 2. A circular plate (Fig. 64) 12 inches diameter has a hole 
3 inches diamctei. The distance between the centre A of tvve olate^and 
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* Take A B produrcd as OX, and take OV tein^cnti.d to the ciicumference 
pf the ^atc. It IS evident that Ci lies in 0>?. 'Eakinj; inoincnts about 
we may say that the moment of llie j)l.ite as made is ecjual to tliat of 




the solid disc diminislied by the moment of tlu* matenal i ('moved in 
rutting out tlie liole. Let be the weight j)er scjuaie iiu li /^f sin face, I) 
tlie diameter of the plate and r/tliat of the hole, i lien . 

Weight of solid disc . 

4 

Weight of piece cut out • 

Weiglit of pl.ite as m.ide ) 


WTT 

4 


(IT'-n 


Take moments about OY, and let 0 (]=a', 

7C/7r.,.,, ,, - / 7rl)“ / ird'^ \ 

^ X4j, 

1)2 


828 

*35 


=-613 inches. 


Other ra.ses of symmetrical solids which may be worjeed out by 
apjdication of the sanj^* princi{)les are given below. 

Any iinifotm prisfnatic bar has its ecaitrc of gravity in its axis, at 
tRe middle of its length. • 

A solid^cone or pyramid has the centre of gravity one-tjuarter up 
thejine joining the centre of the base to the apex. 
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A c()iK‘ or pyramid open at the base and made of thin sheet metal 
has its (X‘ntre of gravity one-third up the line joining the centre of 
the'^base to the apex. ^ 

Graphical method for finding the centre of gravity. 'I'he follow- 
ing method of finding G by construction 
in the case of a thin .^heet ^7Av/ (Fig, 65) 
is sometimes of service. Join />d and find 
the centres of gravity and o, of the 
triangles aM and c/u/, join r/.y. Again, 
join a(\ and find the centres of gravity Cg 
and of the triangles a/>c' and adc ; join 
Cj and Cj, cutting CjO, in G, the centre of 
gravity of the sheet. 

States of equilibrium of a body, 'i’he eiiuilibrium of a body will 
be stable, unstable or neutral, depending on whether it tends to return 



Fk;. 65. — Centre of gravity 
found graphically. 



to its original position, to capsize, or to remain at rest whcai it is 
slightly disturbed fromjts original position. A body at rest under 
the action of gravity and supporting forces 
•depends for its state of etpiilibrium on the* 
situation of its centre of gravity. A cone 
gives an excellent example of all three 
states ; when resting on its base on a hori- 
zontal table the e(iuilibrium is stable 
(Fig, 66 (ri)), for on slightly disturbing it 
(Fig. 66 (/^)), R and W conspire to return 
it to its original position. If resting 
on its apex, the equilibriuiii is unstable 
(Fig. 66(e)); a slight disturbance (Fig. 

66(^/)) shows that R and Vv conspire to overthrow it. If resting on 
its curved surface on a horizontal table (Fig, 67), the equilibrium is 



Fig. 67 — Neiitml equililjriiim. 



33 


PAKALLI'L FOKC|:S 

lieutral, for, no matter what the positioai may lx‘, R and 3 \’ aet in 
Uic s;m?e vertical line, and so halaru'e. * 

•►Reactions of the supports of a beam. In calculating the moment 
of tiie weight of a gi\en body about a givcai axis, we may imagine 
thaf the whol(; weiglit is coixentrated at the centre of gnivity. 'I'liis 
enables us to deal wuh problems on beams iarr)ing disliil)uled loads. 
'The fcjllowini^ example will make the methotl clear. 

KxjMi’i,]-.. A beam is supported at A and H 68). The setdrin 
of the beam is lynfoim .iiul its \veij.;lit is Joo lb per fool run. It eaincs 



til, Dll - I\I ,|I (i.'ll , I'f llu Mi|i|i<)il of.tlKtm 

a load of 5<x> lb. p(M f)ol iim imifoimly distiibiitcd o\ci feet of the 
length as slioun. I'lnd P .ind (). 

d'hc eenlre of gnoily of the beam lies at (1, at a dist.iiue of 7 feet 
, from I) (1, is the centre of gravity of the distributed lo.id, and lies at 
pi feet from b. 

d'otal weight of beam -AVj -:oox 14 — 2800 lb, 
d'ot.d weight (>f load --Wb— 500x9 —45001b 
Apply Wj <it (Ij and at ami l<ike moments about b to find 1 ‘ : 
Px 10- (W, y 7) + (WjX9i), 

^ (2800 X 7)4- (4 500 X pi) 

10 

lb. 

Again, take- moments about A to find Q . 

• Qx io-(W,X3) + (\V,xi), 

^)^0 ^T^X 3) + (45oox i) 

10 

^ 106)5 lb 

Checking tfic results, v\e Inive 

• P + Q-W,-fVV.,, 

O335 + 1065 2800 + 4500, 

, ■ 7300-7300. . 

•Parallel forces not in the same plane. In Fig. 69 are shown four 
boc^e.s, one at each corner of the horizoTital .square AIK'I). d'he 
weights of these bodies act vertically downwards, and hence are not 
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the centres of gravity and o, of the 
triangles aM and c/u/, join r/.y. Again, 
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and of the triangles a/>c' and adc ; join 
Cj and Cj, cutting CjO, in G, the centre of 
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States of equilibrium of a body, 'i’he eiiuilibrium of a body will 
be stable, unstable or neutral, depending on whether it tends to return 
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to its original position, to capsize, or to remain at rest whcai it is 
slightly disturbed fromjts original position. A body at rest under 
the action of gravity and supporting forces 
•depends for its state of etpiilibrium on the* 
situation of its centre of gravity. A cone 
gives an excellent example of all three 
states ; when resting on its base on a hori- 
zontal table the e(iuilibrium is stable 
(Fig, 66 (ri)), for on slightly disturbing it 
(Fig. 66 (/^)), R and W conspire to return 
it to its original position. If resting 
on its apex, the equilibriuiii is unstable 
(Fig. 66(e)); a slight disturbance (Fig. 

66(^/)) shows that R and Vv conspire to overthrow it. If resting on 
its curved surface on a horizontal table (Fig, 67), the equilibrium is 
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it will be noticed that if one of thejegs, say A, Ix' lifted slightly, the 
tal)le wiil rotate in a \ertical plane about thejine IK'. 'This indicates 
t^at the pressure on A may be ca!culate<l In' taking moments alxiut 
Ties Draw (IM and AN per[)endicul.ir to IK', and let 1\ he the 
reaction of the k'g A ; tlnai, 

i\x aN \v x(;m, 
p CM 

^ - A N - 

In Ihcnsailie way, 1’,, may be 

found by taking moments about 
AC', and IV hy taking moments 
aboift AH. The results may be 
(.becked fiom 

V -W. 

• 

hAPr. 6.— Pnnciple of momenta. 

Fig. 71 shows a wooden disc which 
is free to rotate about its ('(‘litre 
on a screw’ driviai into a wall 

board. Attach cords to various points on the fa('e of the disc and 
apiily diffcK'nt (dices b) means of weights as shown. Fet the (lis(' 
come to rest under the action of these for('(‘s, and test tlu* truth of 
th(‘ principle of moments liy (calculating the sum ot the ( lo(.'kwise 
moments and also th.it of the anti-clo( kwise moments. 



Isxpi. 7 — Reactions of a beam, h'lg 73 shows an a[jpat.'itiis (on- 
sisting of a W(jodeii beam supported by means of two hanging s[)ring 



*Fig. 72. — Apparatus for (icterniining the rear lions of a beam. 


balances. Apply various loads and cal(^latc the reactions of the 
suilfiorts. Make allow'ance for the w^eight of the beam and also 
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for any distrihutccMoads coiijcntrating them at their respective 
centres of gravity. Repeat the experiment uith altered leads and 
, different positions of the points of sui)port. Make 

B a ta[)le showing in each case the calcii'' .eu 

n'actions and also those read fioin the spring 
balances. 



Tc 


(Jw 

7 ( - - lapctimcnt 
on llu‘ t( Hire ot ^ravi y 
of a slice! 


I'lxpr. 8. — Centre of gra ity of sheets. The 
centre of gravity of a thin sheet nviy be Amnd by 
hanging it from a fixed support by means of a 
cord AIj (Fig. 7^^); the cord extend.s downwards 
and has a small weight thus serving as a 
plumb line. Mark the direction A(' on the sheet 
and then repeat the operation by hanging the 
sheet from D, maiking the new vertical I)E. (1 
will 1 h‘ the point of intersection of AC and DE. 
(airy out this cxpeiiment for the sheets of metal 
or millboiird supplied. 


IvxPT. 9.-— Centre of gravity of a solid body. 'The C(mtre of giavity 
of a body siu'h as a (onnectmg rod (Fig. 71) may be found by 
balaiK'ing it on a knife edge, which m.iy be aiianged easily by use 
of V blocks and a Mjiiaie bai of steel. G will lie veitieally over 



Fio. 7 j. — Kvpcnmenl on tlic Cf-ntie of gr.ivily of a solid body. 


the knife edge when the rod is balanced. (\ury out this experiment 
on the bodies supidied, in each case making a. sketch of the body and 
recording on the sketch the dimensions necessary for mdieating the 
position of G. 


EXERCISES ON CHAPTER III. 

1 . A unifonn hori/'ontal lod Alt is pivoted at its centre C, and cariies 
a load of 12 lb at 1 ) and another of 20 lb at IC 1 ) .ind E are on 
opposite sides of C, CD and CE being 8 inches and 12 inchevrespcctivcly. 
If balance lias to lie rcstoicd by means of a 14 lb weight, find where it 
must be placed. What will lie the reattion of the p vot ? 

2 . A red AB carries loads of 3 lb , 7 lb. and 10 lb. at distances of 2 
inches, 9 inches and 15 inches respectively from A kind the point at 
which the rod will balance. Neglect the weight of Te lod. 

3 . Fig. 75 show's an arrangement of A right-angled bent levfr ABC 
carrying a load of 40 lb. Ab and BC are 12 inches and 3 inches respec- 
tively and AB is horizontal. C is connected by a horizontal lihk CE to a 
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vA-tical Ic\'er I)F, uhuli is puotocl af 1 ). ])F .unl’ DlC .lu- 15 indics 

and 3 inuiics icspcctixel)' 'I lu' .11 lanj^enu'nt is h.il.un eti by .1 loid F(i 
p.ftsing o\ci a pulley al O and eaii\ing a li^ad . Find \V, negleetin^ 
tlw^iglits of the \anou.s i)ails and also fii( tion 

4 . A le\ er 'Safety \aKcfoi .1 ste.iin hoilei has the follow ing clinu nsions •. 
Diameter of \aKe, 3 inches; distame liom fiih uiin to \al\e ((‘iitie, 4^ 
inches; weight of \al\e and its .itim hnuMit to the le\ei,4\ll), distame 
from fulcrum to icnti# of gia\ity of tlu' hwei, im lies ; weight of 
lever, 7 lb. T^)e, weight on the end of the Ie\er is (p lb l-ind its 
distance from the fuhium if the \.d\e is to open with a sie.^ni j)j'cssurc 
of 70 Ib.’pei; scpiaic mdi. 

5 . A uniform f^eam 20 feet long weighs i| tons, and is siippoited at 

its ends A and !> .\ uiiifoi inly disti ibuted load ol .1 ton fiei foot iiin 

extends over 10 feet of the length measuu'd fitmi A, and ,i (omentiated 
load ()V 3 tons rests at a point 4 led fiom 11 find the le.u lions of the 
suppoi ts b}' c.dcul.ition 



6. A beam iS feet span caiiies loads of 2 tons, 4 tons and (S tons at 
distaiKcs nie.isuied fioin one suj)poit of 3 feet, 8 fe( t and 12 ted lesj^ec- 
tivcly. Find giaidiically the le.u lions of the supi)Oi.,ts Keglet t the weight 
of the beam. 

7 . A uniform beam weighs 2 tons and is 24 feet long. It is supported 

at a poifit A 6 feet fioni one end, .ind .it another point H 4 feiU fiom the 
other end. There is a comenti.ited load of tons .it e.n h end .and 

another of 3 tons at the middle of the be.am find the le.utions of the 
suppoRs by calculation. 

8. Three w^agbts of 4 11 ) 8 lb .and 12 lb lespca lively are pl.u ed at 
the corners A, H .ind (' of an equd.atei.al tii.angle of 2 fed side. Find the 
centie of giavity. 

9 . A letter L is cut out of thin c.ardboaid. Height, j nu lies; 
J)ie.idtb, 2 inches ; width )f ni.itciial, h m< h ^ Find the centre of gravity. 

li). A solid pyramid has a ^<]uaie base of 3 inches edge and is 
5 inches ingh. It rests on its base on a boaid, one end of which m.ay 
be raised., J’he edges of the base of the pyr.imid aie ji.ir.allel to the 
edg-^es of the board, .and slipping is prevented by me.ins of a thin strip 
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nailed across the board. Emd, by drawin*,' or otherwise, the angle whitfh 
the board makes with the h< 5 nzontal when the pyramid jvist tip'y.over. 

, 11 . A flat cfjiiilatcral triangular plate of 4 feet side is supported horizon- 
tally by three legs, one at each comer. A \ertical force of 1 12 poq-, 1 s'is 
applied to the plate at a point winch is distant 3 feet from one leg and 
18 im lies from another. Determine the compressive force in each leg 
produced by this load. * (B.E.) 

12 . A scale-pan ^f ^ balance with unequal ari^is is weighted m such a 

way that the beam is horizontal when no masses are ]ii<'kced m the pans. 
A body when placed m the two p.ins successively is balanced by masses 
r and Q in the opposite pans, I’love that its mass is * (L U.) 

13 . A horizontal platform is supported on three piers ABC forming a 
triangle m plan. AB----6 feet ; AC = 8 feet ; BC ^8 feet. 'The centre of 
gravity of the platform and load carried is distant 5 feet from A and 
4 feet from B Find the proportion of the load carried by each of the 
three piers. .Show th.it, if theie were four ]}icrs instead of three, the 
reactions could not be determined without further infoimation (I.C.E ) 



CHAITER IV. 

PROPERTIKS OF COTPLES. SYSTEMS OF UMPl.ANAR 
F()K( ES. 

• 

Moment of a couple, ('oiisidcr llie c()iii)lc foniK’d l>y tin* ('(jiial 
forces \\ and P, -]()). f.ct d he tlic perpendicular distance, or 
arm, Ifetween the lini's nt the fona's. 

It may he shown, hy taking monuMits 
in siK'cession about se\eml points A, 

P, (', O, that the moment of the couple 
18 the same about any point in its plane, 
and is given by Pd. 

d'hus, taking moments about A, we 

• 1 

liave 

Moment of the cou[)le 

---(I’l Xo)-(lhx^/) I.H, 7n -A,u.i|,l< lus il)Cs.'„nrniomLat 

^ .iliout .my poml iM Its pl.iiit. 

die negative sign indnating an anli-cloi'kw'isc moment. 

Taking moments al)oui P, we have 

Moment of the (ample (P., x o) - (I’j x d) 

= -!’/■ ( 2 ) 

Takifig moments about (' gives 

Moment of the couple = - (R, x a) - P.,(^/ - a) 

--ly- •' (3) 

Taking momeiPs about 1 ), we have 

Moment o,f the couple - ( P., x I>) - [d E b) 

= - V- (4) 

t. As the forcc§ are e(|ual, the four results arc identical, thus proving 
the^ proposition. 

Eq^uilibrant of a couple. It has been .s^en (p. 43) that no single 
force can" Pe the resultant of a cou[)le, hence no single force can 




MATERIALS AXD STRUCTURES 


6o‘ 


t3(iuilibnilc a roiiplc. It, will ^l()w be shown that another coupll of 
equal opposite moment* applied in the same plane, or in a parallel pl,ane, 
‘will balance a given couple. ^ jr 

In Hg. arc shown two couples, one having equal forces Vj and 
l\„ and the other couple having equal forces and Q.,. Produce 
the lines of these forces to intersect 
.It A, R, C ani D, and let a and /> be 
the arms of the P and () couples 
respectively. Prom A* draw *AM and 
AN perpendicular *to P, and Qj re- 
spectively. 'Then AM a, and AN - A 
'I'he triangles AMC and AND are 
similar, hence 

AC:AM-AI):AN, 
AC:.\I)-AM:AN ' 

( I ) 

Now if (he couples have equal moments, we have 
' P(i - ()/>, 

or Q-V-a:/; ( 2 ) 



t'K.. 77. -'I \ 


o upial oppusiiii; couple"- 
in e(|uilil>iiuni. 


Hence, .\C and AI) may be taken to represent Q and P respec- 
tively to some scale of force. 

As ALHI) is a parallelogram, it follows that the resultant of P, 
and Qj acting at B will be aB. 

Also the resultant R.^ of lb and ( >,> acting at A wall be 
R,-BA. 



Ki(.. 78 — o|)poMng couple}, in parallel planes ?irc m equilibrium, 

As Rj and Ro are eqiMl, opposite, and in the same stra*ghtjline, 
they balance ; hence, the given couples arc in equilibrium. We 




PKOPRKTIFS OF COPPr^FS 6l 

may tlieriTore state that nniples ol eijuahoppositi' momi nt acting 
in Uie same plane are in e(|iiilibrium, and Other (oiiple may be 
saili ‘4^be the e(iui!il)rant of the other couple. 

In Mg. 78 IS shown a rtetangular block having ecjual foiccs P, 
and Py ap})lied ^o its \ertic.d front edges AD and Cb, and other 
ecjual force.s I’l and lM^apj)hed to the vcatual back edges F (1 and 
His. Let tliese Jc^rces 'l)e all ccjual, when the bhx k will have a jiair 
of equal oj)j)(.)Site coujiles acting in jiaiallel planes. 'That these 
cou})les r)alanc'e‘ may he secav by t.ikmg the* lesultant R, ol the 
forces Pj, Pp and also the resultant R., of the other ecjual pair 
P^,, P.^ 'I'hese resultants are ecjual and ojijiosite and act in the 
same stTaight line, and hence are m ('cjuilibrium. 

Resultant of a couple. W'e have* now' seen that a c'oujile c'an be 
balanced by the applic'ation in the* same plane, or m a jiarallel |)laiu‘, 
of a second coujile having .111 ecjual ojcjiosite moiiuait. Siijiiiosing 
the forces of the second c oujile to be reveised in sense', it is evidc'iit 



Fig. 79.— Sin^'le-handed l.ip wrench. tUi. 8<.. Oouiilt. h iikIkI i.ip 


that the effect of this canijile on the body will be identical with that 
of the first coujile. We m.iy say now that either couple is the resultant 
of the other, />. the effec t on the body as a whole will be tlie same, 
no matter which couple be ai)[)hecl to it. 

This projiosition may be stated in a different way, viz. a couple 
may be moved from any given position to another position in the same 
plane or' in a parallel plane, without thereby altering its effect on the body 
as a whole. ^ 

^ Owing to the equality of the forces fc^rming a cample, the applica- 
tion of a couple to any body will not tend to move it in any 
direction, but will merely tend to set iij) rotation. For example, 
ill tapping a hole, the use of a single-handed tap wrench (Mg. 79) 
will lend to bend the tap and tc. spoil the,* thread ; a double-handed 
wrench enables a couple to be ap})lied giviiig jmte rotation to tlie 
tai) (Fig. 80). It is evident that the .same turning effort mav be 
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obtained by means of small Torres and a l.uge arm, or by larger 
forces and a smaller Jlrm, a fact which we may state as follows : «Tiie 
forces of a couple may be altered In magnitude provided the arm be^tffred 
BO as to make the moment the same as at first 

The case of a ship having screw propellers afforjs an example of 
the balancing of couples in parallel planes^ Referring to Fig. 8i, 
couples are applTed to the shaft at A by the bngitv'^ and, neglecting 
the fri(‘tidn of the bearings, these couples are balanced by^an e(jual 
opposite couple pioduced by the resistance of the water acting on 



1 K.. 8i. t<’w j)i<ip<‘lltr Oi.ift, 


the propeller at IC. 'I'he planes of the''*' cou[)les are [rerpendicular 
to that pf the papr'r and hence aie p.irallel, 'The distance of A 
from E is immaterial .so far as the eijuilibrium of the coiipli;s is 
concerned ; nor does the diameter of the [iropeller affect the [iroblem 
of eijuilibrium. 

'I'he law that every force must have an eipial opposite loice may 
now be extended by asserting that it is impossible for a couple to act 
alone ; there must always be an equal opposite couple acting m the same 
plane, or in a parallel plane. 

Substitution of a force and couple for a given force. In log. 82 
is shown a body having a force P, applied at A. \Vc. will suppose 
that it would be iroic convenient to 
have the force applied at another point 
R. Apply eijual opposite forces lb, 
to R, each eipial to Pj and in a 
line parallel to Pj ; these will be self- 
balancing and will therefore not affect 
the eriuilibrium of the body. I.et c/ be , 
the perpendicular distance between P, 
and P._,. Pj and the C(}ual dowinvaid 
force P 2 at R form a coujile, the moment 
of which is P^c/; this cbu[)le may be 
moved to any convenient situation tn the plane, leaving tl^e iipw’ard 
force Po at R. A given force is therefore equivalent to a^««ralle4 equal 
force of like sense together with a couple having a moment obtained a^ above. 
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Substitution of a force for a given force and a given couple. 


In •Fig. 83 we have given a loice 
c(1h|/k; Q, Q, having an arm d. 
'I'he moniL'nt of the coujilc is Q^/. 
Alter the foreesT of the ('oiiple so 
lliat each new force 1^, P' is eciiial 
to Pj the new arswr being siK'h that 

^ \U - Qd. 

Apply the ne\v^ couple so that 
one of its Iok'cs acts at A, in ihi* 
same Kne as I', and in the opiiositc; 
sense. 'These lorces balaiu e at A, 
leaving a single lorce 1 ^' acting at 
the giv en fon e P. 


P acting at A, together with a 



I'K. 8 ). KcdiKlioii of a full (.■ .111(1 

< 'iiiplc lo a fun c. 


[)eip(‘n(h( ular distaiKa* </ lioiii 


ExamI’LK I. A single-handed tap wrein h has a foice of 30 Ih. applied 
at a distance of 15 inc hes fioiii the axis of the tap (l-ig. 84). Ihecentie 
line of the wrench is at .1 height of 5 inches above the face of the woik 
being tapped. T iiul the moment of tli(‘ couple acting on the taj) and also 
the moment of the foice tending to bend the tap. 

'Tiansfeiiing P from A to U gives a foice P acting at H, togethei with 
a couple having a moment given by 

Moment of couple^ I* xy\Ii 

-- 30 X 15 ^450 lb -me lies. 

'I'lie force 1’ acting at B tends to bend the tap about C. 'To calculate 
Its moment we have 

Moment of 1‘ -- 1* x IHv 

- 30 X 5 - lb.- niches. 




Exampi.k 2. A bent lever 4 CB (Fig. 85) is pivoted at C, and has 
forces 1^ .ind Q applied at A and B respectively. Find the resultant 
turning m ..cent on the lever and also the resultant force on the pivot. 
The solution may be obtained by drawing the lever to scale. 'Transfer 
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P and Q to C as shown, {giving forces P'-P and Q'=Q actin<^^ at C, 
together with a clockwise couple QxCN and an anti-clockwisc couple 
l*x CM, CN and CM being perpendicular to Q and P respectively. The 
resultant turning moment may be calculated by taking the algebraic sum 
of the couples, thus 

Turning m()ment = (Q x CN) -(P x CM). 

This moment will be clockwise if the result is p )sitivc. 

To obtain the resultant foicc on the pivot, apply the parallelogram of 
forces as shown to find the lesultant of P' and Q' acting at C. ^ R gives 
the required force. «. 

Equilibrium of a system of uniplanar forces. Any .system of force.s 
acting in the .same plane will be in equilibrium provided (a) there Is 
no tendency to produce translational movement, 0 ) there is no tendency to 
rotate the body. T’hesc conditions may be tested cither by mathe- 
matical e(iuati 6 ns or bygraphi('al methods. To obtain the necessaty 
equations we may proceed as follows. 

In Fig. 86 , lour forces Pj, P.,, P.^, P,j, aie given acting in the 
plane of the paper at A, P, C and 1) respectively. Take any two 



rectangular axes OX and OY in the same- plane and* tak-e components 
of each force parallel to these axes. Calling the angles made by 
the forces witli OX (Xj, a^, and the components will be 
(seep. 23): ^ , 

Components parallel to OX : Pj cos cos P 3 cos Ug, P^ cos rq. 
Components parallel toCY: PjSina,, P^sina.^, P.jsinag, P^'sinfq. 

These components may be substituted for the given forces. Now . 



SYSTIuMS OF tlNlPLANAR.FOkCFS 


^■>5 

transfer ^ch component so that it acts Jt O instead ot in its given 
position. 'Fhis transference will necessitate the intioduction of n 
c^fiipl^ for each component transferred. Let .Vj and he the 
coordinates of A, and describe similarly the coordinates of B, C 
iwid 1). d'hc cofi{)les reiiuired by the transference ol the ('omponents 
of Pj will be (l\cos«,jJyj and (1\ sina,)a, , the oll;ei couples may be 
written in the same manner, going , 

Couples* pa rallcj to OX : 

(l\cosa^)_r,, 

(a)ii[)les parallel to OV : 

*(l\ sin (P_, sin a.,) \ ,, (1'3 sin a ,) v.^, ( P, sin a^).r^. 

'The couph s paralKl to OX m.iy be ledm'cd to a single icsultant 
couple^ by adding then moments algebraically. Sk»nilaily, those 
jiarallel to 0\' may be ledma'd to a single ('(Uiple, giving 
Resultant coujile parallel to OX - B (sis «) v. 

Resultant couple paiallel to OV - i'( P sin a).v. 

Fig. 87 shows the rediK'tion of the given ^ysUmi so lai as we have 
proceeded, which now consists ul a number ol forces a< ting in OX 


Y 


' ^ sin 
P3 

V, P2 sin c(2 
P, sin oc, 


Couple =* l(Pcosd)y. 


i 


Couple* Z(Psina)X. 


o' 


P, COfiota P4 CO$c(^ 

^ 1 

P,coscK, 

Fi(. 87.-- \ systtiii e(iiu\.il( lit to ili.il in hi^;. 86. 


and (W, together with two couples. For cciuihbrium, there must be 
no tendeiK'y to pjoduce movement in a direction parallel to OY, 
hence the algebraic sum oT the forces in OY must be zero, i his 
'condition may be written : 

^1’ sin « ^ (0 

\t the same time therti^nusl be no tendeTicy to [iroduce movement 
nil direction parallel to OX ; 4 icnce the al^^ebraic sum of the forces 
n OK mij£^be zero, a condition which may be written : 

^Pcosa-o (2) 
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Furtlicr, thca* must be no’ tendency to produce rotation, a condition 
\j'hich nuiy he siaaircd provided (i) each of the couples is zero, in 
which case :i;(I’sina).v + :::;(P(osa)r o; 

(ji, (ii) tlie couples may he of c(jual moment and of opposite sense of 
rotation, m which case tlu-ir algebraic sum will again he zcio. Hence 
the complete ('ondition of no lotational Uuulency may he written: 

^(P sin a).\ T ^(i’ ( OS a) v - o (3) 

'These e(iuations (i), (2) and (3) being fulfilled simultaneously serve 
as tests fo; the e(iuihhnum of any system of uniplanar forces. A 
little judgment must he exeiciscd in the selection of the coordinate 
axes OX and OY in any particuLii pioblcm so as to simplify the 
suhseiiuent calculations. 

IsXAMi'f.E. A roof truss, 20 feet span, 5 feet rise (Fig, 88),, has a 
lesultanl wind piessuie of 2000 lb, a( ting at C, the centre of the light* 



hand lafter, in a diicction perpendicular to that of the rafter. The tiuss 
IS boiled down to the supj)ort at H, and lests on 1 oilers at A. so that 
the leaction of the support at A is \ertical. Find the reactions of the 
supports. 

In this case, BX and BY arc the most convenient coordinate axes. 
First find II and \', the components of tlie load paiallel to these a.xes, by 
drawing the lii.mgle of foiccs This triangle is similai to the triangle 
UBE, hence H : 2000 = 5 : ' 


„ __ lOOOO 
III8 


=895 lb. 


V : 2000= 10 : \/T 2 S, 

7 

V= 1790 lb. 


T D r\ 
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• — - -- 

tlie components of Q p.nallel to BX .ukI 1T\' icspectiveiy J'hen, fiom 
th« e<[uations of etpiilihiiuni, \\c lia\e * 

• XPsinn o, lit'iK e, r f Q\ - o, 

(jf r T ■ 1 7</ ) II) ( I ) 

• o; heme, II o, 

or ; Oil U‘ (2) 


X(P sin a) i A^lfP coMi))' o, licnrc, ( P x jo) (V' x 0 ( H•>' 2^) -o. 

It \MlM)e nottd th.il the last equation is oht. lined hytakinj^ theal^ehiaic 
sum of the inoineiUs of all the foo'cs about B Rcdiu ing it, we ha\c 


:oP- (i7^}ox5) + (.S()5x j\), 

(3) 

Substitution of this value of P in (i) gives 

♦ 55 '>lh<.X i/W • 

(.)v I.: 50 6 II) (q) 

'I’o find (), \\v have (^) \^dii' hhb-'' 

s' .] t i 

I S'.’o Ih (5) 


I'o find the angle u vvlm h () makes with the veitn al, we have 


IJ ^uo 

- 0727 ; 

a jb" l' (6) 

Graphical solution by the link polygon. A^convciuerU method of 
determining graphu'ally tin; eijuilibnint of a s)stem of uniplanar fori'es 
will now he explained Jt is reipmed to find the e([mlil)rant of the 
given forces P,, IS and P.j (log. Sq (a)) d'ake any {loint A on the line 
(d' P^, and pioceed to halaiu'e Pj By the a()phcation ol any jiair of 
forces'* and /, intersecting .it A. 'J’he triangle ol forces aK) 
(Fig. eSq (/;)), 411 wjuch ^ 

P, : ■/, ^ (i/f ■ M) • Oa, 

will determine the magnitudes of /, and Imagine/, and/.^ to 
be applied at A (Fig. 8^(n)) through the medium of bans, or links, 
one of which, Aiq is Extended to a point Ij on the line of action of 
iC d’bte equilibrate this link, ft must exert^a pull ecjual and 

opposite ‘-^the pull it gives to A. 

Tl^e forces A, and Jb acting at B may be erpiilibrated by the 



68 ' ' 


MATEJglALS AND STRUCTURES 


application of a third forc6 /g at B, A Being found in direction and 
magnitude from the triangle of foices 0 /y (Fig. 89 (/>)), in whicli ' 

/o : P.2 : /g 0 /j . he : cO. 

Let /g be applied at B (Fig. 89(^7)) by means of a link B(', 
intersecting \\ at C and exerting at C a foice erpial and opi)()site to 
that which it exert <5 on B. < 

d'he forces /g and I'g acting at C' aie now eijuilibrated by means of 
a force applied at C, /, being found from the tnangle oV foices 
Oc</, ill wliicli - Or : IVI' : </0. 

Let the foice /, be applies! at (’ by means of a link, and let this link 
and tliat in which acts inteisect at D. Each link will exert a fon e 
at 1 ) ecjual and opposite to that which it communicates t<j A and C 



respectively. The foices /, and thus acting at 1 ) maybe eeiuilibrated 
by means of a third foice K a[)[)lied at I), is being found from tiie 
triangle of forces Oe/a, in which 

: I'v : /j 0 (/ ; Ja : aO. 

It will now be seen, by reference to Fig. 89(a), that each of the g:iven 
forces Is balanced, that the closed link polygon A BCD in equilibrium, 
and that the force hi is also balanced. It theiefor} follows that the forces' 
Pj, P2, Pg and E are in eiiuihbrium. 

Reference to F'ig. Si){h) will show that ahai •‘institutes a closed polygon 
of forces for Pj, 1*2^ Bg and 1% and that the lines drawn from 0 to a, 
rand r/ are parallel re,spectively to the links in log. 89(a). As we 
had a liberty of choice of the directions of the first two links, viz. DA 
and AB, and as these direction.s, once chosen, settled the positwn of 
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the point O in Kig. 89(/>), wo infer ih?It tht; pf)siti<)n‘of O is immaterial, 
tli^ only^ffect of \ ary mg its [)osition Ixmig (• change somewhat the 
%hapc of the link polygon without altering the final \aliie or positic^n 
of E. It shoiiUl also he noted that each link in Mg. <S()(<'/) is [)aiallcl 
to the' line fron^O in h'lg. S9(/') uhuh falls hetwcen the suit's of the 
force polygon rcprcst;;itmg tlu' two foiccs ('onnected hy the link in 
Fig. 89 (tr). d'Jiys, AM in log. 89 (tr) is parallt'l to 0 !> in Fig. 89 (/^), the 
latter falling helween tr/^and i>i whit h rcjirescnt Pj and I*., lYspi'cin ely. 

In [iraclit e, *llow'’s notation is('mplo)cd. Some examples art' given 
to illustrate the inethtxl. 

Kx.amim.k I. Gi\ on lliicc foK cs of 3 ttins, 4 tt)iis .111(1 2 ttiiis tc^pcf lively, 
tint! tlicir otjuilihrant (fig ip(ti)). 

d'hc pi int'iplcs t)n whuh the solution is h.iscd aie, as has heeii found 
above, {<1) the foire polvgon inusl close, {/>) the link j)t)lygon must t Ittse. 



Naming the spates A, l>and F, and plating H pio\ isionally near to the 
force of 2 tons, tlr.iw thcfoicc pol)gon AIU I) (log. (p(/))) ’I he closing 
line I)/\ gives the tiiict tion, sense and ni.igmtudew of the ctjuihhrant. To 
find Its prtjper position, take any |)olc () (log. ^p{h)\ and join () to the 
(orners A, h, F, I) of the ft)i(e iioKgtm. Fhot)se any pt)int a on the line 
t)f the *3 ttins force. In sp.ice A di.iw a line m/, of indefinite length, 
paiallel to OA in Fig <p{/>). In spate B tiraw' a line ad parallel to OB ; 
and, yi space C a line h paiallel to OF. From c thaw .a line parallel to 
00 to intersect that drawn from a m the pmnt <f. d hen passes thiough 
t/, and may ntTw shown ct^lnpletely in log f~p(a). 

Exampuk 2. Four ifirres .ire given in log. 91 (r/) ; find their resultant. 

fhe method employed consists in first finding the equihbrant and then 
reversing its sen.se. l'h#s example is of sligf^tly greater :omphcation, hut 
the working dtres not differ from that illustrated above. In Fig. 91 (t^) 
./TliCDKiis the force polygon, t/Ie closing sid^ KA represents the equili- 
hrai^, hcs«i/i AE represents fhe resultant The position of the equihbrant 
is found by drawing the link polygon abaie^ having its sides paiallel to 
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the lines radi.iting from any nole O in Eig. 91 (/'). Tlic intersection of ue 
and (fc’ gives a point e ot> the line of action of K. f 



Examplk 3. ('ii\cn a beam c.iriying loads as shouii (l ig, find 

the icaclions of the supports. 

In this case, as all the forces aic paiallel, tlie force pobgon becomes a 
straight line. 'The reactions AH and (lA being unknown, begin in space 
and draw the sides of the force polygon as IK', ('!), Dls, IsF and F(k 
'I'lic corner A of lire force polygon will fill on IKi, and, its position having 
been determined, the segments (lA and Al> will gi\c the imignitudes 
of the reactions Choose ,iny ))ole D .ind join it to the known comers 
of the foice polygon, \i/. H, C, 1 ), 1 '., F, C. .Start (onstiuctmg the polygon 
fiom a point <i on the line of the left-h<ind icaction (Fig. 92 (a)) by 



drawing al’ par.dlel to OH in the space lying between the leaction AH and 
the force HC. 'Fhen diaw A', fft’, cj ies|)e( tiCely ]>aiallcl to OC, 01 ), 
OF^, OF. From /J a point on the force F(i, a hne/^' has to be drawn to 
intersect the reaction (iA ; as these forces are iiPthe same straight line, it 
is clear that /i/ is of zero length, .rnd that the link polygon will conse- 
(luently have a side short, f omplete thc’link polygon by draw ii->j/c/, and 
ciraw OA (Fig. 92(A)) parallel to fa. The magnitudes of tbr-meaclions 
may now’ be scaled as AH and OA. 
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• Expt. 10. — Equilibrium of two equti opposing couples. In I' ig 93 is 
shown a«rod AP Ining by ii string altaclitxl at A .ind also to a li\cd 
sifpport at C by means of cords, pulleys *and wciglits, apply t\so 
Bqual, opposite and parallel forces P, P, and also another p iii (), (). 
Adjust the values so that the following expiation is satisfied : 

Px l)l':--Ox I'XL 

Note that the lod rm Jains at ri'st under the actityi of these foices. 

Repeat the V'^jiennu'nt, inclining tin' jiarallel fori es P, P, at any 
angle k) the [lori/ontal, and inclining tin; parallel force's If) a 

tlifferenl angle, Init arranging that the monn'iit of the P, P, (oiijilc is 
equal to that of the Q, bh eoiiple. Note wln'lher the roil is balanceil 
under the action of tln'si' (oujiles. 

A[f|)ly the P, P, couple only, and asc'citain by actual Itial ^\hether 
it IS [)ossil)k' to balaina' the lod in its \eilical jiosilion as shown in 
the figure by ap[)li('ation of any single force. 



Ejcpt. 1 1. — Couples acting on a door. Fig. 94 shows a boaid which 
may be taken as a model of a door hung on two hinges. 'I'he 
eijual foices*VV and P f<)ri>^ a e()uple, whiih is balanced by the eijual 
o{)posing coujile (), (K Wk-igh the boaid, measure a and and 
adeulate i) from ^ {)/) ~ \\k/ 

Apply the forces Jis shown and inde whether the door is in', 
eciuilibrium. 

VvXPr. T 2. —Link polygon. Kig. 95 («) ‘liiows a polygon AI^CDFA 
made oHight cord and having forces P, O, S, T' and V applied as 
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shown. Let the arrangement come to rest. Show by actual draw- 
ing (a) that the force polygon aki/m closes (Fig. 95 (/^)), its sides being 



drawn [)arallel and proportional to P, S, 'E and V respectively; 
(/f) that lines drawn from l\ r, d and ( parallel respectively to AH, 
HC, Cl), DE and EA intersect in a common pole C). 

Ivxi’T. 13, — Hanging cord. A light cord has small rings at A, H, (' 
and 1) and may be passed over pulleys is and F attac hed to a wall 
board (Fig. 96(^1)). W’eights WC, Wgand \V, may be attached to 



Fig. 96.— a hanging cord, 

the rings, and P and Q to the ends of the cord. Choose any, values 
for Wj, Wj, W3 and ‘and draw the force polygon for (nenn as 
shown at alcde. Choose any suitable pole 0, and join 0 to a, c, d 
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ai^ e. Oa and O^’ will gi\e the nuigtiitudcs of V and Q respectively. 
hi\ the rifig at A to the board by means of a kradawl or pin ; fix the 
pufley at E so that the direction of the cord AE is parallel to Oa^ 
fix the ring at B by means of a pin so that the direc tion of the cord 
AB is ])arallel to O/-. Fix aKo the other rings (' and I), and the 
I^illey at b so th«t the directions of BC, ('!) and I)F aie [larallel to 
A'), dO and eO rcspcctWcly Apj)ly the selcv'ted weights W',, \Vg 
and W^, and al.‘;o,^\eig^lls B and i) ol magniliuh' given by and 
Oe. Remo\e the bradawls and asct'itain if the cord rhinains in 
cciuilibrrtim. • 

F.xpt. 14. — Hanging chain. Fig. 97 (r/) shows a shoit chyin AFB in 
ec]iiilibriiim under the action of force's V,, V.,, 11 , and H., ap[)lied by 
means of cords, pullers and weigdits. l-'ind these loicc's by ('alcula- 
tion, as indicated below, first weighing the ('hain, and apply them as 
shown m the figure so as to test for the ('(juilibnum of the chain. 



Let the propo.sed dip or deflection of the'chain in im lies. 

S - the sj)an AB in iik lies. 

It should be noted that 1) should not be too large when compared 
wu'th S. Both may be measured ccmveniently by first stretching the 
chain between the two maiked [Hjsitions A and li on the wall board 
and then taking the re({Uired dimensions. It is assumed that A and 
B are on the stmedevel. , 

^ Imagine the chain to be cut at its centre C, and consider the 
eciuilibrium of the righf-hand half (bhg. 97 (/^)). The weight of the 
whole chain being W lb., the w’eight of the half considered will be 
JW and will act at the ^ntre of gravity Gs which may be assumed 
S . * 

to^ie at - horizontally from provided I) is not too large. As a 

• t ^ '■ 

chaimean '.iwily pull, the force H at C must be horizontal. Hence 
the portion BC is at rest under the action of two equal opposing 
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couples, one formed by tke etjtial forces V2 and l\V and the other 
by the equal forces Htand Hg. Hence » 


• 

V..= .iW. 


n 

and 

ILx l)--,'.Wx-, 

- 4 

C 



, , \vs 


(2) 

or 

"-8D 

. 


EXERCISES ON CHAPTER IV. 

1 . A wooden ^atc w'cij^lis i(x> lb , and h.is its < entre of ^r,'n ity ?.itiiated 
2F inches from the vcrtual <i\is of the hinges I'hc lunges are 24 inclies 
apart vertically, and the veitical reaction rc(|uiied to balance the gate is 
shaied equally* between them. Calculate the magnitude and direction of 
the reaction of each lunge and show both reactions m a diagram. 

2 . A square plate of 2 feet edge has foues of 2, 3, 4 and 5 lb. applied 
as shown *(Eig. 9<S). Find the fone ie(|uircd in order to balance the 
plate. 

3 . A plate having the sliape of an erjuilateml tiiangle of 3 feet edge 
has fore es of r, 2 and 3 lb .'qrplicd as shown (Fig. 99). Find the resultant 
foicc on the pl.itc. 






4 . Suppose the jrlatc m Oiiestion 3 to h<ive equal forces of ?, lb. each 
applied along the edges m the same manner as liefoie. What must be 
done in order to keej) the [dale in e(|iiilibiium ? 


5 . A uniform beam i 



2 feet span and r8 inches deep weighs^/x) lb. 
A lo.id of 2 tons IS applie^l to. the top surface 
at 3 feet fiorn^the right-hand support at an 
angle of 45” to t^e hoii/ontal (Fig. ioo)> 
Snp[)ose the left-hand reaction to be vertical, 
and tab ulate the icar lions of the supports. 


/ * 6. A beam All vests against w'alls at 

and I> (Fig. loi). Vertical loads of 40Q lb. 
« and 600 lb. insect the beam. St«'ppose the 
reaction at A to be hoii/ontal, and calculate the rcactions *£4 A t(nd B. 
Neglect the weight of the beam. 
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•7. A triangular frame 15 feet span and 5*rect high (Eig. it^j) (aiiies 
loads of 4#o lb. biserting AC, 600 lb. at C and lb. biscttmg 1 >C at 

righ*\ angles. The reaction at H is \crtical. Find the reactions of th<^ 
silfbports by calculation. 



8. l'ro\c that t\vo(ouplcs of c(|ual opposing moment, <u.ting in the 
same plane, balance. 

9 . .Show how a foue a(’tmg at a gi\en point m.iy be moved to .mothei 
]K)int not m the original line of the ton e. Pio\e the method to be 
coi rcct. 

10 . C hoose any thiee fooes not meeting ;it .1 point and not paiallel to 

one another. Show how we (an litul, gi.ipliK'ally, then icsultant 01 then 
ctjuilibiant. (H.K.) 

11 . Answer Question 10 m a maiiiu'i suitable for calculation. 



12 . A niimbci of fon-T's .n t m a plane <md do not meet in ,i point. 
Treating them giaphically, what is the condition of eijuilibriimi ITovc 
your sl.itcment to be coiiect. (You .11 e expected to choose more lli.in 
•three forces.) « • (BE.) 

43 . A unifoim chain weighs 4 * 1 >., and is hung fiom two |)omts on the 
.same^lc\e1. '1 he span is 4 feel and the centi.aKlip is 6 inches, (.'.ilrulate 
the pulls ai ihe cncls of the chain, and show the directions of the chain at 
the ci^ls. 
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14 . A beam AB of 24 feet sp.tn is supported at the ends, and carries 
vertical loads of 1-5, 2,^3 and 4-5 tons at distances of 3, 6, I2«and 18 feet 
^rom the support at A. Use the link polygon method and find the reacfions 
of the supjioi is. 

15 . Answer Question 6 by construction. 

16 . Answer Question 7 by construction, 

17 . ABC!) IS a*s(|uare of 2-mch side, BI) be;ng a diagonal. A force 

of 50 11 ) acts .ilong BC from B towards C ; a foireof iiolb acts along Cl) 
from C tow.irds 1 ) ; and a force of 60 lb, acts along DB fiom I) towards 
B, Replace these fon es by two ecpiivalent forces, one (ff uhii:h*acts at A 
along the line AI). Find tlie magnitude of both thestr forces and the line 
and (hrecti^in of the second. (I.C.E.) 

18 . Brove th.it any system of coplanar foices may be replac^'d by a 

single foice acting at any assigned point and a couple. Forces of i, 2, 3, 
4 lb weight M t along the sides of a s(]uaic taken in order. Find a point 
su( h that the forces may be replaced by a single force acting at that 
point. ^ (L.U.) 



CHAPTHR V. 

SIMl^LK SlKUCri'RKS. 

Some definitions. A structure is an aiian^c nu iit ol vaiioiis j)art.^ 
constructed in such a inannia that no it lali\e motion ((.ithci than the 
small amounts due to the strammi; ol tin* jiaits) takes ))|aee wlan the 
structuie is loaded. 'The simple lianied stun tines I'onsidi'ied in this 
chaptei consist of bars assumed to he ('oniusnt'd by pm joints and 



carrying loads ap[)hcd at these joints '1 he bais undei these conditions 
will be subjected to simple piisli or pull in the diK'ftion of ihi'ir 
lengths, and our object will be to deteimine the magnitude ol the 
force in each bar, and also whether the bar is under push or pull. 

Structures may be deficient, simply firm, oi redundant. Deficient 
structur^;s are leally mechanisms, that is, the parts are lapable of 
considerable relative motion, fig. 103 (rr) shows an example of a 
deficient structure, consisting of jour bars ronnei ted by j)in joints. 
'J'he arrangement may be made simply jirni by the introduction of a 
single diagonal bar(fMg 103 f/d), and will now' be capable of pieserving 
its shaiie under the loaij 'bhe introduction of a second diagonal bar 
(Fig. 103(c)) produces a redundant structure In ledundant structures, 

* the length of any bar cannot be altered without either a correspond- 
*ing alteration in the lengths of other bars of the structure, or the 
production of forces in the ftther bars ^(lood workmanship is 
essen'dal b's redundant structures to ensure the accurate fitting 
togetl\er of all parts, othciwise some of the bars may require to be 
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forced into position. Utiequal heating causes unequal^ expansion 
in redundant structures, and therefore introduces forces in 'the 
various parts. ♦ 

In sinqily firm structures, wliich form the subject of this chapter, 
the length of any part may he altered without thereby [iroduciug 
forces in tl!(' other [larts. Con- 
se(iuently, the etCeets of uneipial 
expansion are absent. A redundant 
structure may bt^ converted into a 
simply firm structure by dropping 
out one or moie of the redundant 
elements, or {)arts. Redundancy may 
be produced by stiff joints. For 
exanqile, if (Jie square in h'ig. 103(a) is made with one stiff joint 
(Ib’g. 104 (a)), the stiueture w'lll now' be sinqily linn. Fwo stiff 
joints (f'lg. f04(/b} will prodiu'e a redundant slructuic having one 
redundant element; three and lour stiff joints in this example give 
structures of two and thiee elements of ledundaiu'y respet tively. 

Conditions of equilibrium. In solving [iroblems coiu'crning any 
structure, ws' may sejiaiate the lorees into two giouits, external and 
internal. 'I'he external foK'cs include all hm es applied as loads, 01 
leactions, to the structure. Obviously these forc'es, acting on the 
structure as a whole, must be m e([uihbrium independently of the slKqie 
of the structure, 01 of the form or anangement of its [larts. d'his con- 
sideration enables us toapjily the principles of the foregoing chapters to 
such [iroblems as the deti'immation of the readions of the su[)ports. 

The internal forces include the [)ush(‘s, or pulls, to which the various 
bars arc subjected .when the external forces arc applied to the 
structure Not only is the striuTure as a whole in eciiiilibrium, btit 
any bar, or any combination of selected bars in it, mu^t be in 
equilibrium under the action of any external loads a})[)lied to the 
parts (“onsidered, together with the internal forces acting in the selected 
parts. Usually a joint is selected, when the principle just stated 
enables us to say that the forces acting this joinf, inifiuding external 
forces, if any, as wtH as the pushes or pull^of the bars meeting at 
the joint, are in equilibrium, flcnce, the foices in these bars may 
be found by an application of the polygon of forces. 

' It should be remembered in applying the* polygon of forces that* 
the solution depends on there bein|f not more than tw^o iwiknowns ; 
these may be cither the magnitudes or the directions of forces, or 
one magnitude and one direction. In cases where the forces ^lo not 
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ill mtctunc? indicated on p 'Te are three conditions of e(]uilibriiiin to 



with t\i{0 vertical leaetions. 'I’o enable- tie- forces to be named, 
letters are placed as shown ior the application of How's notation. 
d'hus,^the left-hand reactaai may be described as AH or HA, and the 
force in the/ vertical centre bar may be described as h(i or GK, 
de[)ending on the sense of r )tation selc-cted 

As all the|e.xternal forces arc vertical, the polygon of forces for the 
ec]uilibrium /of the truss as a whole w-ill he a straight line. In drawing 
it, we may mrocecd round the truss either clc^ckwise or anti-clockw’ise ; 
l^t, once/ having setflcd on the direction, it should be preserved 
tnroughc mt the whole w'ork of solution. Cyoosing a clockwise direc- 
tion, the /straight line AHCGEA (Fig. 105//)) will be the polygon 
for the g-xternal forces. 



MATERIALS AND STRUCTURES 


8o' 

Selecting the joint at th(i left-liand sup^ causes unequal ^exp^es, twc 
of which aie completely known, and Oih^* introduces forces 'Cct/ons 
klone are known, VIZ. the forces CF and FA. . ygon'ol 

forces can be drawn. In Fig, 105 (r!^)), proceeding < of this e- round 
the joint. All and BC have been already drawn ; dittw-by prtrallelCo 
the rafter and AF parallel to the tie-bar ; these lines intersar**^ F and 
give the closed polygon of forces A B(' FA. d'he forae in the" rafter may 
be scaled' from CF and that in the tie bar from I'W. T’akfing these 
lines in ordia in lelation to the joint under consideration, thc'iSense of 
the fori e ui the rafiei in Fig. 105 (a) is CF in Fig. io5(/^), and hynce 
is a push ; that in the tie-bar has a sense FA, and hence is a j^Hill.’i 

Proeecdtng now to the top joint of the truss, we see that there uye 
two unknowns, \i/. the magnitudes of the torces in CF and DC, 
hence tin, joint may be sobed by diawmg (lie [lolygon ot forc'es 
FC 1 )C F (Fig'i 05 (A) ) 

'Faking now the joint at the light-hand suppoit, and drawing the 
polygon oi foices C I )1C‘\C, we find that the dosing line AG has its 
position lived already on the diagiam. 'This fact pio\ides a cheek 
on the aceuiaey ol the whole of the jiieteding giapliK'al woik ; if on 
joining AC in h'lg. 105 (/b, it is tound that this line is not patallel 
to the light hand rafter, some erior has oeeuiieil, and in oidei to 
eliminate it the woik must be lepeated. 

Rule for push or pull. 'Fhe method of determining whether a bar 
is under push 01 pull may be simplified somewhat by d(weloi)ing the 
following rule fiom the piineipK' e\[)lained above. 

Select any bar such .is FC , choose the joint at one end of it, say 
the lower ; cross the' bai in the same sense ol lotation in relation to 
this joint as was ehoien in drawing the foK'e diagiams -in this lase 
clockwise ; name the spaces in this older, vi/. FC. kC in k’ig. 105 (/b 
gises the sense of the force aiting at the low'er joint. As thc^foice is 
u[)W'ards, tlie bar is pulling. 

It makes no diffeience in the application of the rule which end of 
the bar is selec'ted. For examjile, choosing the top joint of the same 
bar and crossing it again clockwise as*regaids the i^iqier end, the 
order is Gk". CF in Fig. io5(/b is downw^irds, hence the barns* 
pulling at the top joint. 

It is desirable to indicate on the drawing^of the tru.ss W'hich bars 
are under push and which under jnill. Probably the best wsay of* 
doing this is to thicken the lines of tin? bars under push. If 4he whole 
line is thickened, the direction of the bar will be lost, henoe-, as sfiown 
in Fig. 105 {a)y a short piece at each end is left thin. 
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following the diagram of forces (Eig. io6(/^)). d'hc oider in which 
the joints have been tliken is indicated by the number placed against 
the joint, 'i'he sense of rotation cmj)loyed is clockwise, and the 
closing check line is NA. 

The effect of wind j)ressiire on the right-hand side of this truss is 
determined in Eig. 107 (i^^jand (//). It is a.ssumed t'nat the wind load 

5001b 




produces forces of 500 lb. at the to[) and bottom ends of theVafter, 
and of 1000 lb. at the middle, all three being perpendicular to the 
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rafter. As an example of the use of the'lmk [)olM,a)n, llie leaelioiis 
of tke su[){)orts ha\e l)een tlelermiued Ly this im tIuKl. 'Llie left hand 
Inaction has been a^simual to be \eiti(al when that of the ri^ht-liatid 
support will be iiK'lined. Wind piessiiie onl\ has l)ei'n taken aca omit 
ok in the working. It will lx* noted th.it theie aie thre(‘ unknown 
elements in the re.ieliijis, \i/ the m.igmtude of the left hand rcai'tion 
and both the mag^iilude and diieition of the light hand lejdion. In 
fact, alljh.it is known of the laltii le.ution is that it at ts thioiigh the 
point a Now, in^lraw mg lhi‘ link pol\gon, one link must iall between 
this reaction and the fone l'( L As the line of the leai lion i?> unknown, 
it will be impossible to di.iw this link unless the aitifice is atlopted 
of starling the diawing of tlu' link poI)gon at the point (/. 'The effect 
of this will be that tlu' link in (jiiestion will ha\(' zero Imigth. 

hiist dr.iw as imah ol the exletnal toice pol)gon as [possible; this 
is shown bv Pbddl in the foni* diagiam. A will he in the* \eilicid 
ihiough P) as ihe teadion All is \eiti('al. 'Taking a (oiui'iiient poll? 
C) and joining Oil, Olg OK and OO, we stall diawing the link poly- 
gon b}' making (f/> (Tig 107 (n)), which falls betwi’en KO and 10 % 
{)arallel to OK. A falls between I'.T' and Ills, and is m.ide parallel to 
0 Tb 0/ falls between Bis and All, and is made parallel to OB. 
'The link patallel to OO is omitted, as it is of zero length, loinciding 
“with a. Hcmce the c losing line is ; diawing OA paiallel to ad to 
inleisect the vcatical thioiigh B in .V gi\es the left hand reaction as 
AB and the right hand teac lion as OA. 

'The remainder of the di.igiani gnmg the internal forces is worked 
out in the usual manner, NA being the dosing line. 

An application of the method of graphical moments. 'The effect 
of wand [)ressure on the left-hand side of this tAiss is dctcimined in 
Kig. 108. 'I'he student will ha\e noted, in applying the link polygon 
to the [)ryblem of finding the ri-aclions, that the lines of the polygon 
have a tendency to obscure the diawing of the truss. In the case 
now before us, the method of gra[)hical moments (p. 46) is cm[)l()yed 
and involves the drawing of very few' lines on the truss, 'The lesultant 
of the three w'ind Idads has Ifeen taken as a single force of 2000 lb. 
ajiplied at c. Join a/>, .'i^id with centre I> and radius be describe an arc 
cutting ab in d. Make ae ecjiial to 2000 lb. to scale; join be and 
draw df per[)end!('ular \.i)fab and cutting be ip f. Draw /g iiarallel to 
when will be thevertu'al coiigionent of the right-hand reaction. 
TITC hori/^intal component of thi^reaction w’ijl be e([ual and opposite 
to the horizontal component of the force of 2000 lb. acting at c. 
Draw J;hc triangle of forces e/w, and make ha equal to mc\ the 
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right-hand reaction will he the resultant ka of the coin[)onents 
re[)resented by and’ /m. 

T'he external force polygon (Edg. io8(/')) may now be draVvfi 



Fi(,, loB. — Wind acting on the left hand side of the truss. 

Table of Forces. 


Name of part. 


Reaction AH 
Reaction KA,\ 
inclined ) 
H 
»K 

:m 

,N 



1200 

1020 

2300 

23OP 

1400 

1400 


Name of part 

tone 

mil) ' 

' Push. 

Pull 

AH ' 



0 

00 

AL 

•— 

320 

AN' , 1 

— ' 

400 


U 

K 

LI 

M 
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for the three \vincl loads and the two reactions, and is shown by 
ABCDEA. 'J'he inlein.d hjoe diagram is completed as before. 
Notice that wlien the wind blows on the right hand side, no force 
induced thereby in UK, and when acting on tlie lett-hand side there 
is no for('e in ]\IN. d'his arises from the fac t that there is no external 
load at the joint in the two cast's respectively. '' T'wo* forces ading in 
the same straight line, as is the case in the two paits of tlie rafter, 
balance, and it is impossible to apply a single inclined I'orct* at the 
point of action without disturbing the e(|mlibriimi. 

'The total force in any bar of the fiame due to the dead loads, 
the W'cights of the parts of the tiiiss, and to the wind [iiessuie 
jointly may now be determined by adding the results for the dead 
load (Fig. io6) and either those of Fig. 107 01 of lag. loS depending 
on whetlu'f the wind is blowing on the light- or k'lt-li.ind side. 

Combined dead load and wind pressure. As a furtlK 1 example of 
another method of obtaining the reactions, a diagiam has been drawn 
in Fig. 109 for the combined dead loads and wind load on the right- 
hand side. 'The two ibia es acting at e.u h joint of the right hand 
rafter have been ('ombined by the jxuallelogiam ol loiees, and the 
resultant used as a single force.* at each joint (Fig. 109 (a)) 

'I'o find the reactions of the supports, we may take achantage of 
the ])nnciple that the external forces b.dance indc'pendently of the 
ariangement of the parts of the truss. Hence*, an)’ otlu'r coiuc'iiient 
arrangement may be substituted for that given without disturbing the 
values of the reactions. T'he substituted fiame c hos(*n is sketched 
in F'ig 109 (Z'). It will be sc'cn that it is jKissible to determine all the 
forces in its t)arts without first determining the leactions. 'Thus, 
starting at the to|) joint i, where theic* are two unknowns onl)', w’e 
obtain 1 )F/; in the force diagi.im (Fig. 109(e)). Proceeding to 
joint 2, we obtain \iV/k , at joint 3, (.'!)///;;/ is obtained, and at joint 
4 we obtain JKiwA, thus determining the point A on the force 
polygon, and hence the reactions AH and GA. 

The internal force diagrams for the given arrangement of bars may 
now be proceeded with, the closing line being N A. It will be 
observed that the greater part of the lines dravyn in the force diagram 
for the substituted frame are required for the actual frame, hence 
there has been but little wasted work. 

Another form of structure In Fig. iio(cr; is shown a structure' 
intended to carry a load at its up})^r end. Since there is, but oRe 
vertical load, the reactions of the foundation must reduce to one 
vertical upward force equal to the load applied. Hence, the polygon 
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'or the external forees is completed ity cUiw iiiit All dow nwaids and 
BA ii[)\varfls. It will he noted in this e\.imi)le#hal it is not nei'essary 
determine tlie actual inactions of the foiindalions hcloie lindini,^ 
he forces in the i)aits. A stait c.in lie made at tlie joint i, as theie 
ir^ only two unknowns there. 'I'he okUt of solution of the cither 
oints i.s indicatccl hy tke nunuaals. In diawinu; the \arious jioly^ons 
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(Fig. I 10 {/>)), anti clockw ise sense of rotation has been ( hosen. d'he 
‘student wall observe tiial thiae is no force in 11 K, H and K coinciding 
in the force diagram. Jt is easy to see that this must be the case 
•from consideration of fhe fact that the bars* HH and AK are vertical, 
affd therefore the vertical forces^in them are capable c)f balancing the 
extefnal load ap[)hed without any aid from the diagonal I IK. In 
hict, the diagonal HK merely serves to steady the frame under the 
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given loading. "There would, of course, be a force in this bar if an 
inclined load were apfvlied to the frame, or if there were a*side 
taused by wind pressure. « 

A larger roof truss. In Fig. 1 1 1 is sliown a roof truss of a larger 
type and having a different airangement of parts from those dealt 



with previously. 'This ('asc presents no difficulties, and is iiK'luded 
as an example which the student can work out for himself. 

"The roof truss show'ii in Fig. ii2(f?) jiresents a difficulty whii h 
arises frecpiently. 'The external force polygon is drawn easily, hut 




Fig. 112.- A more difficult example o( truss. 


in drawing the force polygon for the intcnifil forces it will be found 
that it is impossible to proceed with the drawing after .solving point i. 
All other points such as 2 and 3 have more than two upknowfis, 
hence the solution cannot be obtained by ap[)lication of the ordinary 
methods. We may proceed by either of two methods. 



EXERCISES ON CHAPTEJ^ V. • •Sq 

(a) It will make no difference whatever ift the forces in the lemaining 
part,of th? truss if wo imagine the left-hand jioftion (shown sliaded in 
fiig. ii2(/>’)) to be solid. Sepaialing this portion as shown, w(‘ may 
calculate T, the force in the bar Al\ by taking moments about point 6. 
T[uis, tjaking the loads as shown, let the half-sj)an be 15 feet and let 
the pcrpendiculat from* point 6 to the line of '1' be 7-5 feet, then 
(T X 7-5) l.(4oox 5) + (4oox ro)4-(2oox 15)-- f2oox 15. 

_ 1 8, (XX) - 2000 -- 4(xxs - jcxx) 

7-5 

()000 
~ y-i 

= 1200 lb. 

Having found d', the; number of unknowns at the point 3 
(Fig. 1 12 ((/)), will now be found to be two only, heiK'c this point 
may be solved. 'I’lie solution for {loints 2, 5, 4, 6 «uay now' be 
obtained in the usual manner. 

(/d It w'ill make no diffcren('(' whatever in the foice in the bar AP 
if, instead of imagining the tnangular |)oition above (onsidered to be 
solid, we imagine it to have a diffeient interior ariangement of bars, 
'riiiis, in Fig. T I 2 (c) is shown this portion with a new arr.ingeim'nt 
of bars substituted for that given. 'I’he for('e diagi.un for this 
.substituted frame may be drawn as in Fig. 1 1 2 (//), and stopjied 
directly the force m ,\1’ is found. 'I'Ik* origmal arrangement of bais 
IS now restored and the force diagram <om|)ieled in th(' usual 
manner. The result for the force in AP is found giaphically in 
Fig. 1 1 2 ((/) to be 1 200 11). 

'Pin's method must be applied with (Mution. (aie must be taken 
to ensure tjiat the substituted arrangement of bars doc's nothing 
whatever to alter the force in the bar considered, viz. A I* in 
Fig. 112(4 

* EXF,RCISES ON CHARTER V. 

In each of these exercises the forces should be tabulated, distinguishing 
carefully push and pull members. 


400/6 

E 


Fi(.. 113. • 

* 

1 . Find the forces m all the bars of the roof truss shown in Fig. 113 
The b^rs Ah', FCi, GH and HA are equal. 
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2 . Find the forces in all fhe bars of the truss given in Fig. 1 14. The 
loads are in lb. units. * • 

t 

• 3 . Find the forces in the roof truss shown in Fig. 106 ; apply tly‘ 

same loads, with the exception of that at the centre of the right-hand 
rafter, w'huli in this case is 2000 lb. Span 24 feet, use 6 feet, rise of tie- 
bar I foot. Each rafter is bisected per|:>endicularly by the inclined stri^. 



4 . Find the fooes in all the membeis of the truss shown in Fig. 115. 
The lo.ids aie in lb. units. 


5 . Take ag.ini the loof tiuss given m Question i. Remove all the 
lo.ids and apply wind lo.ids of4VK) 11) ,it ea< h end of the iight-hand i.ifter, 
acting at light angles to the i.ifler. Find the fortes m <dl the paits due 
to wind only. 'I'he left h.md leai tion is \eitic<il 

6. Answer (Question 5, supposing that the wind loads aic applied to 
the left-hand laftcr only. The left-hand reaction is vertical 

7 . From the results obtained in answei mg Questions i, 5 and 6, con- 
struct a table shc^wmg the m<i\imum .md minimum foices in each bai due 
to dead hwd and wind pressuie combined. 

8. Find the forces in all the bais of the loof truss given in Fig. 116. 
'I'he loads aie in lb. units. 

600 



9 . A roof truss similar to Fig. lit has a span of 30 feet ; the rise is 
8 feet and the height of the central horizontal 'part of the tie bar above, 
the supports is 18 inches. If the truss carries a s) mmetncally distributed 
load of 4 tons, find the force m AO by calculatipn. 

10 . In the roof truss given in Question 8, in addition to the stated 
loads, there are wind loads of 400, 8«.o, 800 and 400 lb. applied at ihe 
joints of the light-hand r^ifter and perpendicular to the rafter. ^ '1 hfi left- 
hand reaction is vertical. Find the leactions of the supports, using the 
link polygon. 


I^XEKCISFS ON CH API' 1 <:K V 


<fi 


11 . Answer Question lo l)v ai)plica*tion* gf the sul)stitulc(] frame 

--thoel. • . 

12. Answer Question to l>y ralculation. 

13 . In Question lofind the foiccs in all the j>ai ts cine to comhmed de.id 
load <ind wind picssuic 

14 . A loaded Wtiiien j<iidei is shown in l-'i^. 117. l-iiul the foiecs in 
all the membeis. '1 he l(*ads aie in lb. units. 


(000 1000 1000 1000 



15 . A flame sciuied lo a \cili<al wall has diiiienaons as shown in 
hi)^ ri8. d'hc bais AD, Al', .Ml and -M- aie (a(h s haM 111 Iciiftlh. 
I md the fortes in all the paits |)iodu( ed Iw the lo.id ol i ton. 


I ton 



16 . Answer Question 15 if the load is moved hoii/ontally so as to be 
\TitK<illy over the middle joint of the top member of the fiame. 

17. Part of a pm-jointcd fi.imc, shown m I'lj^e 119, is lo,idefl with a 
vertical dead load of 10,000 iiounds and a norm.il wind picssure of 15,000 



Fig. 1 19. 
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pounds, both bcin^^ liikon ift umformly distributed along AH. The sup- 
porting Ibices P, Q an^i R are sliown by dotted lines, Find*diese forces 
^and the fotces in the bars which meet at C, indicating the 'struts 
'and ties. (L.C.; 



18 . A fraifto is loaded with 2 tons and supporlcd as shown in Fig. 120. 
I''ind the leaitions at A and 1 ) and the foiccs in the ineinbcis, indnating 
which arc stmts and which arc tics. (I.C.E.) 
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Stress. II any scctioi) in a loaded l)od\' he taken, it will l)e found 
in gcncial that the [KUt ol the hody which las on oiu-^side ol tlx- 
.section is eoimminu ating lones a< loss the s(<tion to the othci pait, 
and is itself e\j)eiien('in^^ t-([iial ojiposite lones. 'The n.inic- stress is 
given to tliesc' mutual adions. 'The siiess is (Ksciihed as tensile or 
pull if the effect is to pull the poi lions of tin- hod) apait, compressive 
or push if th(‘y are being pushed logi-llu r, and shearing- oi tangential if 
the tendency is to cau.se one poilion ol the body to slide on iIkj 
other portion. 

'I'he stress is .said to be disliibuled iiniloimly in cases where all 
small cejual areas expeiience eepial loads. Stiess is measured by 
stating the force per unit aiea, the lesult being described as unltal 
stress, or stress intensity, or often simply iis the stress In the ease of 
a uniform distribution of stress, the stiess intensity will lie lound Ijy 
dividing the total foice by the area o\er whidi it is distiibuted. 
Should the stress vary from [loint to point, its nitt-nsily at any point 
may be stated by considering that the forces acting on a veiy small 
area end:yacing that point will show a very small variation and may 
be taken as uniformly distributed. 'Thus, il a be a veiy small [loition 
of the area and p the load on it, the stress intensity on a will be p\a. 

Units of stress employed in jiraclice are pounds or tons per scjuare 
inch or per sqiftire foot, or iitthe metric system, grams or kilograms 
per square centimetre. ^One atmosphere is sometimes used as a unit, 
being a stress of 14-7 lb. per square inch ; it is useful to remember 
that a stress of one kilogram per .square centimetre is roughly eijiial 
To one atmosphere. 


► I* I . 

kilogram jx-r square centiinelie - 2 205 It), per - square inch 


- 14 19 II). per square inch. 



V 


materials and structures 


Examj>[J-: I. A bar of (bicular noss section 2 inches in diainctc^- is 
pulled with a force of i2 tons at each end. Lind the tensile ^ress. , 

Area of cross-section = =3 1416 sq. inches. 


Tensile stress intensity-'- — 
area 


_ 

“3-I4i6 

— 3-82 tons per squaVc inch.* 


ExAMPliK 2. Suppose the same bar to be m two poitions connected 
by means of a knuckle joint having a pin li inches in diametci (k'lg. 121), 
and calculate the intensity of shearing stress on the ])in, * 



It will be observed that the pin wcwld have to sheai at two sections 
for the joint to foicture by failure of the pm, hence . 

Aiea under shear stress 2 

4 

4 

= 3-53 square inches. 

Cl . • X 

Shear stress intensity- 

area 

_ 

= 3-39 tons per squaic inch. 

Stresses in shells. A shell is a ve.ssel constructed of plates the 
thickness of which is small compared \\«hh the ovlnall^dimensions of 
the ves.sel, for example, a boiler of the cylindrical type. xSuch 
vessels have generally to withstand internal fluid pressure, and the 
plates are put under tensile stress thereby. ^ Owing to the thinness 
of the plates, the stress on any section ma^ be considered to be* 
distributed uniformly. 

Taking a cylindrical shell (Fig. 122) in which there are no’stays 
passing from end to end. 



STKKSSHS IN SUFLl.S 




Lei d - (liaiiicter of shell, iiulu 

* / Ihiid pitssuie, j)()Iiih1s [)(i sciunic iiu !i, 
t~ liurM'jC')?> of plate, inches, 

P — total pressure on eac'h end of \ess(‘j, then 

• ^ 1* /> X 11). u 



- StiesM's II) .1 t>liiidnc.il sli( II. 


Owing to the forces l\ l\ any section such as All will he under 
tensile strc'ssi' 

Scclion.d aiea at All cireuinlercaK e of shell x / 

TTc//. V::'- 

Tensile stress intensity on Al)=- 


TT dt 

II). per scjuare inch. \7 


'I'he stress on a longitudinal section may he loiind in the following 
manner. Consider a iingcut fioni the shell h\ tuo cioss-sections 
one inch apart (Fig. 12 :;) It may he assumc'd 
that all other such rings uill lx* under similar 
conditions, provided they are not taken too 
near to tjic ends of the shells wheie the staying 
action of the ends uould intcafere. 'I'he fluid 
pressure on the liiig is shown hy arrows in 
Fig. 123, ever) where diiec'tc'd jrerpendicular to 
the curved su^'ace*of the rinf.g radial, ('om- 
ponents of these being taken, jiarallel and 1 10 . i .-? -a rin^; nu from 

• T 1 T * A I, 11 I a I \ liiidncal shell. 

perpendicular to a diameter AH, it will he seen 
’ that those jiaiallel to ^H efjuihhratc' independently of the others, 
•^rhe upward and dow'Tiward components perpendicular to AH will 
haVe^r^s^jltants R, and Ro res[1l'ctively, wlyeh will have the effect 
of producing tensile stress on the sections at A and H. (dearly 
and 1^2 ''ill ecjual , to obtain their magnitudes proceed thu.s: 
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T'hcre will be no differebceV'xperiencecl in tlie C(juilibtfliini of the 
ring if we imagine it*U) be filled up to the level of AH ^ith cement 
‘(h'lg. 124). 'J'he pressure on the suiTre of die cement ^\ill 
perpendicular to Ali, and the lesultaiU force due to this will I>e 


Q X area of surface ol A B 

==- /> X X I . ‘ 



K and now piesei\e the eiiuihbnum of the ling, and must 
theiefoie be tspial, hence \i -yv/. 

Imagine the material at A and B to be ('Ut, and considet the eijui- 
hbnum of the toj) half ol the ring ( f'lg 125). h’orccs 'J', T' at A and 
B will be iiMjuiied, and are piodiK'ed m the uncait sliell by tensile 
stress at A and B. Eor e([uilibrium, we 
ime R=^2'1', 

Also, 

Stress intensity at A or B x / x i - 'L ; 
stress intensity on longitudinal section 

n • 1 

^ lb. pers(|uare im h. 

Comparison of these results will show that 
the stress on a longitudinal section is double 
lhatonacircumfeiential section, a fac? \\hi( h 
explains why tlu' longitiuHnal foints in boilers 
are made much stronger than the circum- 
ferential joints. 

A spherical shell ^nay be worked out in a 
similar manner. Let tlie shell be filled up to fhe level of a horizontal* 
diameter AB with cement (Fig. 126^, then 

( ) - R “A X 
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The complete cross-section at A if is a ritig of diameter d and 
thiclyiess and is iindtT tensile stress of intensity given by 
Tensile stress intensity x area of cross-sei'tion ^ K, 


'Tensile stress intensity 



TV dt 


- 11). pel s(ji1aie iiK'h. 

As I)eforc, /^fliiitl prc'ssiire in lb. piT s(jiiait' ineli, 
d diameter of spluic in iiK'hes, 
t ihiekness of plal(“ m inches. 

It will be noted that the sto'ss intensity in .i spheiie'al shell is the 
Siime as that on the eii<aimlerenti.d see turns of a <‘y]indii(al shell of 
the same diamefei and thickness, and subjected lo llu' same' Hind 
pressure. It uill also be observed that a spheiual shell is siT staying 
on acc'ount of the fae't that ils shape' doe's not te nd to alter wlu'ii 
, it is e‘\[)Osed to the internal fluid [iie'ssure 'The same' is fine for 
the cylindrical poition of an oidinaiy boilei she'll, but the' Hat enel 
plates are liable to be bulged eiutwaids unle-ss suji|)e)ite;el oi stajed 
in some effe'e'tual manne-r. 

Riveted joints. Tlates may be ('einnee te-el pe'rmane-nlly by me^ans 
of riveted joints. In lap Joints the' edges e»f the plates oveila[) 
(h’igs. 131 and 132) and are eeennee teel by one 01 two lows of 
rivets ; in butt Joints the* plates are' bieaight te^ge-tlua eelge) to edge 
(Tigs, 133 and 134) and eovei jilate's pass along the seam on beith 
sides or on one side only. As the strength of the joint (lei)ends 
to a considerable extent on the workshop nu'thods emjiloyed, it is 
necessary to make brief reference to these methods. 

Excepting in the case of very thin plates and small rivets, the rivets 
are heated be?f*ore being instiled in the holes and are edosed by the 
use of hand or [ineumatic hammers, or by a hydraulic ri\eting machine. 
Owing to the great pressure exerted in the latter method, the rivets 
^ generally fill the hole b^'tter when finished and the plates are held 
•together more firmly. *In either method, the cooling of the rivet and 
cemseqyejit longitudinal contraction assist largedy in binding the plates 
together, while at the same time the rivet is pul unele r |)ull stre'ss of 
an unpertain amount. 


D..M. 
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Rivet holes may be punched or drilled. Punching injures the 
metal by overstraining the material round the hole, a defect v^'hich 
'may he remedied by annealing, or by punching the hole about in^*^- 
smaller than the proper diameter, and then enlarging it to the si/e 
required with a reamer, thus getting nd of the 

J p overstrained material. The plates are punclied 

separately, hence there is diff.culty in ensuring 
that the holes shall come exactly opposite one 
another when the plates are brought together; 
drilling is effected with the plates together in 
position, and this method is to he preferred as 
giving fair holes, as well as producing no injury 
to the plates. JhiiK'hed holes may be bt ought 
fair by bolting the plates together before reamering. 

'Phere is a lower limit to the diameter of hole which may be 
punched in a plate of given thickness, depending on the value of the 
stress under which the punch will crush. 


}*■ — 

Fio. 127.— Stress on a 
punch. 


Let ^ = diametcr of hole, inches (Fig. 127), 
thickness of plate, inches, 

^/-shearing stress of material of [ilate, in tons per square inch, 
/--^crushing stress of material of puiu'h, in tons pel square inch. 
Area under sheai stress ^tt^x /. 


Force F required to shear the material (/tt (//. 
Push stress on jninch - 


^ f/TT (it X 


.4 

TT^/- 


lujuating this to p will give the limiting value of r/, thus 


p - yTT (it X 


4 

7rr/^’ 




4r//^ 

P ' ) 


p for the material of the punch, tool steel, .’s about four times the 
value of q for mild steel, hence, the condition that the punch is on 
the point of crushing is 

showing that the minimum diameter of hole which may be, punched 
is equal to the thickness of the plate. If ^ is less than p must 
have a value greater than 4^ for punching to be possible. 
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Riveted joints should not he designed so as to load the rivets by 
tensi(?n, as the heads are not leliable under pull. 'The loading should^ 
the nature of pull or push along tlu^ dueelion of tlu' plates, thus 
putting the rivets under shear stress, bij) joints (Fig. i ’S) and butt 
joiylb having a single cover plate (h'lg. 129) are put under a bending 



Fit.. 1 'S. r K.. ijij. 


action Ijy reason of the fon es being in paiallel lines. Butt jiiints 
having d(juble cover plates (I’lgs. igg and 1^}) are bee Iroin this 
objt'ction In laj) joints, the nvets will sustain Lijual sheuiing forces 
whether the [ilates be under pull 01 push , in butt joints •indei push, 
the Ibices will be <'oinniuni(\ited fiom plate to plate along the edges 
in contact without j)ulting tlu* nvi-tsundei slusir stri ss at all, pio\ided 
the fitting is perfect. 'The cover plates and iivcts in this (ase serve 
onl)’ to prevent the plates getting out ol the same plane. Ibii these 
leasons, both ('ompression .md tension members aie best titled with 
butt joints having double cover [ilates. 

Methods of failure of riveted joints. 'I hese may be desenbed by 
refeience to Fig. ijo, showings a single riveted lap joint 

(a) If the hole is situated loo neai 
the edge of the plate, the* material m.iy 
open out as at A dining pun< lung, 01 by 
reason of the buisting piessure excac-ised 
by the hot, soft rivet while being closed, 
d'o prevent this luijipenmg, the distance 
from the centre of the' hole to the edge of 
the plate should ncU be less than 1-5 limes 
the diameter of the rivc-t. 

(/*) Tjie material of the plate may crush 
at li owing to ^hc rjvet being too large 
in diameter. W hen the joint i.? loaded the 
rivet bears on one half wf the cylmdric al 
surface of the hole, producing a bearing 
.stre.sh which is calculatei| #)y dividing the 
foad on the rivet by the “ projected area ” 
of the hal«, the latter being calculated by talfing the product of the 
diameter of the hole and the thickness of the plate. In girder work, 
the design of the riveted joints has to be based sometimes on the 



— .Metli(xls of failuie of 
riveted juinlb. 
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safe bearing stress; this stress ranges from yj to lo tons^per square 
inch in practice. 

(c) One of the plates may give way by tearing along the line ClT. 

{d) The rivets may shear at l-TC 

The most economical joint would be equally ready to fail by all 
four ways simultaneously. It is impossible tb calculate (a) from first 
principles, but expressions giving the relations of the various ([uantities 
may be found by equalising the resistances of the joint to crushing, 
tearing and shearing. It is customaiy in this coiintry to neglect the 
increase in strength owing to the frictional resistance to the plates 
sliding on one another. 'The precise conditions for any riveted joint 
cannot be stated definitely, hence empirical rules, or rules which arc 
partly empirical, are often employed in {iractii'c. 

Lap joints. Lap joints may be single or double riveted ; it is larely 
the case that there are more than two rows of rivets. 'The pitch is 
the distance from centre to centre of the rivets measiiied along the 
row. 'bhe strength of the joint may be considi led by taking a strip 
equal in breadth to the pitch, as the conclusions ariived at foi this 
piece may be assumed lo be true for the entire joint. 

^ Let p --- pitch of the rivets, inches ; 

d diameter of the iivets, inches ; 

/ - ihu'kiu'ss of th(‘ plates, imiies ; 
yi---the ultimate tensile strength of 
the j)lates, tons per S(}uai‘e inch ; 
/s - the ultimate shearing strength of 
the rivet, tons per sipiare iiK'h ; 
/{,-^the bearing stress, tons per 
s([uare inch of projected area, 
w'hen the joint is on the point 
of failing by ('rushing. 

We have, for a single riveted lap joint (Fig. 131) : 

Least area of plate section under pull = {p~d)f, 


Resistance of joint to tearing ^ f{p -d)i tons. . 

(0 

Area of rivet section under shear = , 

4 


Resistance of joint to shearing tons 

4 

(2; 

Projected area - dt, 


Resistance of joint to crushing ^ f\,dt tons 

(3) 


@ 


Flc. X31.— Strength of a Mnglc-i ivetecl 
lap joint. 
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Equating (i), (2) and (3) gives : 


X’aking 


-Mt. 

4 

4 




Af fb 




1.27/ 


U) 


"I'lic diameter of the rivet may he found from this relation, and tlie 
j)ileh inay then he calculated from 

T(/- 




P-d 


J\ ird'- 

fi 4 /’ 


p -(cyS.s^y''; 


]Ad. ..(5) 

In douhie ii\eted lap joints (liere will he two ri\et sections j)er 



Fir., n?. — Sireni;tli of a doulilc rivel<irt lap joint. 


pitch under sh§ar (J^ig. 132); there will also l)c two hearing areas 
per pitch. Hence 

4 


d^ 

'•27/'^’. 

• Js 

.. (6) 


(,.57,^.';:)+,/. . . 

(7) 
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Butt joints. 'Die streriglh* of butt joints may he calculated in a 
similar manner; it \»'ill be observed (Fig. 133) that, vvithf two cover 



[)lates, the rivets arc under double shear, /.e,, eai'h rivet vv-'iild have to 
shear at tw(,) sections A and B for the joint to fail by slu .ring. Filth 

rivet will thus have a shearing area of 2 ^-^^ . 

F'or a single riveted butt joint {Fig. 133), 


4 

d^oOiS/-^ ( 8 ) 

Js 



Fi(.. 134.— Stiength of a double-riveted butt joint. 

In the case of a double riveted butt joint (F'ig. 134), we have 


/A/ - 1 /)/ = 4 /, 2/f,d/, 

4 

rf=o- 635 /('' (lov 

- /» 

/ = + (ii) 
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Data from experiments. 'The ufiinijtte tensile strengtli of iron 
plates ma^ \ary from 21 to 26 tons per stpigre inc h, and for steel 
jilates may vary from 27 to 32 tons j)er scpiare inch, lion and stei 4 
rivets have an ultimate shearing strength of al)oiit 23 tons p(T sijuare 
inch. Owing to the diftieulty of staling piecisdy what the' actual 
conditions are ift a hiuslied riveted joint, tliese stussc'^ should he 
used with cautioii. itvpeiiments on actual joints with iion plates 
and iron rivets show- that the ratio Jj/t, is neaily i foi chrilc'd holes, 
and from 1-2 lo 1-3 lor jiiinc hed holts which h.ivt' hecn ncilhc.-r 
annc;aled not reamerc‘d. hoi stis l plait's .itul steel rivets the values 
of the ratio .ippeai to he about 0-75 for drilled holes and ahoiit o () for 
punc hed holes neitlu'r annealc'd nor rcamertd. for either reamc'ic'tl 
or annealed punc hed holes the values aie about the same' as lor 
dtillecl holes. Hre.ikdown in t'xperimental joints by t iiislung appcxirs 
to take place for ratios ol /i,//s of about 1-7 lor rivets iif single shear 
and about 2-33 for rivets m doul)le shear Piovision against crush- 
ing IS ollcMi made* by emplovment of an empirical rule for the 
diameter of the livet. A good pratlic'al rule is 
(/ \-2s/ to I 4sV. 

^^’hen this rule is usc'd, the- diamett'r of the rivet is calculated 
first, and the pitch is thc-n determined by ecjuatmg the resistances 
to tearing and shearing. Afterwards, the- beat mg sticss should be 
calcailated in order to asc c'rtain that its value is not e\c essive. 

In liveted joints designed under the board of 'I'rade lulc's, rivets 
under double shear are allowed i rivet .sections per rivet only : this 
is owing tc) the probability of the rivets not all bearing ecpially. 'I'his 
rule IS often disregarded in other joints.* 

Efficiency of riveted joints, d'he elfKienc y of a riveted joint is 
the ratio of its ac'tual strength to that of tlie solid plate. 1 o calculate 
the efficjenc:y, the ratios of the stiength of the joint against tearing, 
shearing and ciushing to the stiength of the solid plate should be 
calc'ul;|ted separately, and the lowest value taken as the efficiency 
)f the joint. It will be evident that all three ratios will be ccjual if 
he joint has V’cn dcjsignecf for equality of rupture by eacdi of the 
hree ways of failure, iind the efficiency may be obtained then by 
aaisideration of the tearing resistance only. 

Resistance of joint tp^learing (/ 

Resistance of solid [ilate to t(;iiring “-/»///. 

• 0 

*Fora full discussion of riveted joints, see Muihiuc Turt I., by I’rof. 

W. C. Unwin (Longmans, 1909)- 
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Efficiency 

Put 

J-d 

p 

Exampi.k I. A double riveted butt joint witli doul^le cover plates' is 
used to ronne( t steel plates of 0 5 inch thickness ; the holes are to be 
dulled. Find the diameter of the rivets from the emp'irical rule (p. 103), 
and also the pitch of the ruets, takin^^ 

d ^ \ 2 \fl 

--1 inch, nearly, 

7 4 d'^\ 

(P 102) 

-(3-142xo75x(')“X2)+7 

-- 4.1 inches, nearly, 

F 2 xampi,k 2. Calculate the efficiency of the above joint. 

rcc P-^^ 

Eflicicncy--''' -- 

^ 45 - 0 -875 
4-5 
-0-805 

— 80 5 per cent. 

Or the efflcieiKy may be calcul.ited by tonsideting the icsistance to 
shearing. 'I'hus : 

Aiea per pitch under shear stress =-4^^^^ . 

Strength against sheai mg 
Efficiency against sheai mg 

TT*'/” f», 

^ Pf ' ft 
^3-_r42x 49x075 
4-5 X 0-5 X 64 
=^o 802 

-^ 80 2 per cent. 

Example 3. Calculate the bearing stress m the above joint when 
carrying a load which produces a stress of 4 tons per scjuare inch in the 
solid plate. 

Area of solid plate per pitch-// ^ 

= 4 - 5 xo .5 
~2'25 s(j. inches. 

Load per pitch = 4 x 2 25 
•^9 tons. 
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*105 

This load is carried on the bc.uin^ surface of two lucts ; hetue . 
Projected beannj^ surface per ri\et--^//. 

Bearing stress 

9 

2x0 5^75 X o 5 

10 3 tons pei s(| iiu h. 

Kx\MIMJ-, 4 Two plates forming a tie-l).o ha\e to be (onno((ed end 
to end by a butt’ joint having double cover sti.ips (Fig. 135^. leach jilatc 



t'K,. nr, - (i joint foi A lie l>ai. 


is to inches wide and | me li thick, the nvets aie / inch in ch.iinetcr. 
The stresses allowed aie 6 tons ])ei scjiiare inch jiull, 4 tons pei scpiaie 
inch shearing, and to tons pei scpiaie me li beating. 1' md the number 
of rivets icciuired 

Sectional area of each plate lox',’ 7 5 scpiaie mchc's. 

Are<a abstracted by one riv et hole at the sec lion AB- / x / o 56 .i| in. 

Net sectional area of plate at AB -75-0 56 

-(> cj| scpiaie me lies, 

'I’olal safe pull on the plate -6 cj4x 6 -41 64 tons. 

Sectional are.i of one M vet - ““ x o 442 scj m 

4 7x4 16 ^ ' 

Allowing 1 1 rivet sections foi nvets undca double shear, we have 
#Shcai ing resistanc e of one rivet -0-442 x i 75 x 4 
-- 3 cx) tons 

Projected area of one rivet x ] 056 scpiaie inch 
Bear'^ig resistance of one iivct=o 56 x 10 -- ^ 6 tons 

As the shearing resistance's lower than the bearing resistance, the 
shearing resistance mus^ be taken m calculating the number of rivets 
required. Let N be the number of rivets on each side of the joint ; then 
Total safe pull on tliQijrlate ^ total shearing' resistance of the rivets, 

4 1 64 - N x 3 oc;, 

N f4 nv ets 

To'obtam a good arrangement of nvets, 15 nvets have been placed on 
each side of the joint in Fig. 135 
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At the section AB, the safe loa& which can be applied is that calculated 
above as 41-64 tons. ,At CD, the tearing strength of the |?Iate is less 

,than at AB, but to this must be added the resistance of the rivet on tljg 

left-hand side of CD, as this rivet would have to shear simultaneously 
with the plate tearing at CD for the joint to fail in this way. 

Sectional area of plate at CD — 7-5 - (2 x 0‘56^) = 6-3/^ square inches? 
Resistance to tearing at CD =6-38 x 6 = 38•:^8 tons. 

Adding Uie shearing resistance of one rivet to this, we have 
Safe load with reference to the section CD 38-28'+ 3 09 * 

-4i'37t«ns. 

Considering the section EF, the three rivets on the left-hand side of 
EF would have to she.ir simultaneously with the plate tearing. , 

Resistance to tearing at EF 7-5 -(3 x 0-56) 34-92 tons. 

Sheaiing resistance of thice rivets -3 x 3 09— 9-27 tons. 

S.'pfc load with refeiencc to the section EF-~44-i9 tons. 


It IS evident that the safe load with reference to any other section on 
the right-hand side of EF will have a greater value than that for the 
section EF. The minimum safe load is that calculated for the section 
CD, VI/. 41-37 tons, which accordingly is the safe load which the joint 
will carry. 

Strain. Strain refers to the alterations of form or dimensions 
w'hi('h occur when a body is loaded or subjected to stress. 'Fhus a ^ 
pulled or pushed bar is found to have become longer or shorter after 
the load is applied, and is said to have longitudinal strain. This kind 
of strain is measured by taking the ratio of the change in length to 
the original length. 

Let I, = original length of bar, 

€=• alteration in length, both in the same units. 


Longitudinal strain ^ 


Volumetric strain occurs when a body is subjected to uniform fluid 
pressure over the whole of its exposed surfaces, d'he volume wall lie 
changed somewhat under these conditions, and the volumetric strain 
is measured by taking the ratio of the changg in^volume to the 
original volume. 

Let V = original volume of body, 

?/ = change in volume, both in the same units. 

' V 

Volumetric strain = 

Shearing strain occurs when a body is subjected to shear stress. 
Such a stress is distinguished from the other tw^o just mentioned in 
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•iP? 

that it produces a change in tlie sliajt^ the body, while pull, push, 
and Jiydrd^tatic stress prodiK c no such changi^ W'e may obtain an 
idea of what happens by holding one cover of a thick book firmly 
on the table and ap{)l) mg a shearing force to the top cover (Fig. 136). 
T'he change in shape is evidenced by the sipiare originally pencilled 


• • 



In, m 6.- She Iiinu Sti.uii illiisli itol I'K.. m; - asuicinciit uf 

li> a book. shc.iimi? siiam. 


on the end of the book becoming a ihomims. A solid body 
would behave in the same manner iindci similar (onditions of load- 
ing, only, of course, in a minor degiee (log. 137) 'I'lic shearing 
strain is measured by stating the angle in ladians through which the 
vertical edge has rotated on apiilicalion of llie sheaimg stress. 

Sheaiing stiain -- 0 ladians (Mg. 137). 

For metals 0 is always very small, and it is often sufficiently 
accurate to write, refeiring to kig. 137: 

Shearing strain 

bir 

" PC’. 

Transverse strain. AVhen a bar is jHilled or [itished, not only is 
its lengtji altered, but also its transverse dimensions, 'riuis a jnilled 
bar becomes thinner, while a piislual bar becomes thicker. vSiuh 
altcraljons arc referred to as tranaverse atrains and are measured in 
the .same manner as longitudinal strains, vi/. by taking the ratio of 
the alteration* in *transversi dimension to the original transverse 
dimension. , 

I^et H a transverse dimension of the bar, 

/r==rtjit change in H vvhep the bar is loaded. 

h 

'fransvefte strain = 

For any given material, such as a metal, experiment shows that 
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there is a definite ratio ofdon^itudinal to transverse strain, ranging 
from 3 to 4 for (:omn'4)n metals. * 

• Let a longitudinal strain, ♦r*- 

^ transverse strain. 


'J'he value of m dej)cnds on tin* kind of materral ; its reciprocal 

^ is called Poisson’s ratio. Values of this ratio for common rtaiterials 
m 

arc tabulatixl on {). 6X3 

Elasticity. Elasticity is that pro[)erty of matter by \'irtuc of which 
a body endeavours to return to its original foim and dimensions 
when strained, the re('0\cry taking place when the distinbmg forces 
arc removed. Strain takes place while the loads are being applied 
to a body, ifl:!nce mechanical work (see j) 325) is expended in pro- 
ducing strain, and is stoied up, partly at any late, in the body, 
d’he elasticity of any material is regarded as being pci feet, provided 
the recoveiy of the original form and dimensions is [)erfcct on 
removal of the loads, and provided also that the (’iieig) given out 
(luring KM'overy eipuds that exjvended while the IxKly was being 
strained. 

'The el<islieity of a huge number of materials is piadic'ally perfia t 
[rrovided they are not stressed bevond a certain limit, which depends 
on the kind of material and also on the nature ol the stress applied. 
If loaded Ix^yond this elastic limit of stiess, the recovery of original 
foim and dimensions is ineom[)lete and the bod)’ is said to have 
acapiired permanent set 

E'urther, e\perimei;t shows that the strains are proportional to the 
stresses producing them piovided that the elistic limit is not exceeded. 

T'his law was fust discovered by Hooke, and bears his name. 
Most materials show slight diveigencies Irom Hooke’s law, but it is 
adheied to .so closely in the ('ase of common metals as to justify the 
assumption of its tiuth for nearly all practical purposes. * 

Modulus of elasticity. Assuming Hooke’s law t(# be true, and 
selecting any elastic material to which loads may be applied. 

Let / - the Stress, * 

s = the strain produced by /. 

Then p vaiics as s up to the clastic limit, hence the (|uantity ^ will 

be constant for that material up to the clastic limit. The tcim 
modulus of elasticity is given to this quantity. The value of the 
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nn^ulus qf elasticity (Icpoiuls firstly on the nature of the niatuiial, 
and tn the second place on the naluie of the ^risss Kor any j^iveii 
"^TTaterial there aie three moduli of elasticit) whu h should he under* 
stood. In eai'h case the measuri'ment is m.ule h) taking 

J /> 

T • Ntidulus of elasticity - . 

• ^ 

'I'Ibc units of this*e\pr('ssion will !)(' goxerned by the unU of stress 
enkploycxl, as strain is simply a latio. 

rounds modulus-tor a pushed or piilK'd bar is obtained by dividing 
tlui ])ush or |aill stnss intensit) on a (loss section at i}0° to tlu‘ axis 
of the ^)ar by the longitudinal stiain. 

Let b lone of push or pull aj)plied to the liai, 

A aiea o( the cross section, 

1 L oiiginal length ol the bar, 

( change; ol length ol the bar, 

1 the latliT being in the sanu units. 

'I'lu'ii, wilting Is lor \'oung’s modulus, 


d'he bulk modulus belongs t(j the c ase of a body subjected to hydro- 
static strc'ss, w'huh pioduces volimu tiic strain. 

I.et p the liydrostatM stress mtensit), 

V the original volume ol the body, 

V the ( hange in volume*, 
both the latter being m the same units. 

'I'hen, writing K lor the bulk modulus. 


The* rigidity modulus refers to the ease of a body under shearing 
Stress, and cot'seep gently changing its shajie by shearing strain. 

Let ^^^the shearing stress intensity, 

d - the' shearing strain, in radians. 

Then, writing C for the rigidity mcKlulus, 

The most convenient units to employ for the elastic moduli are 
tons or lb. per square inch m the llritish system, and kilograms per 
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square centimetre in the metric system. A table of values will he 
found on p. 683. 

Strains in a cylindrical boiler shell. It has been seen (p. 9?)^ 
that the stresses in a cylindrical boiler sliell on longitudinal seams 
and on circumferential seams are in the ratio of two^to one. Suppose 
that in consequence of these stresses the grcumference becomes 
greater by a small amount c. Let d be the originM diameter of the 
shell, then the original length of the circumference :.vill be* rr/, apd 
the circumferential strain will be : 

(’ircumferential strain ^ j(i) 

TTU ^ 

Also, new length of the (arcumfcrence ^ 7r^/+ ; 

.'. new length of the diametiM • 

ltd + c 


Hence, 


change in the diameter = 


--d^- -d 


strain in the direction of a diamder 




Ttd 

Comparison of (i) and (2) shows that the diametral and circum- 
ferential strains are eijual. 



Fig. 138. — Strains in a boiler shelL 


To obtain the circumferential strain, let p and Ip be the stresses 
on the longitudinal and, circumferential sdims respectively. If p 
were to act alone (Fig. 138 (a)), the circumferential strain w^ould be** 
a (extension) and the \ransverse strain w’ould be b (coi>:mction). 
If \p were to act alone (E'ig. 138 (/ 5 )), the longitudinal strain would 
be la (extension) and the circumferential strain would be lb 
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(contraction). 

Hence, when both sti^-sses act together, tin 

' strains 

produced \fill be ; • 

^ , ('ircuniferential strain a ~ \/> 

■■ ■ (,!)' 


Longitudinal .strain - hi - A 

.. .,( 4 ) 

Qr, since 

/;/ - (j). loS), 



m 


And 

C-ircumierential strain a 

2 m 



"(■ ')• 

V 2 m > 

( 5 ) 


I.ongitudinal stiain ^ a 

2 m 



] 

\2 W/ 

, .. (6) 

Supiiose w 

be taken etpial to 4, tln-n 



( 'ircuinfeicntial stiain -^-(1 - i) 



Id. 

( 7 ) 


I.ongiludinal stiam- a(‘ - J) 



- !./.’ . . 

.... (8) 

Refeience to t38((r) sliows iliat 






a 


or 

"'c ■ 

.... (y) 

Hence : 

1 p 

Circumferential strain ^ L- • 

0 Is 

(10) 


Longitudinal strain - * 

■ (m) 


EXAMPf-K. A boiler slicll 7 feet in tliainelei and 30 feel lon^ is les»cd 
by hydraulic pressure (cold watei) up to a stress of 6 tons per square inch 
on the longitudinal seams. 'lake E== 13,500 tons per scpiaie incli and 
w = 4, and find feow i|iu(h water will escape when a test cock on the top 
of the boiler is opened. Neglect any bulging of the ends. 

['I'o answer this questu^, cah ulatc the iiKrease in volume of the shell 
while the piessure is being ap[)hed.] 

Circumferef tial strain = ^ x yjiscp = 

" The diametral stiain is equal to this ; hence : 

• ^ Change in diameter — (7 x 

=00327 inch. 

Final diameter of shell = 84-0327 inches. 
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Let U and dhc the final and hnginal diameters ; then 
Increase in cross-scctional area of the water 

4 

= ^xou327 X 2 X 84 nearly 
j4 

= 4-32 otjuarc inches. 

increase in volume due to increase in sectional aicvi"4'3- 3^^ 

^1555 cub. in. 

Again, bongitudinal strain-] x i .-ri^oo 

•. change m length of the sliell — 30X 12 x 
004 inch ' 

.Sei'lional aie.i of the watei - ^ x 84' (nearly) 
-5542 sq inches. 

increase in volume due to inciease in length - 004 x 5 ^ 4 - 

--- 222 cubic iiK lies, 
'i'otal incie.ise in \olume - 1 5504- 222 

jTTLcubic inches. 


'rhe change in volume which occiits when charging cylinders Air 
holding conijuessed gases is sometimes taken as a test of the 
soundness ot the material of which the c'ylinder is I'onslructed. 
'I'he test is made by having the cylinder immciscd in ^^aler contained 
in a closed vessel fitted with an external glass tube c onnec ted to the 
water sjiac e. In charging, the expansion of the cylinder will displace 
some of the wsitei, which will therefore lise in the glass tube. An 
inc'rease in volume of more* than a prescnbc^l limit, as mc.licated by the 
tube reading, affords, ewidenc'e of detects in the mat(aial ot the; cylinder. 

Stresses in thick cylinders In Fig. 139 (^0 is show n a cylinder of 
considerable thickness under e.xternal and internal fluid pressures. 
Let push stre.s.ses be denoted [)ositivi‘, and let the external pressure 
be greater than the intcanal pressure, ('onsider a ring of unit length, 
having an iniuT radius r and outer radius (z' + cV) (Fig. 139 (/’>). Let 
the radial stress on its inner .surface be and let that on the outer 
surface be + I he resultants of these stresses on the half ring 

(Fig. 139 (c)) will be 

Fj X 2^ (see p. 96), 
lb =" ( / 4- X 2 (/' + fir). 

'I'he resultant P of 1', and \\ is ,, 

P P., - P, 

- (/ + ‘V) X 2 (/• + cV) -/>X2r 



• STKENGTH OF THICK CVLINDFKS , 

* t 

Let /be the tangential, or hoop stKss on tl»e ting ; the atia o\er 
which this*stress i'^. distnbuteil is e/ x i, and tlK're are two horizontal 
sj;ctions, one at A and one at b (Fig. (<)) ; hence, * 

P = 2 /.(V, 

, 2/. (S/— ( /> + «/) X 2 {r + ^r) - 2//-, 

or /. ^ ~/>r + r . <^/> + . Sr + S/> . Sr - pr 

^ r. 0/) T/ . <V, ' (i) 

by neglecting the j)roduct of the small (luantities Sp and Sr, 



Another equation may lx* foriiK'd by ('onsideration of the strains 
in the axial diiection j)i(xhic(*d b) /> and J all over the cyliiid(‘r. It 
may be assumed that cross sections ol the.* cylinder remain plane 
when the fluid stress is applied, i c. all libies |)aralle l to the axis of 
the cylinder lying between two c ross sec lions change thc'ir kuiglhs to 
the same extcait. llenc'c the assumption that the axial strains are 
ecjual all over the cylinder. 

Axial strain produc-ed 




/- 


/ 


As both p a]%d /are push .stresses, both of these strains are exten- 
sions, and the total axial strain will be 

V / 

a constant, 

• ?nv, mh. 

•^'or n / +/-=a ('onstant. 

d^^'irf^2c2 for the value of the constant, th^ gives 
ens 


D.Nf. 


/+/ 


....(2) 


n 
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ETom (2), J=-2a-p. 

^ „ (1), {2a --p)^r^r.hp\p 

211 .^r - p .lr = r . ^p +/ . 5 ;-, 

2a .^r = r .^p 2p . Sr. 

Multiply each side of this etjuation by giving " 
2(ir . Sr - - r- . Sp + 2/;* . Sr, 
or in the limit, when Sr becomes very small, 


2(/r ^ - r- y + 2pr. 
dr ‘ 

'I’he right hand side is the differential coefheient of (//"), /.c. 

!'■ 1 2)- 


Integrate, giving 


d{pr-) - 2 ar.dr. 
pr- n/'“ + c. 


p -- (I • 


f - 2(1 -p 


T’hc solution of any particular problem may be obtained from (3) 
and (4) by first determining a and c from the given conditions. 
Take the ordinary case of a ('ylinder having an internal fluid pressure 
pi, the external pressure being regarded as zero (Fig. 140). \Ve have 

p-^p, when r-R, ; .h A + (s) 


p^o when r^^Ro; ... 


‘IV - IV’ 


Substitution of these values in (4) gives 

. ^ Rr' ^ R, R„2 I 


'^'R>VrV 
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'I'his equation gives the hoop t(‘nsion at any ladius r ; llie niaviinmn 
hoo|) tension will oeeiir where r has its .suiAllest \alue, i.e. at tlie 
inner skin, where r~ R,. lienee, 


Maximum /- - A,. 

Ky- - K,- 




-A 


Ry- T R/-' 


R 


( 8 ) 


It will be nohcecl from eijuation (S) th*it the maximum hoop 
tension is always gnatei th.ui the inleinal lluul 
Stress/,, independently ol tlie thickness (tf the 
('ylitider , heiu'e, it is impossible to design a 
solid eylmder to withstand a Huid pii'ssiire 
greater than a ('eitain \alue for a given mateiial. 

'I'he dittieulty may l.)e ovckouu' liy shiinking 
one cylinder on the toji ol another, or by 
w'lndmg wiie undi r strong tcaision over the 
outside of the eylmdei. 'The effect is to pul 
the inner [>atts under initial push hoo|) stress, and gives a <listiil)iiti()n 
of stress more nearly unifoim when the lluid pressure is apjilied. 

Stresses produced by change in temperature. If a im tal liar be 
heated, its length will increase by an amount proportional to the 
increase in temperature, and to a coettk ient, the value of whic fi 
depends on the kind of mateiial ; this is on the assumption that the 
bar IS peimitted to e\i)and freely. 

Let L^the original length, in mehes; 
t ^ the rise in tem[)eratme ; 

c -- the coefficient of expansion, i e. the change in length 
per unit length produced by a rise in teiiqieratiire 
of one degree. 

Thep, change in length L/c ; 

n(;vv length of the bar^ I. + LA 

-L(r+A) (i) 

Suppose that the bai is now cooled to its original lempcaature, and 
that forces are applied t<| its ends so as to jirevent it fr(mi returning 
to its original length. * Isvidenlly these forces will have the same 
value ^ those which would Ae reijuired* to produce an elastic 
extension LA in the bar had its original tem[)eralure been kept 
unaltgred. 
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Let P the total force required in tons. 

A ^ the cross sectional area in square inches. 

P 

/ = ^ = the stress produced by P in tons per square inch. 
K = Young’s modulus in tons per .S(|uare inch. 

Then Ixnigiludinal strain = A. 


Also, 


P = EA/ctons, (2) 

/= Kte tons per stjuare inch ^ ...(3) 


Exampi.e. If the bar be of steel for which K--- 13,500 tons per squaie 
inch, and if the rise 111 tenipeiatuie be 100^ F., find tlie stress m the 
material under the conditions expiessed above. Take 
€ = 0-000007, 

— 13,500 X 100x0-000007 
= 9 45 tons per square inch. 

Suppose now that the bar be heated and at the same time held 
rigidly between abutments which prevent entirely any change in the 
length. These conditions may be imagined as follows : first allow th.e 
bar to ex{)and freely on heating ; then apply forces to the ends and 
let these be sufficient to compress the bar back to its original length. 

Length of the bar before applying the forces = L(i + A). 

C'hange in length jiroduced by P = LA. 

Elastic strain produced by P= - 7^— — 

^ ^ L(i+A) 

h 

I + a’ 

Now K = ^ 

strain 



The denominator will be nearly unity, as A is usually very small;' 
hence, (4) will have the same value nearly as (3). • ^ 

Effects produced by unequal heating. Fig. 14 1 illustrates three 
bars A, B and C attached to rigid cross pieces 1 ) and E; E is fixed 
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and I) nlay rise or ** '"ontrally situated lietwcen A and 

(' A anil C Ifuc' ‘''‘‘'’'”''■'1 areas and Ts may have a different 
sectional area **'*'''’ 

If all tWel bals' , , 

tute at lirsi, ami D L L L 

the same range V-l i j I i V 

attemin to exi.min,l'''‘''>' a- a.--! « 

of lengtit, and-noj'"’'' '''' ^ 1_ ' i_ 

in any of them, .^pose, lumever, that I! 
is raised to a ,.,.r,,^tem|>eratme and that 
A an<i C are hoi ® 

higher temiieraturit""-'" '* '“'‘■■"'I'''’ 

expand to a smaller'^'"' ' ' iJ-L I 11 

The cross pieces If"' '''"'I"-' E jo j-P t« 

three to come to P’l'ldli • 


li will he under piih""' '' *' 

under push This , '''"•‘"'‘I ll»' figure 

by the forces P and i reiiuired fiom the 

outside in ordei to iimmgenient under the altered 


ifsscs (liic lo uni (jti.il 
lii.itiny;. 


conditions of tompera! 


•c, It follous tiiat 


(0 


Let the e(|ual sect!,!'''' 
the sectional area of JJ f 

Stressin ; ■■ V - A"r 


^r(‘ss in H =“ /^j 




Hcnc'c, from (r), 

( 2 ) 

• />, 

This result indicates thrj 

area, then theatres* in 1 "s'" ''' 

of the actual values of the ' "=>”Porature. 

To find the mimericat v'""'" f'l """ ^ 

Let L ^ the ongyi, '’'‘^■ 

/,=c^^ange•|n'«'"'’"^‘'‘'''^""f'^“'’‘‘^•• 

/, = change in t'-''>'Pefaltire of H. 

r==the coeffici""' «f ‘-•'Pension. 

u *. >11 value of Young’s modulus. 

li = thecomm(t 
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P'irst assume that all three bars exf)and freely ; then 
Extension of A extension of C == E/S 
Extension of B - L/o‘«- 
New length of A or C E( i + /jc) 

where =-i+/,f/ 

New length of B [>( ’ + /^c)' 

- A,E , 

where -- i ^ * /jf- 

I.el the bars now be rom|)elled to come tc Hhe same final' length 
l.i. by application of the forces P and (J. 

Shortening of A or (j prodiK'ed by (J /^jE- E) . 

Extension of B poxluced by P - E,. 

/; J - M / 

Strain of A or E - - ' , , 


Strain of H = 


Hence, for A or (', 
And for B, 




/ /^E 

/<,L ,A.I- 


( 3 ) 

■( 4 ) 


(5) 


A. 

///.il'op-CI, 

As the ratio of /j and />j is known fron 1 (2), this result may be 
used for calculating , the final distance 1 letween the cross j)ieces ; 
substitution in (3) and (4) will then give th e values of/j and /o- 


Example. Take the following data for the arrangement shown in 
Fig. 141 and calculate the final distance bel^\e;en tlic cross pieces, also the 
stress in each mild steel bar. 


ai= 1 square inch. 
^2-3 square inches. 
/i = ioo° F. 

/j=5o* F. 


Pi ~<h 


L=i(x y inches. 

E^3o. 0)0,000 lb. per sq. inch. 

€ = 0C'^>00007. 



••oin (2), 
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Also, 


A,- 

h.,~- 

A.L 


I +/,€^ I 4-f looxoo(xxx )7 i I CHX);, 
I +/_,€ - I 4 -\t;ox 0000007}- * ^’j 5 ' 
i-cxx)7 X la) / 100*07 


J^rom (3\ 
wlieiK c 


AjL- I o(>:)35 x icxdV- 100035. 

3 0021 10007 - I.i V 

2 #007 #1.1-100035’ \ 

^ l.f -•ux) 04899. / 

(Note, as the (han^cs of length aic /ilculal^d by takinj^ llu' differcixes 
5n the lengths of the bars, it is neecss.n^ in examples of this kind to use a 
hugger number of signituant (igiucs than idiat employed usually ) 

, i(X)Orr 

30,ooo,fxx) -- / 


From (3), 
wheiTcc 
From (4), 
whence 


)Ooo7 - 100 64^1// 
- 6298 lb. j)cr scjuaic in( h 
, lOOOK 

30,CKXJ(XX) A, ^ , 

" 100*04899 - 100035 

4195 lb. pci sipiaic m( h. 

These stresses have the lahulated latio of 1*5. 

'Fhis problem may he varied by using bars of 
different materials and raising the lianperatiires 
of all to the same e.xlent. 'Fbe differem es in 
the elastic moduli will produce a similar effect 
to that causiid by uneaiual beating, and the 
calculation is effected in a similar manner, 
making use of the piofier values of the vo- 
eflicients of expansion and of the clastic moduli. 

Reinforced concrete column. In Fig 142 is 
shown a concrete ('olumn remfon'cd by steel 
bars arranged as shown in the j)lan. Ajiph- 
cation of an axial load to the column will caiist: 
both steel and concrete to shorten to the same 
extent ; as the lengths of both are espial, it 
follows that the strains are also ccpial. Using 
the suffixes c and s ti) denote the concrete and 
steel respectively, let Sg^Sc^ 


4? Hciiiforied con- 
crete tolnniii, 


Then 


the strains in the direction of the 
' length of the column. 

/*«and Teethe stresses in lb. per sijuare inch, 
and Iv* ^ Young’s moduli in lb. [ler sejuare inch. 
Ag ^Ad A<. = the sectional areas in square inches. 

4 U) 

J H 

fc 




Ec 


(2) 




materiai.s axd structures 


Dividing (i) by (2), vvc have 


K. fc ’ 5, 


The ratio of to Iv varies omcwliat ; the a\ei;agc value of 15 is 
usually lakon. With this value, • ecjuation {3) shows that the stress in 
the steel will always be 15 times rhat in the concrete irres[)ectrve of the 
relation of the sectional are^^s of L e concrete and' steel. If 500 lb. 
per square inch be tt^kerd as a safe tress for the concrete, then the 
stress in the stev’, ^vill be 7500 lb. per stpiare inch. 

Suppose '' ip applied to the column ; then 

W-V.A.+/A0 

--•75ooA,+ 5ooA,, (4) 


a result which enables the safe load to be calculated if the sedional 
areas of the steel and concrete are given. 

'The sti esses produced in otluT composite bais under push or pull 
are calcidatcd in a similar manner, making use of the propt'r \ allies 
of Young’s modulus. Such bais may lake the form of a steel rod 
cased in .some alloy such as gun-metal, or the arrangement may be 
as illustrated in Rig. 141, with A aiul (' of one material and 11 of a 
different material. A central load applied to the top cross piece 1 > 
will produce equal strains in all the b.us, and the stresses will thus be 
proportional to the values of \’oung’s modulus for the maleiials of 
the bars. 

Classification of stresses. Stri'ssi's may bi! either normal or tan- 
gential; oblique Btresa is compounded of normal and tangential stresses. 
Stress is purely normal when its lines of diiec'lion are perpendicular 
to the surface over w'hich it is di.stributed. Normal stresses may be 
either tensile or compressive. Stress is tangential or shearing cvhen 



P'lG. 143.— Slrc'.s m a tie I>.ir ' 


its lines of direction coincide with the siyface over which it is 
distributed. Oblique stress may have its lines of direction inclined 
at any angle betw'ecn cs* and 90" 10 the surface over wh^h it is 
distributed. Normal tensile stress occurs in any section AB of a tie- 
bar subjected to axial pulls (Fig. 143), the section being perpendicular 
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to the axi'^of the bar. The stiess in this ease will be ilnifoimly 
distriHutecl e\ce{)t for sections near the Liids^of tlu' bar, ami its 
inft?nsity will be ^iven by 

V 

/) - 

. area of section A H 

% . • 

Normal compressne.sticss will be foiiiul on any 
horizontal se(tion*Ab of a \crlical column (Ib^c 14 .J) 
carr)ing a wi'ight W’. If th(‘ liiu' of W couu ides with 
the axis of the column, tlu' stress will bt* iinifoiml) 
distributed and of intensity guen by 

• W’ TTrmTTTJfTP 

P - . I 

are.i ol se( lion AH 

Relation of oblique stress with normal and 
tangential components. \a{ i\IU'l) (Idg 145 ) reprisciff the ele\a- 
tion of a (’ube of unit ('di^i', di(‘ top fa('(‘ being subjci ted to normal 
stress /, I and also to tangential stu'ss p,. On the supjiosilion that 
llu'S(‘ sticssrs ai(' unilomil) disti 1 billed, 
we may substitute resultant Tones \\ 
and r, , ju ting at the ( laitn' ( ) ol the 
top face, in a jilane paiallel to that 
ol the paper, tlu; \alues of 1 \, and T, 
being p„ and pt as the fa< e is ol unit 
area. 'TIh,' lesultant of 1 ‘s, and lb 
will be 

K N^l’s-fl'r’, 

and will act .it an angh* 0 to the 
normal, the lang^ait ol wlm h is 

lb 

. 

Now R may be taken U) be the resultant of an inlimte number of 
forces Jiaving the same direOion as K, 
and unilorml}^ distributed (AX-r the top 
face of the cube (thg. i | 6 ), ’these lorces 
constituting an obli(jue,BStress r, the value 
of which will be 

^ R 

* r- . • 

area of top face 

=s/l\ATv ‘ 



tan 0 





(>) 
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Other useful relations deduced easily from the figure ar^ : 


COS(9, <^2) 

(3) 


tan 0 --- 


P± 

'Pn 


»( 4 ) 


The angle 0 is d(Tined as the angle of obliquity of* the stress. 

Some examples of oblique stress. A useful method of determining 
the stresses on any section of a loaded body consists in first imagining 
that the body has been actually cut at the given section. One portion 
only of the body is (hen taken, and the resultant forces are determined 
which must be ap[)lied to the section in order to prodiK’e ecjmlibrium 
in this portion. 'The stresses and their distribution may then be found. 

(’onsider a column carrying a load P, the line of whi('h coincides 
with the axlk of the column (Fig. 147 (u)). Let the ('olurnn be cut at 
a section AH and consider the upjier portion (Fig. 147 (/')). For 
e(iuilibrium, a resultant foice P'=^ P must he applied in the same line 
as P. This will give rise to a stress which will be seen afterwards 
to be uniformly distributed over AH. Let the area of the section 

AH be S ; then , . p 

Stress intensity on AH ^ (i) 



Su[)posing the column to be cut along CD (Fig. 147 (a)), the angle 
between AH and Cl) being 0 . Considering the, ecjufibrium of the 
top portion (Fig. 147 (c)), we see that a resultant force P' = P must be 
applied in the same line as P. P' will give fise to an oblitjue stress 
uniformly distributed over the section CD ; let ON be drawn normal 
tc’' the section, when it wiU be evident that angle between P' and 
ON, which is the angle of obliquity, is equal to 6 , To find the 
stress intensity, we have’ ^ 

P' 

Stress intensity = A, = ——7 -7 - — - 

^ area of section CD ' 





Now 
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^ ^ • 

• • 

area of seclion AR 


.iV 


area of siction ( '1 ) 
arc‘a of section ( *1 ) - 


^0: 


S 


Ar 


• , / ( OS {’) 

The intensity of the ohli(jU(' stiess on ('D is tlierefoK* eijiial to the 
stress intensity on AW nniltiplied hy tlie cosine of the anpT' l)et\\een 
the two sections. 

It is of interest to (It'terniine the coinjionents of normal and 
tangential to (A ) (logs, r 47 (<) and (^/)). loom eijuations y^) and (3), 


[). 122, have 

A Ai'-'n^ (4) 


13 y substituting the \alu(‘ ol fiom e(|uation (2) above, wv obtain 


A. />-<‘>s’A (5) 

At /'.sin^iosl^ (6) 


Pr, 



It will be easily seen, from eiiuation (5), that /„ has its maximum 
value when 6 is zero, the \alue being then p and the section AR 
in Fig. 147 {a). The value of pa diminishes as d is increased, being 
zero when ^ = 90“. Equati(m (6) may be wpitten as 

„ = J/1 sin 20, (7) 

an equation which show’s that f>t has zero value when 0 is zero, and 
that the value is again zero w’hen 0 is 90“. T'he maximum value will 
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^ j ^ ^ . 

occur when 2^ is 90", the value of tlie sine being then lyiity ; 0 will 
then be 45°, and the* value of />i will be • 

Maximum value of/< = \^) 

'The fact that the section at 45° to the axis of the column has 
maximum intensity of shearing stress explains th® reason why sftme 

Pt 
0 5 

04 
0 3 
0 2 
0 I 

0 30 60 90 

6 degrees 

!• i(,. 149.— Varuitnjii of ^hcar str<‘s.s in a column. 

1 

materials, such as brick, stone or cement under com[)ression, frac'ture 
along [ilanes at 45 ’ instead of sim[)Iy (-rushing. Such materials are 
C()m|)<iratively weak iiiuK'i- shearing, 
d'he curw's in k'lgs 148 and i4(; base 
been [ilotted from ecjuations (5) and 
(6), taking the maximum \aluc of pn 
as I ton j)er S(|uare inch, and illustrate 
th(i way in which and p( vary, 
depending on the angle at which the 
se( tion is taken. 

'The ('asc of a rod under axial pulls 
m.iy be worked out in a similar 
manner and the results will be iden 
tical, with the Mibstitution of normal 
pull stress for the normal push stress 
whu'h oc'curs in the (-olumn. , Fig. 150 
illustratf's this (ase, and as it is 
lettered to correspond with the^olumn 
diagrams tlu-ri' will be, no difficulty in 
tracing fnc connec'tion. 

Stresses w.hich are not uniformly 
distributed. A \arying stress may be 
realised by iconsidering a horizontal 
Fiu iscx-NornmUn^^^^^ surfacc ABC*(Fig. 1 5 1 ), having a”'' 

numdier of slender vertical Iwfivy rods 
of varying heights standing on it. Some of these rods arc show-n 
in the figure. The effect on the surface ABC, which is supp(9sed to 
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be covered entirel) by the rods, will he to produce stress of \ar)ing 
intensiiy. there is, howe\er, no dilliciilty in seeifi- that the resultant 
foroe on ABC will hv. the total weii^ht of 

the rods, and that the line of the resultant 

force must [)ass throie^h tht' centre of gra\ity / |cn 

of the whole oCtHe rofls taken togethei. p / 

We may deduce fr«m tFiis that, if a stress 

fl^rure be ^drawn* for a guen section by '' 

erecting ordinates ^at all pejints of the n. / 

section, of length to scak* to repiesent — - ^*’'3 

the intensity of normal stress at eai h point, i i,,. ,5, -KrpMs,„t;,t„,u nf a 
the resuTlant fori'e will pass thiough the ' micss 

centre of volume of the siiess figuie 'The magnitude of tlie lesultant 
force may be found thus • 

I.et / = stress intensity at a given point, 

small area sui rounding this point. 

Then Resultant force - (i) 

the summation being taktai all o\ei (he se( don. 

Kcpiation (1) ma)' be intiapreti d as nu-aning the Nolumci of the 
stress figure, stress intensities being used lor oidmates and sijuare 
inches or oihei convc-nient units foi units of aiea. 


KxAMl'ia A lectangular smfacc AbCI) is suh|c< ted to noimal 

stress, which \aiies unifoimly fioin /cio along Al) to 4 tons pei s(|n.irc 
inch along IK (I'lg 152) AH is 4" 
•'^nd BC IS 3" 1 ‘ ind the lesultant fone, 

/ and show- wheie it ac ts. 

^ 'I'lie stiess figure will Ijc diawn in this 

Jq ' asc hy electing oidmates liE and CF, 

/ each to scale, rc'piescnling 4 tons pei 

• /O scpiaie inch. Join KF, AK and I)k', 

Kb ^ stress figure of wedge 

, Tp shape. '1 o find tlie in.ignitude of the 

r.c. 152 -A un.form'v v.iryn.K stress ICSultaiU foKC, Calculate the XoluiIK* of 
‘he wedge hy niullipl)mg the area of 
tlie base by the ordinate of a\eragc height, vu 2 tons jier scjuare inch. 
1 hus, — n — - v 1 s/ T 


-A uniform'v v.'ir>iiiy stress 


Resultant force = K = 4 x 3 x 2 
^ 24 tons. 


The centre of volume of the wctjge will he vertically over a point O, 
found by Vhe intersection of two lines (iH and RL, (i and fl bisecting 
respcctuely AI) and BC, and KB and LC being onc-lhird of AB and CD 
respectively. R will then pass thiough O as shown. 
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It will be clear that, in tlie case of a uniform normal stress, the 
, centre of volume of the stress figure lies in the normal drawn fi;/)m the 
• centre of area of the section. It therefore follows that, if a resukant 
normal force acts through the centre of area of a given section, a 
stress which will be distributed uniformly over the section will result. 

In drawing stress figures, a useful convei;tion is to draw the stress 
figure stjinding on one side of the section, for thosb [larts ol the section 
which are subjected to push stress, while pull stresses are r^'presented 
by a stress figure standing on the other side of tlie section. 

Shearing stress. In Kig. i53(rr) is shown a rectangular plate 
AR(M) having shearing stress// distributed over its top eijge. I.et 



15^,'-A plate iiiuler slic.iiinj^ stress. 


the thickness of the plate from front to liack be unity, then the total 
force along AH will be R -// x AH (0 • 

Substituting P as shown in Fig. i53(/''), the plate may be 
ei|uilibrated horizontally l)y the ap[)hcation along ('D of an eijual 
opposite force P; as P, P lorm a couple, etiuilibiium is completed by 
the api)lication of etjual opj)osile forces Q, Q along the edges AD and 


1U> respectively, these forming a couple of moment etiual and oppo- 
site to that of the first couple. For eciuilibrium we have 

PxAI)-(^xAB (2) 

Let all these forces be produced from sheaiing stresses applied to 
the edges of the plate (log. 153 (c)), and let r// be the shearing stress 
which gives rise to Q, so that 

Q--AXA1) (3) 

Substituting in (2), we have ^ • • 

// X AH X AD -- </t X AD X AH, 

or A = yo .• * (4) 


For the general equilibrium of the plate is therefore necessary that* 
equal shearing stresses be applied to all four edges, 

Take any .section I^F of the pirate as now stressed (h'i^ '53 0 ). 
and consider the ecjuihbrlum of tlie portion ABFE (Fig. 154). From 
what has been said it will be seen by inspection of Fig. 154 that a 
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shearing stress />t must aet along I'lv* Again, take anoihci station 
GH (Fig. 1^3 (f)), and consider the etjuihhnuin •f the portion A( HID 
(Fjg. 155). Inspection shows that a shearing stress must act along 

A . G 



GH. We coiulude di.it it .my lectangul.ii block be subjei ted to 
sheat ing*stri‘sses, such sliisses must be (siual on all loin edges, and 
thete will be an e(jiial slu-.iiing sticss on an\ scition which is |)iiiallel 
to any edge' ot the block. 

Cube under shear stress. Foi simplii ity, <'onsi<l( r a < iibe of unit 


edge, the ele\aUon of whuh is ARCH 
Sliesses />( be .ipphed as shown to ihosi* 
faces of the ciilie which are perpendicular 
to the ji.iper. 'To find the stress on the 
’ diagon.il section A(', cut the < iiiie and 
i ('onsider the portion AB(' (Fig. 157). 
1 'The stresses along AH and ( U produce 
forces />/, ai'ting at b , these will have 
a lesLiliant r, acting at 45' to AH, and 
hence per()endicular to AG. 'I'he mag- 
nitude of r will be 

r-rp(,s]2. 



If r be [iroduced it will evidently c ut the diagonal AG at Us middle 
point (), and may be balanced by an ecjual o[)posite licrce c a[>plied 
at O as .shown. Now r may be considered to be the resultant ot a 
iv)«,rmal stress /,* uniformly distributed over the diagonal section A(., 

tvt intensity of this stress being 
^ r 

' area of A(J’ 


AH.v/2’ 


' -A- 

I'his result shows that the diagon.al AG is^subjected to a normal 
pull stress of intensity ecjual to the given shcjaring stress. In the 
same way, by considering the portion ARl) (hig. 158), we may show 
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that llu' diagonal Bl) is subjected to a nonnal push stiess />,i of inten- 
sity also ecjual to tho given shearing stress. * 

• Sup[)osing we have a rectangular j)late ABCJI) (Fig. 159) having 
shearing stresses //applied to its edges, (^aisider any sipiare [>orti(jn 




Flc. 157 - The (li. kion.il A( IS iiiiJer piiic* 
iiotiiial pull stiLss, 


I' II. 158 —'1 he (liaison. il UD is undt r pure 
iiumuil [)Ush Stress 


abed having its edges par.dlel to the sid(‘s of the rectangle, ^\’e have 
already seen that these edg('s h»i\e espial shc.umg stressc's />/ acting 

on them Hciici' the diagonal 

^ y — I® sections of the sipiaie havt' iKJimal 

|)ull slicss on ai and normal push 
-y stiess on A/, the iiUt'nsit}' of cm h (»f 
^ thes(‘ being //. W'e tlk ief<;re inh.T 
.w that an\ section of the pLiti* at ^5" 

< < — ’q to an edge w ill havenoiniid stiess of 

push or pull acting on it of intensit\ 

r K. IS9- Stu ssi s I’l .1 lecl.m^iihr ]>l.iti' * ‘ . 

e(iual to the given shearing stress. 

'Two sei'tions of a body mtcTsecting at 90’, and having purely 
normal Stresses acting on them, tire called principal axes of stress ; the 
Stresses aie called pnncipal stresses. 

[For laboiatoiy exjienments on stress and stiain, see Chapter XI 

I'.XFRCISES OX (XIAITICU \'l* 

1 . A louiul rod has to (any a |)ull of 15 hind the di.unetcr if 

the safe stiess is 6 tons pei stpiaie iin h. 

2 . A shoil hollow cast-lion column is 6 inc^^ies in external and 4^ inches 
in inteiind diameter. Gak iihite the safe load if the stress allowed is 
7 tons per square inch. 

3. IMates 05 inch thick aie to be connected by a double^veted lap 
joint. Find the pnncipal dimensions the joint. Take d— i-id t - ft -(y, 

10, in tons pei sejuare inch. Find the efh(ienc> of thejomt. 
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4 . Answer Question 3 foi .1 douhle-iiveteJ butt jomf with tuo(o\er- 
stiaps. 'l.'lit. ])lales aie I iiu h ihn k AINjw l-;5 n\e( set (ions pei n\et 
uiutei sheai 

* 5 . 'Two {dales, eai h lb iin lies by o q in< li tbi< k, ait‘ 10 be c onin i (etl 
by a butt joint ha\inu; tu«» (otci sti.ips [ lu‘ |oint is to be umlei {Mill 
lake siiesx's as pi\rn in <,)nesnon 3, and lind (lie Kapimal nninlx'i of 
ri\t*ls ; iiK li in dia*in'tet> \\ hat would be (he salt' load loi the )oint " 

6. A (\hndii(aj boitt'i sht'll is ; It 1 1 in diainelfi , thi' woikin^j 

{irt'ssuii' IS I 30 11 ) p< 1 sipiaM' 111(1). ll the eflu leiK \ ol the htii^Mtiidiiial 
li\et< d I'ynt is / , pel < i iit , Imd (he (Iik knt ss (»| the plate (oi a sale sUfss 
ol 5 tons p( I stpiaie iiit h. What will be (Ik siiess on a loii^itiidmal 
s('( tioil (tl the plate at some tlislain e tioin the )oinl '' 1 md alstt (he sliess 

on a ( IK uiiiteiential se( tion ol the pla((‘ 

7. \(ss(l, (t i( ( ( in (liaiiKiti, IS siib|t < teil to all iillt'iiial 
Ijast'oiis pUKsMK' ol I :o lb jiei scui.iie IIU h I Mid the tllM kliess o| plait' 
ie(|uiied foi a )oint t tti< k ik \ ol <» pt t ( eiit and a sale slit s', of 1 >,(xk) lb 
pel sijiiai e IIK h 

8. A stt'i 1 bai, (> IIK lit s w ide, o 3 iiK h tliK k .ok I jo Ita t lo«j^, ( ai 1 les a 

j)iill ol iH tolls I md (Ik* t \t( iisioii in length and the toiiliai lions in 
width and thukiiess when the load is applied lake h. 1 j, sot) tons pt'i 
squaie iik h ,ind ;// ] 3 

9 . i\ \ < I (k al stjuaie plate ol stt el, b let i t'tipe and o 73 iik h t I ik k, has 

sht'aiiiijj loitesof .’oo tons aitiiij^ alon^j t at h edp’e Suppose the lowei 
ed^K t<J be lioii/oiital and to bt' liod mi^kII), what will be the hoii/ont.d 
iiKU eiiienl ol the top ed^e w In 11 the load IS applit (1 1 ake ( 55 '>t> toils 

{)et stjiiai e iik h 

10. At\hntlei foi stompi; (ompiesstd o\\{jen undei a piessuie of i :>o 

atinosplu I es is 3 bet loiijj .md s iik lit s tli.oiit (ei . (lit' (Iik kiiess o| the 

steel pl,i(( ol wIikIi it is loiistoKted is 4 iik h I md the .litei al ions m 
diatiK'lei .01(1 leiijjth w Ik 11 the (\hndei is beiiijj t h.ouit tl, .oid hem e (iiid 
the ( h.m^e m ( ulm t.ip.Kit)' ol the ( \hndei lake h. Ij/xjo Ions pel 
btpiaie iiieli .okI /// .{. 

11 . A lod of biass 3 fell loiKj and 05 iik h th.oiK'lei is tooled lioin 
150' I*' It) b !• mil w h.it loi ( t s ai e it t|uii t'd m m dt 1 to pi t 1 1 nt any 
t h.mtjt-* m th(' length Like h. 5700 tons jx 1 •s<ni.oe im h .mtl the 
coellK lent of exp.oision ■ tjxxjtxji 

12 . A steel boiler tubt* is 15 let I lon^q 3 iiithes mtein.il di.mieter anil is 

niatle of lyet.il o 3 mt h dm k .Sup|)osinj3 th.it h.ill its natUMi e\|).msion 
out' to a lanjje of tem|)( i.itnie of 240“" f . is pi even let I, w h.it Ion es will (he 
tube exert m the tliiet (ion ol its len^jth '' W h.it will be the stiess 111 the 

tube ■' •! .ike L - 13,500 tons pt r stpi.oe im h .md e oootxxiy 

13 . A tube oW oj)|>vi I 5 mt h boie and 4 feet lonpq of metal o i iik h tlm k, 
has an internal steel lod 05 m?h diametei, h.iyiiij^ swelled t nds to whith 
the tube IS bi.i/ed Sup|)ose theie to be no st'lf-sti essmu al In st, w h.it w ill be 

he stresses m the io|)per*and m the slt'el if both aie i. used m tem|)ei.ituie 
o an extent of too" F '' Like IL 13,51x3 and I> b2ex3 tons pt r stju.iic 
nch ; t oeffieient of exjiansfin of Steel - o 00000;^ .md oft opjiei otxxxxx/). 

14 . A remforted tonricte column h.is a square settion of 15 inches 
edge, .and h.is four remfoit einenl b«is of steel i ^ int lies diametei Find 
the safe To, id if the stress m the t oncrete is ^cxj lb |jer stpiare imh. How 
much of this load is (.lined by the sleeP ’1 .ike the lalio of Young’s 
moduliys for the steel .ind foi the com icte to be 15. 


D.M. 
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15 . A tic h.'ir lias a teclan^^ular section 4 inches by t 5 inches, anti 
caines a pull of 30 tons ^lIul tlie normal and tan^fcntial stresses on 
sections m.ihm}^ .inj^Ies of 0'', 30", 45'', 60" and 90“ with liie axis of the 
bar. IMot tur\es showing tlie relation of the stiesses and an[,des 

16 . Draw the stress tigure for a rectangular section 30 feet by i ftK)t ; 
theie IS a noimal push stress of 4 tons ppr square f(X)t at one short edge, 
and the stress varies unifoimly to a normal piK,h st.ess of 0-5 ton per 
squaie foot at the opposite edge. What is tlie resultant force on the 
se( tion : Show wheie it .icts. 

17 . A ferro-concretc column is 14 inches square in cross section ; the 

main reinforcement consists of four longitudinal 2-inch diameter round 
steel rods, one rod being placed close to each angle of the cioss section 
'I’he value of K (Young’s modulus) for the steel is 39,000,000 lb. [)er squaic 
UK h and for the concrete 3,ooo,ckx) lb. j)er squaie inch. If .1 gioss com- 
pressive load of 60 tons is supported by this column, uhat is the gross load 
and the compressive stre.ss per sejuare inch m (a) the concrete, (/>) the 
reinforcing bais ? (b.K) 

18 . A cc’umn which carries a load of 300,000 lb. rests on a foundation 
whose area is 10 square feet ; find the normal and tangential components 
of the stress on <i pi. me m the foundation, whose mclm.ition to the 
hoiizont.'il IS 15'. Find also the inclination of the plane on which the 
t.ingenli.il stress is a maximum, .md c.dculate this m.iximum v.due. (L.U ) 

19 . Ihc London Building Act, 1909, allow's stiesses m steel of 5.I! tons 

pc'r scpi.-ue inch m she.ir and ii tons j)cr square inch of beaimg .irea, but 
limits the shearing strength of .a rivet m double shear to 175 tunes that of 
a like iivet m single she.ir. Brep.ire a table of rivet strengths, with these 
stiesses, for i-mch iivets in single and double shear with plates of inch, 
I inch, inch, j inch and 5 incli m thickness. (I.C.FL) 

20 . A cylinder, 8 inches extein.dand 4 inches intern. il di.ime'er, h.is an 
mteinal duid i>iessiiie of 2000 lb. per squ.ire inch. Find the maximum 
and minimum hoop tensions. 



ClIAl’TKR Vn. 

SI'Kl-NCni or HKAMS. 

some dennitions. Beams .nc |).iro ot a stiuctiirc, usually siii)|)orteci 
hori/onUill) , loi i1r“ piuposc ()r(ai!\iu ;4 lo.uls applied ti.uisveisely to 
tilt ir leny;ths The tt iin beam or Joist is undt'islood ^enei^lly to reler 
to a struOiue ot uiodt'r.itc si/e .ind ('onstiucttai ol one jiiecc of 
material, such .is the limber bc.ims or joints usod loi suiiporling 
Hoots, or rolled steol iRams aKo ollcii used lor lloois. beams ol 
larger si/e anti eonslrut'led (d se\t‘ial [tails seeured logcllita ait' 
( ailed girders. 

Any iteam will bend when loaded, owing to the .strains w hit'll take 
[ilaee m die material. If straight initially, it will take the shajic of 
some (‘ui\e ; it curved imtiall), it will alter Us eurvalure. 'i'he theory 
of the strength and stiffnt'ss of beams may lie developed Irom the 
tundameiital [)rm(i[)les that {a} the beam as a w'liolt' is in e(juihbrium 
under the action ot the external forces, whieh term embraies the 
a[)phetl loads and the nac lions of iTie supfiorts , {/>) any portion of 
the beam lying between two .sectit)ns is in 
eiiuihbrmm under the a< lion ol 'any exU'rnal 
Ibrees a|)[)hed to th.it jioilion, togelhei with 
the sties;jes commiinK.ited aeioss the sei lions 
from the odu r parts of the lieani. 

Pure, bending occurs when the following 
conditions ar^ com[)hed with, {a) d'liere 
must be no resultant push cTf [Hill along the 
beam due to the ac lioivjf the external forc es , 
this condition will be realised in the case 
of a horizontal beam c.^rrying vertical loa^ls 
and so supported that the reactions are 
vertical* (/^) 'I’lie external force? must be aK 
applied in the [ilane in which tlie beam bends. 

, . Ill 1 • ■ iif'- i6o. — UrTNymmetrual nnd 

In connection witli the hitler condition, it sjinmetrK ,.! uit^lt' '•*-< Uun-.. 




132 


MATERIALS AND STRUCTURES 


may be explained here that it does n<a follow necessarily that a 
beam carrying vertierd loads will bend in a veilical plane. Side or 
horizontal bending as well as \ertical bending will occm if the beam 
section be not symmetrical about a vertical line passing through the 



Ki(, i6i -K\ unpics of synimctiic il nii<! iinsj minciiii il sr< tiotis 


centre of an^a of tin* sedion. for exanijile, the angle section shown 
in log. i6o(/i') IS not symmetiical about the virtie.il al>, and hence; 
puie bending « aniuA occur with veitaal loads. If the angle be 
situate'd as in f'lg. i6o(/-), symmetiy about ah is setmed, and pure 
bending will oce iii, lc. the beam when loaded vertically will bend in 

the \eitical jilane, of which ah 
Is llu“ tiaee logs. f6i (er), (/') 
and (c) show' other e\am[)l('S of 
symmetrual see tions. An un- 
symmetrie'al bulb angle and Z 
bar are shown in Figs. 161 [d) 
.ind (c). Pure bending alone 
will be eeaisidered. 

Nature of the stresses in a 
beam. In piactie'e, the ptoblem 
whie-h has to be' seibeel first is 
generally that of fineling the re- 
ae'tions eif the suiiports for given 
loaeling In sinqile case's of pure 
be-nding, in whie h the beatn rests 
on twe> supports, but is not fixed, 
the solution may be obtained by 
the moth' els given in Chaps. III. 
and IV. We now pre)ceed to examine the stresses in the mateiial of 
a loaded beam. 'The nature of these may be vinderstood by considera- 
tion of the beam shown in Fig. 162 («), w'hich carries a single load W, 
and is supported at its ends. Supposing a number of saw' ci..s to be 
made in the le>w'er jiortion of the beam (Fig. 162 {b ) ), it is evident that 
these will tend to open out on the beam being loaded. Had the saw 
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A 





p 

B 

Q 


'^)ie4if iii;^ ti mil 111 ) III >i lo.ided 


cuts been jiiade in the upper portion (log 162 (<)), it is t l('ar that these 
woiihl tend to dose on loading tiu' beam. We .ire theiefore jiistrlied 
iiV rone hiding that longitudinal filires situated in the lower poition’ 
of this beam .ire iindir pull, while 
th;)se l.ing 111^!^' upj>u portion an* 
under push. , 

/\g.iin, It will T>e e\id(nt lh.it il a 
\erti( .il ^ ( tionW r. be i.iki n ( I'lg H>3), 
there is a ten(ki^< \ loi the It ll-h.uid 
poilion to slide upwaids and loi the 
light h.^nd poition to slide dow nw.iids, 

iiulu .iting th.it tlu'K' must b(‘ slie.u stiesses a< ling on the sec lion. 

Bending moment and .shearing force. I.et the beam shown in 
I'lg 1(14 (r/) be (lit .It any se< tion .\ 11, and < onsuKi thejuoblem of 
re.sloMtion to eijiiilibiium ol the lell hand poi tion ( h ig ih^{A)). In 
general, the extern.d lorees will not be in (tjuilibimm unaided, heiu'e 
stresses will b(‘ reijuiK'd at tlu* sei lion All. Wh.ile\(‘i may be the 
magnitudes and dina tions ol these slri'sses, they m.iy be lesobed into 
com[)onents along .ind peipendu ul.ir to All, and their lesultant 
Ion es X, .ind .S subsliluled foi the 
a< lual sin sscs, 'The piobleiu may 
now be s(tl\ed by ajiplii .ilion of ihi; 
e<|u.uions (p t) j), denoting hoti/ontal 
and \eili(.il Tones by the sullixes x 
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.Smc(‘ 

then* are 

P 




X and 

V ac ting 


. . . 

(-^) 

(.i) 

n es other than 
; the biam, it 

Imo i 6 i ^Bending momoit .tikI sIic innR follows from e(|ualion ( 1 ) that these are 
^ eijii.il, .md heiH'e they form a couple, 

Kquation (2) shows that the algebrau sum of the forces |)arallel to 
AB must be zero, and Uau e .S must be e(jual to the algebraic sum of 
the evternal fbn es ajiphed t(^ the [lortion of the beam under con- 
sideration. S is called^ f he shearing force, ^and will produce shear 
Stress distributed in soim.* manniT ovt'r tlie siation A 11 . 

ddie ^'leaning of equation (^) may 1)0 •ascertained by taking 
moments about any axis m the sec.tion AB, the axis being perpendi- 
cular to the [)lane of bending and indu ated by () m Fig. 164 (/-). 'Fhe 
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second term clearly refers to the resultant moment of the external 
forces ap[)lied to the** portion of the beam considered (notu'c b has 
no moment about this axis) ; the first term refers to the moment of 
the couple produced by the eijual forces X and V. 'I'he eijuation 
shows that these moments must be eijual, d’he resultant moment of 
the external forces is termed the bending morngnt, and the moment of 
the coujilft is termed the moment of resistance, 

Eijuation {3) may thus be read ; 

liending moment at AH moment of resisUen’c at AH. 

. It will be evident, sinix; the forces X, V and S are coinmiinii’ated 
as stresses from the rif^ht-hand portion to the lelt hand [)ortiop of the 
beam, and heiK'e are mutual int(Ta<'tions, that their \'alues would be 
unaltered had the calculation been performed by ( onsulerinj^^ the 
right-haiuU, portion of the beam instead of the left-hand ])ortion. 
Hence the bending moment and shearing fori'e at any section may 
be calculated from the loads and reactions applied to c'ither portion of 
the l)eam. If the calculations be made for both portions the results 
should agree*, thus affording a ehcM'k on the accuracy of the \vork. 

Rules for bending moment and shearing force. I ho bc'udmg 
moment at any section of a beam means the lendenc'y to rotate either 
t)ortion of the beam about that section, and is calculated by taking 



Fic.. 16s — PoMtive .ind nfg.'itive bending. Kk, i 66 - PoMlixe .-ind negitue shear. 

the algebraic sum of the moments about the sc'c tion of all the foices 
acting either on one or other poition of the beam. „ 

'I'he shearing force at any section of a beam nieat^S the tendency 
of one portion of the beam to slide bn the other portion, and is 
calculated by taking the algebraic sum oi'^ all the forces acting 
either on one or other portion of the beam. 

It is usual to ('all bending moments posilkye when the tendency is 
to cause the beam to become convex downwards, as in Fig. 165 (a). 
Fig. 165 (/^) shows a ciise of negafive bending moment. Aihearing 
forces are denoted as positive if the tendency to slide is that shown 
in Fig. 166 (cz), and negative if that in Fig. 166 (/^). 




MoMKxrs and siiEAUiNc'romKs 
Bendmg.moment and shearingforce diagrams. Such ,l,;,f;rams 

^ l>> l.'M .al. Uhl,,,. il„. ,1,, 

. , . i.,riiiK loKus at a siiHi,.|<.ni iiumln.r „| s,., iious i,| ,1,,. ..ivun 

!>«»„. A l,„r,/„n,al .h,,,,,. li,,,, is cl, os.,, ol 

jeprcsc, 
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Fig. 167.— HcmiiMi; mDincnt niul shearing furie lii.igr.nns for a Ivtam rarryiri;' a 
* tiiiifuiiuly (lislribuii ,1 liuil 

off as ordinates, above or 1h4o\v the datum line aeeordm^ as tla-y are 
positive or negative. ^'!‘he ends of the ordinates being joined l)y 
straight lines, or a curve depending on the cin umstances, the result 
gives com[)lete rejiresenValions of the bending moments and shearing 
forces throughout the Beam. 

Exakplf,. a be<am of 20-feet s*pan is supposed at its ends and carries 
a uniformly distributed load of i ton per foot length (Fig. 167(^7)). Draw 
bcndiijg-momcnt and shcaring-force diagrams. 
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To do this, first calculate the l^eniing moments and shearing forces at 
sections 2 feet apart throughout the length of the beam. The reaction of 
each support will l)c ro tons. Sample calculations arc given below for tb? 
section 6 feet from the left-hand suppoit, togetlicr with a complete table 
of the results from which the diagrams in Fig. 167 (<) and (rf) liave been 
plotted. As the loading is continuous, it is evident that both the bending 
moment and sheaimg force vary continuously; li^nce .ic/ther diagrarn. 
shows any bieak or sudden t hangc m diiection. 

For section 6 (Fig. 167 (A)), 

lleiKlmg moment -(iox6)-(6 x 3) 

■ f)0- 18 

--.|j ton feet, positive. 

She.iimg foKC-io -6 

-t Ions, positive 




lU n<liii^ inoini iii, 

lofi r. <•■ 

sli< ,11 Ml” fon 1 , 

S,.M,.n 

III lullll.^ llliinKMl, 
ton f< < t 

.Sl;i .MM);; Con t 
tons 

0 

0 

-f 10 

10 

-bSo 

0 

2 

4 -i.S 

-1-8 

12 

+ 48 


4 

. 3 - 

+ 6 i 

1 1 

4 42 

“4 

6 

+ 42 

H -4 i 

16 

) 3 ^ 

- 6 

cS 

b 4 ^ 

-1-2 1 

18 

-1- 1 8 

-8 

10 

+ 50 

0 i 

20 

0 

-10 


I )i.igtains ol hcmling nioiiK'iU aiul slu\u ing Ton e for foiii iinpoitaiU 
cases aic given in Fig. 16S. 'Fhese c.ises aie of constant (xturreiu'e 
in practice, anti should he worked out in(h‘pendcntly by the stutlent. 

Shearing force at a concentrated load. Any tlidit ult)’ wIik h may 
0(Hur in dealing with .he sheaimg forte at a coiKentraled load will 
disappear if it is remembered that iheie is newer any tase of 
a load being coneenlratt'd on a geometiical jioint, or line. 'I'hi.s 
aiises from tlie fact tliat such would [uodiu'c an infinitely great strcs.s, 
the area being zero. All loads aie distributed really over a small 
jioilion of the length ot the beam. In Fig 169 (tr), a load W' is 
show'n resting on a ht'am, and it may h, coinenienl for some pur- 
poses, such as the calculation of the n'at turns, to speak of it as 
concenlr.ited at it.s centre of gravity C ; actually it is distnhuted over 
a shoit length Dl'i of the beam. 'I'he slu'ai^ing force at any section 
lying between A and 1 ) will be jiositivc and eipial to P; for any 
section betw'een B and the shear. ng force will be negati,\p and 
equal to (^. For sections lying betwet'n D and K, the shearing force 
w'ill he -h P at 1 ), and will gradually diminish to zero, then will 



f 


ENDING MOMENTS AND SHEARING VoKCl-S 


EI7 


change sign to negative, and will il\^rca'^o numerically (o - Q at K. 
The secyon at which zero shearing force occurs may be determined 
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Fk,. i68,-- Hcmling moment and shearing force diagrams for fotir ini|)<)i l.int lases. 


from the consideiation that the portion of \\ lying to the lell ol the 
section nrast be e(|ual to E. 'I hus . 


l>xAH - WxCH, 




(-) 


Ali 

Ix-t F Ijc ihe sec ion of zero shear, tlien 

UF.l’ DICiW; 



' • 

I)E 

DP CH 
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We infer from this result, 111.11*1110 section of zero shear divides the 



load into segments \'«^ch are 
inversely jiroportional to the 
segments into which the centre 
of gravity of the load divides 
the beam- 'Fhe 'shearirtg-forec 
diagram for this case is shown 
in Fig. i6<) {/>)). 

In solving ])rol)lcms of this 
character, it is usually sufticient 
to state the shcaiing forces on 
each side of the load given 


Ki(, She.Tri/iK force at a loafi. ,,, - oiitrated. 


Lx.\Mri.i;|,,,.l)r;i(^, bciKling-monicnt and slicaring-force diagrams 




Fn, 170.— Bending moment and shearing force diagrams Tor a loaded beam. 
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-- ^ - 
Sections 2-rect inter\;ils 1 k»\l* been < lioscn, and the < ,il< iilalions liavc 
l>een made* in each case by consiilennj^ the lefi-banfl poition. C'hx k\M«<e 
iiKWients h.'uc been considered as positue and anti ( I«m kwi-.e as ne^alive, • 
llius the piopci si^n for the results of the bendin^-inoment (altii- 

iations. hoi('esa(tin^ upw.iids h.i\e lu'cn t.iken as positise and down- 
waifl forces as nej^alivef j^ivinj^ the piopei si^n loi the sluannj^-fou e 
results. ’I'hc ( ah'u^ations aie |^i\en in the table, and the dia^i.uns ha\e 
been plotted lioin th(‘ lesiihs .is shown in h 1^ 170(A) and ^r). 'Two 
results arc ^i\en foi the she.uiii)^^ four .it tlie 6 led .ind the 12 fed 
sections ; the iirst*is th.it iininedi-itely to the left of the section, the 
second is that just to the n^^ht of the seition. 'I'he she.iiiirn Iokc .it 

16 feet fioin V is tliat unnuHli.itely to the lelt of tlie 5-lon load. 

• 
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Graphical methods of obtaining the bending-moment diagram I n 

Fig. 1 71 (d) IS shown a beam carrying two loads W, and W.,. 'I'he 
reactions of the suppoits I’ and () h.ave been determined by means 
of the fevee polygon shown in Fig. i7i(/d, and tlie link l)oI)'gon, 
Fig. 171 (e), as has been e\|)lained on ji. 70. It will hapjien u.sually 
that tlm closing link af' o( the link jiolygon is not horizontal, and it is 
convenient for^inr jiresent purpose that it should be so. 'I’o obtain 
this result, the pole O of the^force pol)gon in hig. 171 (A) ha.s been 
moved vertically to O' i«i the horizontal line through A. A new link 
polygon (Fig. 171 (d)) is then drawn, having its sidi's parallel to the 
dotted lines radiating fron.’^O' in log. 1 7 1 (A); r/A' will now be horizontal. 

The triangles a'ed' and O'AIl are similar ; hence 

^vJab 

a'e “ O'A 

/e- X O'A - A13 X zrV (i) 


or 
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Now AH H'presents the reaction P, hence Ali xa'e represents the 
moment of P about the section at \V,, i.e. rej)rrsents the bending 
moment at \Vj. 'Therefore the ordinate (fe of the link polygon, when 
mulliphed l)y the hon/.ontal j)olar distance O'A, gives the bending 
moment at W'j 

In the same way, from the similar triangles I'/h' and DAO' \ve may 
show thai i'f X O'A reprt^scaits tia; bending momenPat 'I'luaefore, 
tlu; link j)olygon a Jib' is the bending-moment di.igian for the 
whole beam. 

'To obtain the s('ale of th(‘ diagram, it will be noted that both d’e 
and AH m (i) above' should lx* measured to tlu* se .de ol' fore (' used 
in drawing tin' loice* diagram, h'lg. i‘j\{b), also, both a'e and O'A 



should be measuK'd to the s('ale of length used m drawing the beam 
in Fig. 17 I (a). Let these; scales be /» tons per inch height of 1 ) 1 » in 
Fig 17 I (b) and / feet ])er me h length in Fig. 17 i {a). 'I'hen, if any 
ordinate v of I'hg. 171 (e/) be measured in inches, and |f O'A be 
nasisuied also in iiadies, the bending moment at the sec tion ot the 
beam veitually above v will be given by 

Mj V . O' A . />/ ton feet. ^ ...., (2) 

Another useful giaphic'al method of obtaining the beiulmg-moment 
diagram is illustrated in Figs. 172 (a) and A base line OA is 

selected of length ecpial to that of the beam. Choosing a convenient 
scale of moments, AH is set off eijual to D!.. and is divided at by 
setting olV His ccpial to remainder Is A of HA will 

evidently be eijual to iV/z., as is sl^own by the eijuation of fioments 
about the right hand su[iport, vi/. : 

PL-\\Vz, + Wyz, 


...(I) 
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Join Oli cuttiiiL^ the vc'rtiral thnniuh W’, in ( ' . join entimg W , 
prodiK^^d In K, join FA. 'Then ()('F.\ is the iH-ndiiij; inonient 
diagram lor the eomplete beam 



^i‘ive AP. r, 

OA 

All 

OA"''’ 

Now A P X L and {) \ F, la nei' 

J’l ^ A ’ 

that is, I’j represents the moiiK'nt of P about tin; section of the btsam 
vertically o\er Vj : heiK e ()(d) is the bendini; moment diaf^iam (or 
the porty)n of the l^eam I) mj; between P and W’, In the same way, 
it may be sho\yi that f, represtaits the moment ol \\\ aliout the 
section vertieally over v .^ ; r., rPjireseiits the moment of P about tlu,* 
same section, and has th^ opposite sij^n to that of W, , hence ( r., - i'^) 
is the bendinij; moment for this sei'tion. .Similarly { y^ ~yb~ )\) 
•bending moment for the section vertually over i., 

In appl\ing either ot^ these graphical methods to the case of 
distiibuti^l loads, these loads mav'^ be ('ut up •into portions of short 
length and the weight of each (onrentrated at its centre of grasity. 
d'he res,ult will give a nearly erjuivalcnt s)steni of concentrated loads. 
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Bending of a beam. Suppose; we ha\e a beam cousisiing of a 
niim])er of platiks of eeiual lengths laid one on the other, and sup- 
ported at the ends. A load \V, applied at the centre of the span, 'will 
cause all the planks to bend in a similar fashion, and, as their lengths 
will remain ecjual, the planks will overlap at the ends as shown 
(Eig. 173 (a ) ). Strapping the planks firmly together will prevent this 



Fic;. i73(<i) — Pl.inkbeaau Fic.. plank bv.im. 


occurring, and the beam will now bend as a whole, the ends of the 
planks remaining m one plane (Fig. 173 (/») ). The u[)pcr planks have 
become shorter and the lower [ilanks longer ; hence, one intermediate 
plank will be unaltered m length. Assuming the middle plank to 
remain the same length as at lirst, it is cle.ir that all planks above 
the middle must have become short(‘r, and all below’ the middle, 
longer than at first. It will also be evident that the change of 
length, and ('onsc(|uently the longitudinal strain, of any i)lank will 
de[)end on its distance above or below the middle, being greater as 
the distaiK’e is increased. 

For ordinal y practical beams, it is assumed that no section is 
warped when loads are applied ; thus tiansverse sections which were 
plane in the unloaded beam remain plane when the loads are applied. 
W'hile this assumption is justified on ai)peal to e\[)eiiment, it must be 
^ ^ noted that it is no longer true if the 

beam has been loaded exressnely 
that the elastic limit of the 
material has been exceeded. 

Some important definitions. In 
Fig. 174 is shown a {)ortion of an 
unloaded beam. \VT have seen already that thi^re will be one 
longitudinal section which will not su\fer change of length when the 
beam is loaded ; let NL represent this section, which is called the 
neutral lamina. Any plane transverse section, such as Alt or CD, 
wall intersect the neutral lamina in a straight line, which is shown by * 
NA in the cross .section ; this line is called the neutral axis of the 
.section. ‘ 

Longitudinal strains. In Fig. 175 (a) is showui a portion of a bent 
beam. T'wo adjacent and oiiginally parallel sections AB {^nd Cl) 
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have l^een altered in position hy the iTeiiding to A'li' and t 'D’. ah 
is an>^lon5itudinal fibre parallel to the neutral 4anuna NL, and has 
be«i changed in length from al> to ah\ the change Ining one of • 
shortening if ah lies on the concave side of NLand ul extension if 
ah Hes on the con\e\ side. 'The ac tual c hange oi length is made up 
of the two pi<'ce.s aa and hh' . It is clear liom the geometry of the 
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figure that the comhmeal length of these,* piec'es will be projKirtional 
to the distance of ah itom NL ; thus 

(c7e/' + /V/)-(AA' t Ea: KA. 

'fhe strain of ah will be given by 

Strain of ah . 

ah 


Strain of A( ' - 


A.\' + C(: 
AC 


Now all fibres lying betvvec*n Ab ancl Cd) were originally of ecpial 
lengths, vi/. henc'e llu'ir strains are |)ro[)ortional simply to their 
changes in length, and lu*nc e to tin* clist<inc*es of the fibre's from NI.. 
We may therefcjre write, taking r and m to be the distances respec- 
tively of ah and A(’ from NI>: 

Strain of ah . strain of A( ,' - y • w, 
strain of any fibre 
c]istam-oofr,l,rc:frornNI, ’ “ 


Longitudinal stresses, (’hanges of length of any fibre must have 
been brought about by Icjngitffdinal stressc-s of push or pull, depend- 
ing upon whether shortc^iing or extension has Ix en produced, 'i'hus 
ah' in Fig. i 75 (cr) must be untler Icmgitudinal push , any fibre lying 
on the convex side of Nl^will be under longitudinal pull. Assuming 
the elastic limit not to be exc-eeded, these stresses will be proportional 
to the grains. Hence, from wHiat has bee» .said above regarding 
the strains, the longitudinal s^’-ess on any fibre will be [)roportional 
to its 4istanc'e from N]>. 
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Let /=- longitudmal stress on (Fig. i75,(/^))j 

P ^ ' 

Then f\p-T?r.y\ ' 

/ P 

or - a constant. 

m Y 

The student will observe that fibres under longitudinal push stress 
not only 'shorten, but also expand lateially, while th.jse under pull 
stress contract latiT.illy. 'I'he ordinary theory of beams assiimes that 
such latcjal rhang(‘s take place freely, the justiiication being that 
calculations based on the ordinary tlu'ory agree 
V(‘ry closely with expel imeiital u-sults 'J'he effect 
ol the lateral changes on the sei'tion of a beam biait 
convex dowinvaids w'ill be undeistood by lelenaK'c 
to h'lg. 176, in w'hich the lateral coiUnu tions of the 
low'<'r fibies and the lateral expansions of those 
Fk;. 176 -Antiriastic above the neutral lamina have the effect shown of 
causing the cross section ap[)aiently to be bent 
convex u[)waids, in the opposite sensi* to that of the length of tlie 
beam. 'The tninsxerse curvature is called antdclastic, and may be 
obseived very well if a riiblxa beam be ex()erimented u{)on. The 
interference of anticlastic bending with the ordinary tlu'ory of Learns 
will be most marked with a very broad beam of little depth, a stri[)of 
cloc'k s[)ring, for ('xampke 

Moment of resistance. Knowing the nature of the distiibution of 
the stresses over the cross section, we may now proceed to find an 
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1 
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(a) B (b) 

Fic. 177. —Moment of resist.'ince of a beam. ( 


expression for the moment of resistance. Referring to Fig. 177, 
showing a part side elevation and section oY a loaded 1)eam under 
pure bending, let a be the cross-sectional area of any fibre. 

Stress on a = /. 

Now p:f-^y\m\ 


P 


-’7 


c) 
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Fok'o otj, (1 ~ /*<i 


'rh<j force on any other hl)^ wcniUl be obtaineil in a similar 
manner, and, as these forees will be both push and pull wlu'it taken 
over the w hole'* seelion, we may obtain the resultrint loiee by 
summing' al ,'ebufteallv '1 luis • * 

• Resultant loiei' on seetion - ^ (/y 


lai'tor I'f/r simply nu .ins the moment ol aiea ol the whol(‘ 
section about N.\, and, .is in |)uie lu ndini; theie is no resultant 
Ibice aloiif^ th(' length ol the* lx am, we m.iy (‘(piate e<iualion (^t) 

to /CIO. Now ^ w ill not be /(‘lo , heiiei' 


'This l.ittc I result < .in only bi' true provided N.\, tbe a\is about 
whieh moments ot .iie.i are to be taken, p.isses thiou^h the c'entre 
of area ol the section .ind is peipendic ular to the pl.uu* ol bending. 
Hence, we h.ivc' .i su’ plc lule lor the position ol tee neiitial axis of 
any seetion. 'I'he methods ol finding the centres cd |..;.v\,'y ‘'thin 
sheets, dis( listed in ('haptei III., mav be apjilied. 

Again, taking mome nts about N.\, and using ecjuation ( 2 ) lor the 
fejiea* on a, v\e h.ivc* 

■Moment cd the fon e on n ^ ay y. )’ 


A similar expression would give the monii nt ol the foiee on any 
other fibre, and it will be notic'ed that all sueh moments will li.ive tht‘ 
same sign indc-pendc-nt ot that of r, as tlu* v h.is bee n s(|uatc'd in each 
case. 1'lie total moment may bi* obt. lined by summation, thus: 


'I'otal moment of rc'sislanee; 


In this ri'sult, may be* termed the second moment of area ol tfie 
section, thus distinguishing it fnan the first inoment, whic h would be 
Th(“ name moment*of inertia is ap[)lic(i more* ceimmonly to 
arising on acc'ount of its similarjty to the e^pussion usc-el in cal- 
culating the moment of inertia ol a thin |)lale. 


D.M. 



I'lie moments of inertia of many simple sections may be calculated 
easily by application of the methods of the integral calculus. Rolled 
sections are dealt with I'nore (‘asily by a graphical process, \s',,ich will 
be explained later. Wanting K,v for the moment of inertia of the 
section with leferetice to the neutral axis, and making use o( what has 
been said on p. we have 

Re nding monu'nt - moment of resistance, 



'I'his ex[)ression may be applied by first calculating th(3 bending 
moment at the given sec tion of the beam. It is useful to c hoose ;// 
ts the greatest ordinate of the .section, using NA as a datut?i line, 
when/ w'hich is the stress on the fibre at a distance m from NA, will 
be the maximum value of the stress on the sec tion. An c'\am[)le will 
render the method clear. 

Example. A beam of i2-fce( s|)an c an les <i unifonnly clisti ibutccl 
load of o 5 ton per foot lun, togethei 
with a lo.icl of 2 tons at 3 feca fiom 
one end (Fig 178). (uven that the 
moment of mciti.i of tlie icc.tangulai 
section IS 180 in inch units, liiul the 
gieatest stress on the section at the 
,73. middle of the span, which is 10 inches 

deep. 

To find the leactions, t.ike moments about R (f'lg 178) : 
dotal disliibuted load =6 tons. 

Px I2-(6 x6)-P(2 Xc;)- 54 , 

V ^^- 4-5 tons. 

As a check, take moments about A . 

()x 1 2 ^ (6 x 6) + ( 2 X 3 W 42, 

Q 3 5 

R f Q "-4’5 + 3*5 

- 8 tons total load. 

Now find the bcinding moment at C, llftis 

iMc-(Rx6)-(2X3')-(3X3) 

= 27-^-6- c ; 

- 12 ton-feet 
= 144 ton inches. 

Me -(Qx 6) -(3x3) 

= 2 1 - () 

- 12 ton-feet, as before. 



Or 
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Again, taking ni 5 niLhcs, wc l)a\c 


t44 ^ , • iho, 

5 

S X 144 

^ I So 

4 ton^ pcM sijuaie inrln 


III solving liciin problems it advisable to take all diinensions for 
bending inoinenls .ind resisting moiiu nts in iiu lies. 

Modulus of a beam section. I'lu- modulus ol a beam sec tion 
ma\ T)e defined as tlu* (luantil) b\ whiih die stiess intensity at unit 
disiam e from tlu‘ neuti.d axis must be imiltipliid in order to give 
the moment of lesistance ot the smIioii. 'r.ikmg the eijuation, 


.Moment ol lesl^tane(‘ ^ 



let V be unit) , and let /’, be the* stiess i orirsponding to this value of v. 
1 .Moiiu nt of lesistaiH'e /iU-a 

P l^U’ 

wheie /| IS a modulus of tlie sec lion. 

Anothei modulus may ice obtained by making use of the maximnin 
.Stress foiin of the eciu.ition loi tlui strength of a beam, vi/. 

Moment of resistance - Is * 
m 

Msa 


whc'ie Z is the modulus ol the section, and is lound from 

Z 

in 

'The latter is the mon; iiselul foiin of modulus in piactice; its 
valuodifhis luimeiically Irom that ol Z,. It will be noted that only 
sec'tions vvhinh arc; symmetiical above and below the neutral axis 
will have ecpial values of m and / lor tension and c om|)ression. 
Sucdi sec tions have ciifv.* \aliu.* only for the* modulus, all others liaving 
two values, one c orrc‘s[)onding to the maximum tensile stress, the 
other to the maximum, ?omj)n‘ssion stress.. 

Let fi maximum tensile stress, 

nit distanc e ?)f ft frean the neutral axis, 

= maximum c'ompressive stress, 
di.stanee oi f from the neutral axis. 
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Then, since llie bending moment M at any section ecjuals tlie 
moment of resistance at that section, we may write ’ 

M = 1 

ntt 

where Zt-lyjffit is the tension modulus. 

Also, 


Ina 


where Zc“Ina/wc is the compression modulus. 
These lesults may be writUui 

. .M 

M 


I 


y.c' 


from which it may be inferred that the giviai sah.* stresses in tension 
and ('omiiression respectively must not be exceeded by the \aliu‘s 
obtained by dividing the bending moment at any section by the 
tension or compression modulus of the section. 

Graphical method of finding the neutral axis and moment of 
inertia of a section. Advantage is taken of tlu' fad that the neutral 



he strip will be {(il> . ^v) and its moment of area about OX \m 11 be 


Moment of area of strip -a/f.^y.y (0 



ix^smox OF TIIK M:rTJ<AL AMS 




TVi'Uv id parallel to OX through- th(‘ hij^hest on the ; 

^draw lU and hd parallel to ()\' .ind join ^ and dO, cutting ixb \\\ e 
and / resj)e('tively. 'I'hen, from similar triangles, we lta\e 

.d 


r 

f/ 

iih 

Substituting in ( i ) gives 

Moment of .ire.i ol stop 


li 

i- ’ 

}[ 

\ 

\[ 

y 

11 
)■ 

('/ . O'. 1 1. 


(^) 


if O' _v 


(,!) 

Now {cf O’) is the area ol the strij) <;/ . hen< e, i( the whole section 
were cut into strips sik h .is r/A, and the (onstimtion lepeated for 
laih ship, th(' total moment of aiea would be given by the .sum of 
the areas ot the redm ed stiip^ siu h as c/ multiplied by the constant 
f.u toi II. In jirai'liie, a few breadths only are t.iken ; the reducial 
breadth foi each is fouiul b) apjilieation of the above ( onsirui lion, 
and a lair curve is drawn ihiough the ends '1 he area inclosed by 
this c'lirve when multiplied by II will give: the moment ol are.i about 
().\ of the given figure* Now the moment of area may also be 
found by taking the product of the are.i c)| the* given figure .ind the 
distanc:e cif its c'entre of are.i fiom OX. 

l.et Aj - the are.a c)f the; givcai figure, in scju.irc* me lies 

A, - the .'irea of the rc'diic ed figure, in scpiaie me lies, 
j' --^th(‘ distanee of the e eiUie* of aiea from OX, in inches. 

H - the height e^f the figure, in inches. 

Then A, t’-- A.,II, Y 


y- 




( 4 ) 


Fig. i8o •jh()w% the aj^j^li- 
cation of this method to a T 
see;tie)n. 'The area .T, of the 
section and the shaded area 
A, of the reduced fig’jn; were 
found 1))’ use ol a pl.inimeler. 
d'he ntulral a\is NA is dr.ivvn* 
parallel to OX and at a dis- 
tance from it. 




* ~i 






Pio loo. — NcuImI axii, of .1 T section. 
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c 

Referring again to Fig. 179, drawri,' and fh parallel to OV, and join 
^’"0 and //(), cutting ah in m and n respectively. d'hen,<< fiom 
simftar triangles : }{ 

mil V ’ 

cf 1 1 

or , . , • . 

mil V 

‘ ■ / H x 

■ ■ (5) 

Now, froii) the definition, 

Io\ of strip a/> HUM of stiipxy- 
(i/> . er . ] ' 

- (horn (2), ]) 149) 

-II .e/.y. r 

H . , , 

1 1 . mil . . er v (110111 (5) aoo\e) 

^ mil er II" (6) 

Again, (mii . <F') is the aiea of tlu' strip iiiii , hence the tijtal inomeiil 
of inertia may he obtained by muUqilying the sum of tlu' aieas of all 

siu'li strips by the ('onsiaiU 
factor II- ( 'hoose a number 
of stiips and repe.il the (on- 
stuK'tion on e.u h, thus finding 
a number of points siu'h as 
m and ii. 1 )ra\\ ,i fair (air\e 
through them, \\hen its an-a 
Ap multiplied by Hv\illgi\e 
th(* totiil moment of inertia. 

d'he moment of inertia of 
the same T section is worked 
out 111 h'lg. 181. Greater 
accuracy is secured by using the neiitial axis instead of OX in 
Fig. 180, thus producing two reduced figures, one fo' the original 
area above NA and another for that beldw NA. 

Let 

A3 - shaded area of reduced figiiie alxne NA, in sejuarc inches. 
A3" -shaded area of reyiced figure below NA, in srpiare ini'hes. 

Hj = height above NA, in uk lies. 

H., = height below NA, in inches *' 

Then, 

I'otal moment of inertia about NA - A3'H“j + Ag'Tl-,. ...^...(7) 



Fig. 181.— Moiiienl of iiieiti.i .nboiit NA of.i Tsection 
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Radius of gyration. The radius of gyration of a section may be 
defined thus : Let be such a quantity that the product of the area A 
of the section and k- is cfiual to the moment of inertia of the section 
with reference to a given axis ; tlms : 

I = AX-’. 


Then k is called the radius of gyration of the section with refe ence 
to the stated axis. 'Lhe scpiare of its value may be found in any given 
case by first ascertaining the moment of inertia and then dividing by 
the area of the section. T'here are many cases where the use of k m 
preference to I is ad^antageous in the working of prolilems. 

Some commonly occurimg sections and their properties are given 
in the 'Fable, p 15 1. No fillets or tapers have been taken into aia ount 
in the tabulated results, which will therefore be of servi('e in obtaining 
aiiproximate solutions only in ihv case of ordinary practical sections. 

A rule, by use of which may be (ah ulated the moment ot inertia 
about an axis OX jiarallel to aiKHher axis CX passing through the 
centre of area, is e\i)rcsscd in the ecpiation 

Tex - lex + A(/’, 


where A is the area of the section and d is the distaiu'e between the 
parallel axes. 

Proportional laws for the strength of beams. Suppose we have 
two beams of rectangular sections, both supported at the' ends and 
cnr^Ying central loads, but of differing dimcn.sions, the following 
e(|uations will hold for the sections at the' middle of the span : 


^ 4 


A I, 


/, 


6 ’ 


In the same way. 


Hence 


2 //vV 

3 In ■ 

2 

3 Ic ■ 

\\\ y>/dL,' 


W’ 




If the beams are made of the same material, the safe stress will 
be equal to and we may write 

W,_X,c/,-’L, 

Measuring the strengths of the beams by the central loads which they 
can carry safely, we may state this result as follows : The strengths of 



BEAMS OF I SI-XTION 




Yearns of rectangular sections and of tiu' same' niatcTial au‘ piojSor- 
* tional to tlioir 1)readths, to the scjuaies of their depths, and are' 
inversely pioportional te) their lengths 
• Proportional la^\s for beams e)f other see lions may be oblaine el in 
a similar manner. 'I'hus the* stnaigths o| solui eiieaflar sce-tions 
are prejpejrlidnal to the' eiibe-s e)l the- eliamete-rs, and aie m\e‘ise‘ly 
prope^rlional to the lengths. 

Approximate calculation for beams of I section, riu' following 
simple method is ofteai used .inel has suflie lent aeeiiiaey lor many 


practiT'al purpose's, log 182 
shows the section and part 
side ele\ation of a lolleal 
beam of I section. 'I he 
approximate moment of re'- 
sistance is obtained b\ con- 
sidering the', maximum stre-ss 
intensity / due to bending 




tf) be (lisliibuted unilormly '7 

ove'r the ilanges only, the' 


web being ne'gle('t(‘d excepting lor its lesistanee to shearing I he^ 
width of each flange being h and the- thie kni'ss /, the total sltess P 
on eac h flange; will be obtained by taking the jiiodia t ol / and the 


llange area. 

'Phils : V-Jl'I. 

Assuming e.'a( h feire'c 1 ’ to art as thougli e onea ntrale el at the eentn' 
of aiexi of the llange* (Fig. 1S2 [h)), and that the' elist.me e* be tween the 
e:e;ntres is d, the mejment of the coujile- forme-d by P, P, will guc the 
moment of resistance. 'Phus • 

Moment of resistanc e Vd 
. //>fd. 

'Phis method' may be used with fair results lor rolled ^e.-e tions, and is 
used more extensively for built-up girders. 'Po obtain the area of 
flange required at any section m such girders, the* bending moment 
at the section is first calculated. Let this be M , the;n 
M =fhtd 

= fdyi area of flange ; 

.'. area of flange ^ 

In order to secure the most economical results in ljuilt-uf) girders, 
f shoulc’ be constant thruuglioul the girder. 'Phis result may be 
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obtiiined by citlicr of two m(jtbo(ls : (a) d may be made proportiona’ 
to M, in whi( h case the area of the flange will be uniform throughout 
the length ; (/») d may be constant and also the breadth b of the 
flanges ; in this case the thic kness of the flafigcs is increased by 
using two <^r more plates n^eted together and ('x^ending along a 
portion of the length of the girder, more plates being ir. ed where the 
bending moment is greatest. 

It may be shown that, in beams of I section, the distribution of 
slu'ar stress is j)ra( trc'ally uniform over the web, hence, if S is the 
shc'aring foicc* in tons and A,„is the aiea of the web in s(juare riches, 
then 

vSlu'anng stress ^(j --- ' tons per scjuare iik h. 

“ ‘ 1,1 

Beams of uniform strength. A beam is said to have unilorm 
strength when tlie ma\unum stiess intensity is the same lor all 
cross sec tions ( ’oiisidcTing the c^iiiMtion 

M ^ 1 , 
m 


f M 


r 


m and 1 depend on the dmuaisuHis .md shape' of the section, and if 
these aie c'onstant throughout the' beam, the only condition under 
which umform m.i\mium slrc'ss intensity /A\ ill occut is that M must 
be C'onstant. I'liiloim bending momc'iit may bc‘ piodiued in a jior- 
lion of a Ix^am b\ the appiicMtion ol couplc-s for ex.imple, if E 
and W be e(|ual iii the c'arnage a\Ic' shown on p. i8(i, then the 
bending momc'nt throughout CD will be e([ual to the moment of 
the c'ouple W x HD, .md hc'iice will be' c'onstant. 

More usually M is ncU constant, m which case* uniform /may be 

obtained by varying the section in such a manner that ]\I is 
constant. ^ 


Exampi.k 1. In Eig. 183, let .AH be ,i c'anlilcxei carrying a lo.id W at 
H Supposing that the cantilever has a rectangular section of uniform 
depth / what must he the piofilc in the plan in order that uniform 
strength m;iy be obt.uncd? 
ir 

Hcic . , 


bd'^ 


m 6 
I ""a?"-’' 
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Again, tlie bending moment at any sfdion distant i liom li i6 

• For uniform sticnglh, M a tonstant ; 

u » - a ( onstant, 

\ 

or a constant; 

0 

/' i X a c oilplant 

The leciuiied piofilc m the i>lan will tliciefoic be* tiiaiigulai 0 >K 



I'l., I „ o, 


]'A\M1’II-, 2 Supposing in l-!\ami)lc i tli.it the* bu'.idili had been 
nniloim, and that it is ir(|nii('d to tind llu* piolih* m the elc cation (oi 
unifoim sliLMiglh. As bcfoic, wc h.i\c 1 1 ig iSj) 

CO 

\\ r . , , , .1 ( onsiant . 

r 

,, .iconsianf, 

{i~ 

(i- i X .1 ( onst.int, • 
or \! \ X .1 ( onst.int 

lleiite the piofilc is p.iiabolh' (Fig 1H4) 

I'AXMl’LE 3. Suppose m l-'\.implc i lh.it the load is nnifoimly dis- 
tributed and th.it the Inc.idth is uniform 
Find the piofilc in the elcc.ition for 
strength (Fig. 183) • 

M r - ; 

hence Aa'i'-’- A,^a constant, 
bd- « 

or ^ a constant ; 

= r X a constant. ' 

The ptjofile in the elecation is tlicrcfore triangular (Fig. 185). 
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Otlicr cases the student may work out easily for himself. It should 
be noted that, for practical reasons, the profile is often modifed 

.somewh.it from that given by 
^ G ^ ^ ^ calculation. 

\ : ) DistTibutjon of the shearing 

7 / stress over a beam section. 

£ ‘ A’) and (T) aie 

. / two (TOSS sections of a loaded 

/ I uniform beam, separated by a 

B D small dist.ince (St. Let the 

S shearing force at All he S and 

Kk..,?,.. -S.,.ssf,KU,e.,luolol,a,dm8 l'-‘ ■"'f' 

ing moments at AH and CD 
respe('tiv(!lv ; also, let M., be greater than M,. W'h.Uever may be the 
numerical value of the bending moment at AH, that at (d) will he 
gr(‘ater hy an amount capial to the moment of S about any point on 
Cl). Hence, m _Ar 


'I'his result will not he affca'ted hy any load which the beam may he 
('arrying on AC, as the distaiue (S\ is suj)i)osed to he taken of too 
small a value to permit either the magnitude of the load, or its arm 
in taking moments about any point on (H), to attain an ap[)reciable 
value, d'he reader is here reminded again that all loads must be 
d'stributed over a definite area , hence no ('oiuentrated load can be 
ajiplied to A(\ 

Owing to the bending moments M, and M,, there will Ix' jiush 
stresses /j and /, at A and C resjtec tively. Let LL h(‘ a poition of 
the neutral layer and let m he the distance ISA or hC ; then 


I, 

* m 

(-’) 



( 3 ) 


As I and m ha\e the same value for both sections, and since is 
greater than Mj,/, will be greater than /. d'he stress figures will be 
Al'X) and CLH for the portions of the sections AL and CF respec- 
tively. It is clear that there will be a resultant force acting on CF 
which will be greater than that acting on A Is ; heiae the net tendency 
will be to push the block AFFC towards the left. Thi. block is 
shown separately in Fig. 187 in order that the ([uestion of restoring its 
ctiuilihrium may be examined. 



DISTRIBUTIOX OF SHFAK STKFS^? 


When tlie hkx'k forms a part of tlTe l)eam ii is clear that tlie only 
pkme whAe liori/ontal sUcsscs may he aj)pliefl in ordei io halaiu'e 
the resultants F, and is tlie hoii/»)ntal section Id-' Let (^) he 
the total force prtxlueed hy tlu's(* siu-ssc's . then, lor eijuilihnum, 



l''l(. 187 - r iiiuliliimin .if llif r A I' I' C' In.. U''' Ci.iss <•< (i.m itie M.>. k, 

'To find the ^al^l(■s o( V, and , let <i he a small poition ol da; 
sestional aiea ol AF (I’l^ i.SS) siiu.iltd at a dist.iiu c )' liom the 
maitiul axis and let /> he the stiess on d . du-n 

;// r’ 


Also. h'oree on a pa ’ La 

ni ' 

A,.; 

m ' 

tot.il lon e on .A f'. -c/r, 

)n 

or F, '^'AV, . ... (5) 

^\here A is the an a ol the jioitiou of the se< tion lyinj; above the 
neutial axis, and \ is the dislaia e ol its (cnln* ol an a lioiii tlu,* 
neutral axis. A? willTx* the mt)ment ol ana about da* neutial axis 
of that {xxtion ol the- setjion l>in^^ above the la utral axis. In the 
same way ; 



F., ^A\V. 

“ ;// 

(0 

Hence, 

i'j 


’ • 

Asf'-A 

\ m ?n / 

(7) 
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Now, from (2) and (3), 


and 

m l' 


Substitution of these in 

(7) gives 






AY 

•' (s) 

Hence, fiom (1), 

( ) -- ^ ^ X S . (U 

(9) 


Let b be the l)readlh of the section at NA (Fig. 188) ; then the aiea 
of tile hoM/ontal section over wliic'h is distributed is (<Xx x b)\ henc(‘, 
from (9), ^ 0 

Shear stress on , 


'I'his expiession gives the intensity of shearing stress along the 
neutial layer , it also gives the shearing stiess at points on the vestu'al 
sections AH and Cl) (Fig. 186) lying on the neutial axis, d'his may 
be understood by considering the thin rectangular block 
(Fig. 187); if there is a shear stress q on its lower lace, theie must 
be ecpial shear stresses on all its faces [lerpendiculai ♦<) the 
|)a[)er (p. 126). 

U\' (Fig. 189) is another horizontal section of the block AFl't.. 
T'he shearing stiess on this section arises from the fact that the stress 

figuie ('HX\' for (A' has a 

Q ^ £ ^ greater volume than the stress 

V \bi figuie AGWLMor AU. 'Fhe 

\ I determination ot the intensity 
£ f N A of shear stress on this section, 

K„..,S,,-Sl..a,M,cs«.sa,UamlV. P"""" 

' and V on the vertical sta tions, 
IS proceeded with in the same manner as has been detailed above. 
AY in etiualion (5) will now mean the moment of area about the 
neutral axis of that nortion of the seooon which lies above XJV. 
b will be the breadth at U and V, and the final result will be 

^ SAY r . . 

’ 

w^hcrc I, as before, is the moment of inertia of the whole section. 



DISTRIIU'TIOX OF SHFAK STKFS.S i S() 

. _ „ 

'I he student will ()hser\e that if there is no \!lnatu)n in the bending 
ntonient, t.e. if M is constant, latweTn tNvo sections of a beam, theie 
( im be n# shearing lon e aiVI hcia t' no slu'ar '^less on the sc'ctions. 

^KxVMi'ir \ Ix Miii luis a ie«taugul.ii sei tion 4 iiu lu's hio.id .md 
12 inehes deep, and has a she.mnp lone ol fKxx) lb (l i^ n/)), I-'uul the 



- 1 )ist I iliut i< III of sh< ir I 


< I iii^;iil ir M ( tioii 


shcaiing slice's at llu' neuti.il .i\is .md .it nili i\aK of 4 im hes fioin the 
iieuti.d axis 


4 X I 2 X K! X 1 2 
I 2 


vb iiH h units. 


At the neutral .ixis, 

A 6x4 24 s(|u.iie UK lies, 

y 3 m< hes, 
bAV 
4 'i /,| 

f'XXXJ X 24 X ^ 

4 X 57 b 

I ^7'5 Ih pel s(|u.iie incli. 
At 2 inches fioin the neuti.d axis, 

A 4x4 lb scpiaie )ii< lies, 
y 4 iiK hes, 

X lb y 4 

4 X 57h 
tbb 7 j)(‘( -,(|U.lie IIK h 

At 4 Indies fnan the ik iiti.n .i\is, 

* A*' 2x4 8*sc|u.in‘ inches, 

Y 5 IIK hes, 

() 6 oo X S X 5 




</i 


4 X 57h 


" 1 04 lb. |)er scjii.iic inclv 
At 6 inches fiom the neutral axis, 

9 A o ; 

• ■ o. 
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rhcse values have !)een used in constructing the diagram BCD 
(Eig. 190), the lion/ontal breadths winch show the shearing stress at 
any point of the section. The diagram is paiabolic in outline. Fig. 191 
shows the diagram of shear stress distribution for an I section. The 


B 



(|uantitH's ie(iuiieil foi diaumg it may be < ah ulated 1)\ the ^.imc method. 
The I esult 1 1(1 1< ate^ the jiistiht .Uion ol ignoi ing the llanges ,iiul assuming 
that the w('b sujiplu's the whole of the sheaiing lesislame 1)\ means of a 
uniloim sluMi sIk'ss fp. 1 51). 


EXlsRClSES ()\ ( llAB'l h.K \'ll. 

1 . A beam 20-feet span, suppoited at its ends, ( an u's a load of 4 tons 
at the ( eniie, anolhei of (> tons at 4 teiU fiom oiu' end, and .1 thud load of 

2 toil'’ at b (eet tiom llu> other end CaWihite the bending moiiKiits and 
shcaiiiig foi((‘s at each load, .ind diau the diagiams ol bending moiiumt 
and shea: mg too e 

2 . A beam AB, 16 feet long, o'sts on a supjioit at A and on another 

support at C', ” hudi is fou» feet liom B 1 he beam (allies a imifoimly 
distiibuled load 0-5 ton j)er fool lun, tog('thei with .1 load ol 4 tons at 
6 feet liom A and anothei of two tons at ( ( ah ulate tlu' bending 

moments and she.omg loo es at mt('i\als ol 2 feel, and diaw di,igiams 
of bending moment a/id sheaimg foo e 

3 . A beam AB, icoh'et span, sup[)oited at its (mds, (aiiies a distii- 
buted load which \aiie‘' imiloimK fiom kx-* lb. jxa im h lun at ;V to 
2(30 lb |)ei im h iun.it B !■ md tlu' bending moments and sheaimg foo ('s 
at mt(‘i\alsof 2 feet, and diaw d-agianis ol bcmdmg moment .md slieai mg 
foice. 

4 . Making use of .1 giaplmal method, diaw the Ixndmg-mpment 
diagiam loi the beam gi\cn m Oueslion l Sl.itigiiu dv. (le.uh. 

5 . Diaw the bending moment diagi.im foi the be.im given m 
Question 2, using a giaplncal method (ii\e t’'e scah' of \oui diagi.im. 

6. hind by cah illation thi' neuti.il axis of a T section 4 V im hes bioad, 
5 inches dee]), metal k im h ilm k. N(‘glect ;'ny fillets 

7 . A (ast non beam has an I section, m whuh the top flange is 

3 inches bioad, the bi'ltom flange is 7 nu hes bio.id and tlu* depth is 
10 inches o\ei .ill. 'I'lie inet.il has a nmfoiin thukness of 075 im h. 
Neglect fillets and ( alcul.ile the position of the neutial axis. 



rxr.RCTsis on cmvijii-r vn k.i 

Dia^i iIk* station in ()lu■^^u>n (\ it woiiKl In* m.uli' in 

'fii.icTuc. 1' mil the- lu utMl .i\is ami inoincm of iiu^tia, usiim a uiai)hual 
;n(;^li(Kl 

9 . Answer Question 7 in tlu* niannei in 

he neuti.il a\i^ the nutnunU of ineitia. 

^ 1«. A (iinhet he.ti • of fet tan^ulai '^e* tion, ^ im lies hio.ni 1 )\' »; im hes 
cep by 12 fi a sp.in,^ ( ,11 1 les a iinifoi inK thsiiil)iit(‘(I 1 nul tin- load 

the stri'ss due to lit ndin^ is hnut< d t<> .px) lb. p< 1 sipiau' im h • 

I 11 , A steel 1) II, M ( tion J im In s In i nu h, m 20 feet lonj.;, and is 
^toied in a i a* k in which the I wo siippoi ts .ue ( .n h | feet lioin (he i ml of 
ihe bai. 1 iml tlu' sii< ss due to lx mlni)^ o/' ,it th(‘ inuidh' of (h<' leiij^th of 
tih(' bai , i /u at the siippoi (s Suppose the b. 11 to 1 >«' ic'stini; on il s c cQe, w h.il 
uould IxMhese sii ( sses lake the wei;Ji( of the inatenal (o be o 2.S lb 
p<‘r ( ubn *im h 

i 12. A beam of I smtion 10 im lies deep, inches wide, llm kness of 
l^in^c's im h, t h K k m ^s of w (“b im h, h.i'i .1 sp.m of 13 fc c t and 1 c'st s on 
liie sup|X)its If .1 lo.ul of 2 tons is caiiicd .if the cciitie, find th(‘ 
ipa\mium stiess due to bending {,r b\ .111 appi oMiiiale imtflod,'/^) by 
fdsi c ah ukilnij,; (he nioiiieiU of meida Assuming tin- slu-aiinj^ foice (o 
Ixj ( .III led b\ the w eb .iml (o lx- di".ti ibnted niiifoi inl \ , find the she.ii s(i (‘ss 
('ll the w( 1) Nri^Iei l the wei^^hl of the beam 

13 . i\ pijx' 2 I im In'S mtei n.il di.imetei is c onsli m ted of mild steel plate 

J im h tlm k, .iml is lull of w.itt 1 , the < mis .oc c lose d bv bkiiik ll.m^i's 
If tin' pipe IS sujipoited .it its <-nds, fmd tin iii.ixiiinim span if the stiess 
due to bending is not to exc eed 5 tons pc'i s(|u.ue iin h I ak(‘ the- wc i^hl 

of steel to be o 2(S lb pel ( ubn im h .md of w.it<‘i to be (>.i 5 lb pet c ubii 

foot 

14 . A timbei be.im of lec t.iiij;ul,u sec tion, siippoited ,tt its c mis, c allies 

a umfoimls distiibuted lo.id, and has been made to .1 ceit.iin diauiii),;. 
Anothei timbei beam h.is been ni.nh' to the s.ime diawiiij^ by ^imply 
.dtei iii},^ the sc .de, so th.it sp.m, bi(‘.idth .iml depth .11 e ( .n h multiplied by 

a const.int kn tor ;/ .Sup|x)sc- both lx. mis to be able to ( .11 ry tin* same 

ni.iximiim stiess due to bemhii}^, wh.it will be the latio of the imifotmly 
distributed lo.uls whn h m.iy be .ijiplied 

15 . A east-lion b.ir of lec t.m^ul.ii section is used ,is .1 be.im of 3 feet 
sp.m, sLippoi ted <it the ends, .iml ( .11 1 les .1 c enti.d lo.ul of ^exxj lb '1 he 
Stress due to bendinj; is not to exceed 1-5 tons |)ei scpi.iie inch. I he bar 
IS to h.i\e umfoim strength or; Di.iw the jnotile m tin- elev.ition if the 
breaeith is unifoim .iml ecju.d to i 5 inches (/>) .Su|)pose the depth to be 
uniform .pid ecju.d to 3 me lies, di.iw the jnofih- m the jikm. 

16 . '1 .ike the^kit.i of (,)uestion ni, .md find the in.iximum sheaiing 

stiess in the be, mi • • 

17 . A be.im of I section, 10 im lies deep, 5 inches Y 

wide, met.d ^ ineii thick,* h. is .1 m.iximum she, 11 stiess y --!- 4 *-y 
at a certain section of i ton jx;r scpiaie inch Find the 
shear stress at jikices i, 2,<g, 4 .and 47 inches ficini the 
neutt;.ij axis. Idot a shc.ir stress di.igr.mi • 

18 . ^ How' IS the sec tion-nnxlulus ynd radius of j^i.itnin 

of a scc'tifin of a b.ir cibt.imed, .mcl how is this .ipplied 
x'hcn asceitammg the stiength of .1 be.mi F.ilculate 
the sec'tion-inodulus and r.idius of j^yration of the sc-c tion i 

yi\en Ilf Fi^. i(;2 about the axis YV (I ( K ) 



Fic.. 
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19 , A AB, 25 feet long, cariies three loads of 6, i i„and 7 to^ 

respectively, placed ai distances of 7, 16 and 21 feet fiom the ena A. 
Find the reactions at either end and the bending nioinent at the centre. 

(l.C.E.) 

20. F'lg. 193 represents a station roof, the centre pillars being 25 feet 
apart. The dead load can be taken as evenly distr'buted over the r'^Kif 



Fir, 103 


and of magnitude 15 lb. pei sipiaie foot of piojected plan area. The 
wind pressuie is to be taken as sliown. Find the in.ignilude and diicf tion 
of the resultant foice on the loof, and give the bending moment at the base 
of the pillar. (L.U.) 



ciiai‘T1‘:r VI II. 

DKM.KCIION OK HKAMS. 

Curve assumed by a loaded beam. An) Ix am wht n ln;i 
bend, il llu' noiilr.il lamina is stiaight, as seen in tin\ali(m in tin' 
unloaded beam, il will assume some »ui\r wIku llu* toads aie 
aj){di«*d ; an) milial cur\alme (;l the neutial lamina will lx* alien'd 



Fui, ic )^, — Curve of .i l>e.Tin supporteil .a ciuK and l(.udcd .«! niidille. 


to a new curvature on applying the loads. A useful way of stud)ing 
the ('ur\es of a lo.uled beam is to ( mploy a thin steel knitting 
needle ; this may be laid on a sheet of (hawing paper and “loaded” 
by means of dr.iwing pins jmshed into the board. I'lgs. Kyt *9^^ 
show .some eur\es [irodueed m this way. 

I'Aaminmg Fig. h/), whuh repnsents the <mve of a (antile\er 
carrying a load at its tree end, and taking two [loints I* and I*, l)mg 



close together, two norimds drawn from 1’ and I’j will intersect in 
O.^It IS evident that a short piece FFj of th*e curve could be drawn 
as a circiilar arc struck from () a(^ centre with •radius OF. If F and 
F, are taken very close together, O is called the centre of curvature for 
the curve at F, and OF=-R is called the radius of curvature. It cjxn 
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l)u seen readily in Fig. 196 that the radii of curvature for [)oints neat 
A are smaller than for others near B. In fact, as we shalh see 



Fig. 196. —Curve of c.intilever Innded at the free end. 


presently, the radius of curvature at any place is inverst'ly proportional 
to the bending moment at that i)lace. 

Curvature is a teim used by mathematician.s to exi^ress the rate of 
change of diiection of a curve. Referring to Fig. 197, and taking 
points R and R, lying close together, () will be the centre of curvature 
P) and R=-()R. Draw tangents RT' and 


is along R'l', and that at R, is along !Y 1 \ ; 
the change of direction between R and 1 \ 
will be the angle a in the figure. It will 
be evident that the angle RjOR is etpial 
to a, and stating its value in radians. 

RR^ 

a -- - 



The rate of cliange of direction may be expres.sed by dividing the 
change in direction by the distance Ri*i along the curve in which the 
change is effected ; hence 

Curvature rate of change of direction ^ 

' R X I'P, 


I 

^R’ 



rruv A I TKL Ob HKAMS 


(li.iwiii;; ii tan^enl PT, llu' 


('^r\.Uiir^ al a gi\cji pnnit may lIuTclorc 1 h' statial as Inang llu* 
reci[)nKal <>l tlu' radius of tunaluiu. llu* iinils lor cui Nature will 
heVlian^c ot dirtcliou in radians pei loot, or |)(“r null, K n^th ol the 
cur\u a( cordnii; as K is in led « i iiu lies. 

U will lu' undeist^^od that, lor ordinary iH.uris wliuli are straight 
when iinload<‘d, the j.idius «>l ( ur- 

\alure al an\ pin e when the x ^ 

beam is lo;Td(‘d will b(' \ei\ large d ^ '• ^ B 

and that the ('ur\atui(‘ will he 
Ncry small ^ 

big. shows again the <'ur\e ® 

1 K.. j'/’ s|,,p, iml it« flti iton of i 1 ,iiililr\rr. 

Ah ot a loaded (antilever. 

'Taking any point P on the (ui\e and drawing a tangent P'T, tlu* 
angle / whuh P'T makes with the original diK'etion AH, is called 
the slope at P : / should he stated in radians. P is at a distanc'e y 
below .\P), and 1 ’ is callcal the deflection at P. Tor our purpose's it 
IS sultic lent to be able to slate K, / .uul i' lor any point. 

Curvature of a beam T'lg i<)() shows a portion of a loaded beam. 
'Pw’o c ross sections o<eu[)}ing c)Mginally tlu^ positions AH and ('D 
ha\e been strained to A H' and (''D'. 
fP Assuming ih.il they he c lose* together, tlu' 

<■', point ol interseelion () will be the (eiitie 

ol cuiv.iture for the portion PI' of the 
'1' lU'Uti.il lamina. Hiseeting PT' in M and 

I j t joining ()M cutting A(1 in K, wc* have 

! 1 similar triangles ()\1 P and ICA A'. Hence, 

I I I Using a similar melhocj to that on ji. 143 , 

MO PA’ 


R R tfo 

Fie i9<7 — Cur\'aturt of .1 Kl 


AA' I 
A R 7/7 


o < xo A A' 
blrain eg .\ K » • 

» R 


strain of Aiv’ 


strain of A K 
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Substituting in (i), we have 


* =/ ^ 
R E ' nt 

I 

?n E’ 

/ r 


Substituting in (2) gives r ^ ^3) 

We see therefore that llie eurvature at any place on the neutral 
lamina is pioportional to the bending moment and inversely pro- 
portional to the moment of incatia of the section at that place. 

Mathematical expressions for the slope and curvature of a curve, 
such as that shown in Eig. 198, are : 


dv means the change in deflection as we pass along the beam by 
a small amount dx. For curves which are very flat, and hence for 
all beams, eejuation (5) simplifies by the denominator becoming 
unity; thus ' , 



d-v _ Mau ! . 

Hence, from (3) and (6), \V 

Slo})CS and deflections may be calculated from (7) by first evaluat- 
ing the bending moment ; integration of bc^h sides will then give 
the slope; further integration of both sides will gi\e the deflection. 
The method is rather complicated, excepting in cases where the 
conditions of loading and supporting are simple. 

The following examples of an easier method are given as leading 
to a graphical solutiqn which is simple in its application. It will be 
assumed that the bending is pure and that the beam is of uniform 
section unless the contrary be stated ; the latter assumption is made 
in order that Ka may be constant throughout the length of tlie beam. 



DEFLl'XTIOX OF CANTILFVFKS 


*67 ^ 

Cantilever having a load at the fre* end. I n I'ig. 200 (n) is sho\\ n 
a ^ntilevSr of Ictiglh L ami of uniform cross sj'ction, so that is 
constant. \\'c may consalci for a moment that the whole of the 
material is perfectly rij^ul, evrej^tui}^^ the jMirtion lying lietwi'cn the two 
adjacent trans\erse parallel sections AH and ( 'IX Supposing a load \V 
to*be applied to the fie<^ end (Fig. 200 (/-)), defle( turn of this end will 



take pla('(' by reason of the strains m tlu* portion AHDF. A 1 C and 
(yi''' will reni.iin straight as at fust, hut (‘'k' will now' he iin liiual at 
an angl(3 / to its original (losition. (''O', the new position of CD, 
will he still perpendicular to (C'F', so that the angle made- hy (C'l)' 
with Its original position ('!> will also he e(jual to / la.a the iledcc- 
tion of I*' umh'r these conditions he and let Nl’ he a poilion of 
the neutral lamina. As holh 0 and / will he ex( c'edingly small in 
any [irattiial beam, we may write 


i -- radians, 


(') 

d'he sliain of A(\ produced hy a tcaisiK^ stress / indm ed hy the 


bending moment Mj;, will he CA'J divided hy A(’; heiK e we have 

('('/ 

AC 




AC 
^ CC' 


(2) 


Again, from the general expression for thr* strength of a beam 
(p. 146) we have, noting that /is the stress intensity at a distance 
CP from the neutral plane, ^ 



MATERIALS AND STRUCTURES 


j. 


Substitution in (2) gives 


W.r AC* 


Hence, from (t), 


Cl’ WA 

^c("‘ 1 

I \Vx.(S.T. 
/ ' 1 ^ 




Had any other portion been taken similar in j)roj)crties to AHCd), 
we should have obtained a similar expression for tlic deflection due 
to Its strains. Hence the total deflection A of F will be obtained by 
integrating (5) between the limits a:^o and L. 

A ~ I x-. (ix 

I'A Jo 


The slope at the end F may be obtained by integrating result 
(4), W’hieh gives the slope produced by the strains of the small [lortion 
ABDC of the cantilever. 


Cantilever having a distributed load. The case of a uniform 
cantilever having a uniformly distributed load 7V per unit length 
may be worked out in a similai manner, the Mily diiference being 
that 

iM r - ^ . 

Inserting this value in place of W.r in (4)^and (5) gives 

m 



DEFLI'CTION OF BEAMS 


1?MJ 


Integrating (9) to obtain A, wr lui\c^ 


^'2K.1 



rrld 

tsKF 


(10) 

The slope at the free end mav be 

obtained lioiii (S). 


' ^KlJ 



ad/-’ 

6KI- 


(«') 


Beam having a load at the middle 'Vhc results mm (.l)i. lined 
en<ible the ease oi a unilorni Ihmiu simpb suppoittd at its e nds to 
be solved easily by (onsidenng the beam as a double antile\>’r 
held fixed at the middle of the s|)an and delle* ted upN\aids by tlu' 
reaetions at each end (T'ig. 201). It is exidiait that the di-llei tion 



Fir. 2ot - Deflection of a smiplj •Mipporlcd Ihmiu t:irr>inn .» (tiilr.il lo.id 


of C below Ali will be eijual to the elevation of A and H .ibove llu‘ 
horizontal line through (' wlien th(‘ beam is loaded lleiue, using 
the result obtained in (6) above, we have, by writing !\\’ for W and 



WlA 

pSKI- 


(12) 


d'he slope at^hc enils may be obtained similaily fiom t;). 
. *>\V. (•!.)- 


W I,- 
i6i:i' 


^'3) 


Beam paving a uniformly distributed load. S h 1 s ( ase ( Kig. 2 o 2 (a ) ) 

may be regarded also as a double cantilever fixial at the middle of 
the span. The loading will consist of a downward load VeL on 
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each half span together with %. concentrated upward load of {wh at 
each free end. d'h(i solution may be derived from the re.*ult.s alrf^ady 
obtained by use of the axiom that the resultant deflection and slope 
of a beam under a combined system of loads will be the algebraic 
sum of those produced by each load taken separately. 

4 • 

^ per unit length 0 


^ ‘V L- 


id) 





t lu 202, — I>cflcction of a simply-supported beam carrying a uniformly distributed load. 

In Fig, 202 {/>) the cfTct't of the distributed load may be examined. 
Let be the downward deflection of the ends, when we have, by 
substitution in (to), 

A, 


'‘8Er 

7v\} 

"i 28 Fr 


,, .(m) 


E"ig. 202 (c) shows the effect of the reactions considered alone in 
producing an u[)ward deflection A^. From (6) we have 

e I.)-’ 

' ■ 3i:i 

7V]* , . 

“'48K1 , 

The resultant upw'ard deflection Afat the supports, and hence the 
dowuiward deflection at the middle of the «{)an under the proposed 
loading, will be A = A - A 


%8Eir 


^2^ 


5 . 

'3^4 


7 cTA 

El 


>y.. 


,(. 6 ) 



DEFLECTION OF DEAMS 




in) 


pue to distributed load there will he a downwartl slo[)e at the 
supports the value of which, /j, may be obtaincfl from (i i). 

.pSKI- • 

The in:)Avard reactions will prodiK'e an upward slope /^, obtained 

Oic'i 

7 fd;^ 

i()i:r ■■ 

Combining these results, we have for the sloj)e/,„ 


• ('M 

, at the suiiporls : 


(19) 


A.mx -C-b 

7fdy^ 7cld 

“ if)EI ~4Sh:i 

-i-Jd,' 

Graphical solution. The method of obtaining the slope and 
deflection at the free end ofa uniform ( antiliwer, employed on p. 167, 
may be extended m such a manner as to enable tlu' slope and 
defiecTion in more complicated cases to be found graphii ally. 

Referring to Fig. 203(^7), the slope /' caused by a poition A(d)Ii 
being clastic, w'hile the remainder of the cantilever is supj)oS(‘d to 
be rigid, is eiiual to the angle ('F( 7 , and will be given by 
CC C( 

' o;i’ "" m 

Now CC' divided by AC is the stiain of AC caused by the stress /; 
hence, , f 

AC 


radian. .. 


(•) 


r CC--(^.AC 

E ■ ■■ 

Substituting this value in (i)'gives 


(2) 


(3) 
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Again, from tlic general e\[)res.sion foi the strength a be^ani, 
we have * y 




• In 


or 


^ N'A 


Inserhng this in (3) gives 


r 





»( 4 ) 


(5) 


Let the diagram IlKL (Eig. 



Fio 203 —Graphical nirthcHl of dciludncj slope 
and dcIlccdoM 


203 (//)) he the bending moment 
diagram for (he ('antifever. It 
will be clear that the product 
is the area of the shaded 
stri[) of the diagram. Ibmc'e 
wc may say that the change of 
slojie i (irodueial by the elastic 
bending of tlie portion l)c‘t\veen 
Al> and Cl) is given by the 
area of the strip of the bending- 
moment diagram lying under 
lU) multiplied by the ('onstant 

pv- . Consider now the w'hole 
LIwa 

cantilever to be elastic, tluui, 
the slope at E being zero, it 
follow's that the slope at AI> will 
be the sum of the aieas f)f all 
stri()s between and QR 

multi[)lied by - -, or 


Slope at Al> Ch IIC^^L x (6) 

In cases where the bending moment diagram has a simple outline, 
it may lie [)ossible to calculate the leipiired rrtV'a, otherw is(! it will be 
necessary to use a planimeter. If the area has been tound in Sfjuare 
inches, the result should be corrected by multiplying by the scale in 
inch-tons per inch used in setting out the ordinates such as QR, and 
by further multiplying by the sade in inches per inch used in setting 
out the abscissae such as I IQ ; E should be taken in tons per square 
inch, and in inch units. 
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HK (li\i(lc(l al a ('oiucnii iu nuinI)L i of lutiiUs, tlu- slopi* at 

t'acft [)()int niiiy he loiind hy the al)()\c im tluKl .fnd a diani.uii diawii 
shgwing the slope at all paits of llu' t.iiUili\er hv nuaJis o| plotiiiiL; 
the results and diaum^ a fair ihrouLth them jo’^(O) 

Again, referting to Fig. 20\{<i), li-t via* the delle< lion at .1 ])(«int S, 
distant c from C, owing to llu* elasticity ol A('l)ll. '1 Ik 11 
V 


Now', / is gi\en hy tlit* aiea of the sliaded stiip in the I'l iuling 
moment diagram multi[)]u‘d hy ' ; h< ik e, 

)’ . ^ X ari'a of sha(U (I sliip X 

'Fhat is to sa)', the inclement r of the total ddliction at S (aiiscd 
hy the elasticity of A('l)h is gnen hy the monu-nl .d>oul S of the 

shaded slii[) of the' hcnding moment diagi.im imilliplu'd hy j, j ' • 

'Fo obtain the total dell<*< tion o at S, wr must the k loie c \aliiale the' 
moment of aiea of IFIA I. about ' 1 ' (f'lg 20 },{/<)) and miil(ipl)' the 

result hy * paying legard to iIkj scales m the maniKi alu'ady 
FdsA 

noted. Isepeating thc^ same o|)ei.ilion in order to obtain tlu* dellee- 
tion at sevc-ral sc'Ctions, dat.i will lie obtained fiom which the 
deflection curve (f’lg. 203 (c/)) ma) he drawn. 

Some applications of the graphical method, laking again the 
case ol a uniform cantilevc'r c arrying a load at*its lic'e end ([>. ih7)» 
and referring to Fig, 204, we have 
M, \Vx, 

slope at V- /). area ('FC;i) X 

W,(\VL f \Vx)(L-.i)j'j 

(0 

Tlic maximum slope will he at 11, and ma)'.lK: ohlaiiiial hy writing 


( 2 ) 
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To obtain the deflection at 1 *, we have 

8p = moment about F of area CFGD x 



(moment of ('FHD - moment of 

, - {wr.(I. - .V) ( 1 - : - (\VL - \\'.v) .! (L - a) (I, - .r) ] 

V 2 6 jKI 

_W( (L-af (L-af( . 

Kir J ■ 

'I'he maximum deflection will occur at R, and may be obtained by 
writing .v , o. 


\vi;‘ 

31^:1 


(4) 


'I'he case of a uniform beam simply suppoitt'd at both ends and 
carrying a central load may be worked out in a similar manner, and 
is left as an exerciser for the student. 




Fk; 205 —Graphical ^elhod applied to a 
^ tantil%vtr ui)ifoMnl> loaded 


A uniform oajitilever carrying a uniformly distributed load zu per unit 
length may be worked out easily so far as its maximum slope 
and deflection are concerned. 'The bending-moment diagram is 
imrabolic (Fig 205), and it may be noted that its area is one-third of 
the area of the circumscribing rectangle, />. one-third of GI) multi- 
plied by CE, and that its centre of area G is distant horizontally 
three-quarters of CE from E. 
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Hvnce, 


Also, 


/ji area CIU) x 

7r»L‘- 1> 1 

2 

' 6Kr ■ 

An nioim nt alxuii 1-'. of area CEO x ^ ^ 
7eE" E .1 I 

-• ,i t 1:1 

7 /' I 

8 1:1 


(5) 


(<') 


In the ease of a uniform beam supported at both ends, and carrying: 
a uniformly distributed load (Eig. 206 ), the beiKlmg moment diagiain 



is also parabolic. The iiiaximuin bcnding-nionient oeeiirs at the 
middle of tlie span, and is given by 

KK 

The slopes at A and 11 will be e<|ual, and may be found by apply- 
ing the rule to the area KEE, noting that the slope at the middle 
will be zero. • ^ 

• I 

A = /'b = area K F It x 

* I 

= - area of circum.scribing rectangle x 

3 • 

2 7^E^ L I 

= 3-^-^EI 

_ 7//L^ 

“ 24 FI' 


(7) 



17^> ' MATERIALS AND STRUCTURES 

Noting that the centre of area (i of KF 1 [ is at a hori/oiyal distij,nce 
JFE from F, we have, reckoning the deflection of A or E upwards 
frofn tlie middle, 


- A„ moment of area KFE about E x 

2 7 tf].- E 5 Iv I 

3 8 282 El 

_ 5 rrT.'* 

“3^4 ' El 


( 8 ) 


Encastr^ beams. ^Ve may now examine the c'ase of a uniform 
beam which is fixed rigidly at both ends by being built into walls or by 
some other method (Fig. 207 {<1)). In such cases it may be assumed 

that the sections at A and b, which 
are in the plane of the; wall before 
loading, remain m th(i same plane 
after loading ; henc'e the slopes at 
A and B will be /.ero. Jn older 
that this may be the ('ase it is 
necessary that the means used 
for fixing the (muIs should a{)[)ly 
restraining bending moments at A 
and I). W’e may obtain a fair idea 
ol the conditions by examining 
the beam shown in Fig. 207 (/^). 
Here the bending moments at A 
and B, applied by the loads 
on the overhanging ends, have the 
effect of kee[)ing vertical the sections at A and B. Hence, in the 
beam shown in Fig. 207 (a), the w'alls must supply the bending 
moments at A and B, w hich in Fig. 207 {/>) are gi\en by the loads \\\. 

The curve of the bent beam will resemble Fig. 207 (c), and will be 
convex downwards between two points K and N, and convex up- 
wards between I) and K and also between Iv and N. 4 'his comes 
about from the fact that the resultant curvd is produced from two 
component curves, one (Fig. 208 (r/)) caused by the action of W 
lending to jrroduce a curve wholly corn ex downwards, and the other 
(Fig. 208 (/’)), caused by the action of the bending moments and My 
(which are obviously erjual and are transmitted uniformly throughout 
the length of the beam), tending to produce a curve which is wholly 
convex uiiwards. The resultant bending moment at any sectic n may 



iiudcllc 
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l)e obuiiiK-J by taking the algebraic sum ui' tla^se momciits lor that 
section 

i'lg :o«>(r/)giN(s th(' bending iiioincnt diagiam lor a Ihmiii simply 
sii]>{K)ttcd and (arr\mg a tcnti.d load W. Its radinatcs gi\c‘ the 



positiNc bending moments at any s(‘<tion of the beam undei ion 
sidtaalioii due to \\ alone h'lg 209 (A) shous the unilorm negative 
bemding moments due to the lixmg ol the ends 'I'liese diagrams 
may be ('ombined iis shown m log 2 10 (n), win n the shaded juations, 
winch show the algebiaic sum ol the (ompomnt diagiams, will give 
the resultant b(‘nding moments lot the lx am 

'The maximum bending moment due to W' alone is repiesenteil by 


cJi in h'lg 2io(fi/, and is ol value 


W [. 
4 


'To obtain the Viiliies ol and M,j, 
reiireseiUed 1)\ ad and /'C, we have the 
consideration that the slopi s at 1) and lx 
(see Fig. 207(e)) aie /i 10. lit nee the 
aieas of the bending moment diagi.im 
adj imd /( ni {V\'^. 2io(n) must be e(|ual, 
l)e('aijse the slope at the (inlie is given 
by llu ir algi'braie sum, and this must 
be /CTO lor /cut slopt‘ for .1 smiihir 
reason the aieas y///g and ;'<7miie equal, *"• mt i>nM!uiu moninit 

^ ^ ' ’ <li.»nrimfwi 111 ciK.-fSiri. l)t,mi. 

hence it is easily seen tiom the figuie 

tliat tlu‘ triangular area must be erjual to the ledangular aiea 
adt'//. d'hus, fim must be (uie half of //e, giving 

m M,. '.'A'-- 



WI. 
8 ■ 


(0 


It wilt also be obvious fitaii Fig. 210(a) that the [loints /and 
n.M. M, 
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where the resultant bending moments are of zero value,, must lt« at 
one-(iuai ter span. 

T'he deflection upwards of V. above F (Fig. 207 (c)) may be obtained 
by taking the algebraic sum of the moments about e of the areas 
zwi,'' and (Fig. 210 (A)), and dividing the resclt by El. T'his will 
give the central deflection A of the beam. 

A -(moment of area moment of area^’^/^) 

(/\VI. I E 5IA ^ ' 

^\V8"'2 4‘ .2; V‘8 ■ 2 4* i2;J EI 


An encaatr^ beam of uniform section carrying a uniformly distributed load 
(Fig. 2 [ 1 (f/)) '^'orked out in a similar manner. 'The jiarabolic 

curve 211 (A)) re- 

W per unit length 3^ 

\c ..J 


presents the bending moment 
diagram for a be.un simply sup- 
posed at the ends and carrying 
7i> per unit length. T'he maxi- 
mum bending moment will 
occur at the middle of the span, 

7 (>\ j“ 

and is rejiresented by i/r-^ ^ • 

T'he rectangle aM represents 
the uniform bending moment 
due to the fixiiiif in the walls 


c: 


(a) 


<• - - L 



(b) 


■TT 

I 

l.i. 


h h 

.\n encastrt beam uinfoimly loaded. 


T'he shaded area gmes the resultant bending moment diagram. 

H(‘ie, as in the last ('ase, there is zero slope at A, C and b ; hence 
the areas adf/iffi, and are e(pial , eonseciuently the parabolic 
area must be eiiiial to the rectangular area aM, giving 

(') 


T'he bending moment at C will be given f)y 

7/»T r 
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yl hiis, see thai tin* Ixaulm^ inonieiil ai llic walls is doiihlo that 
at the middle of' the sjKiii. 

'I'o ohtam the deth'Uum at (\ we must find the al^ehiaic sum of 
the moments alxiut h ol tlu* areas <///^ ami 01 , siiK i* the rc'sult 
wiy be the same it*the moment ol the area ;//vM 1)(‘ added tt) each, 
the ealeulatioii ma\' be simphrusl b\ takmit tiu- ali;ebtau si|m ol the 
moments cdiout // ot the ateas <////;- and /////(/» lleiKa', 

A- 


(moment of aiea <///\' ■ 
I/, reld f. . lA 


S 


j s 


moim nt of an ,i huh h) 

.mid 1, I I 1 


hi 


T\v 
d and 


/mid ml dx , 

^ uS .;f, / l-d 
I add 
I'd 

distam t‘ ol / and the points of /(no bemlm^ moment, fiom 
iespe( ii\( I\ \m 11 be espial, and m.i\ Ix' found b) obtaining an 


(.0 


expiession for the bt nding moment at a distaiK e \ lioin the wall ami 


then c<iuatiipL( this to zeio. 'Thus, 


Mx Ma 

bending moment af 


simply siippoited 

7eld 

/7('d. 

1 2 

(a' J 

W 1 r 

7rdA 7/0“ 


-f- ^ • 


hdiuatin^ this to zero f^i\es 

.X- I A Id 

f - o, 
2 2 12 

r X-' ^ Lr-f-’Id o, 


l.± L 

e.i 


wall 


■0 2 firv or 0 - 7881 . ( 4 ) 

Hcncc the points of zero Ixmdmg moment lu* at 0 2 1 i L from each 
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Points of contraflexure. 'I'lic two last cases considered pro\ide 
examples of beams m which the cur\atiire is jiartl) ('on\e\ down- 
wards and elsewhere convex upwards. 'I'he (enties of (urvalure for 
a portion of the length of the beam lu; on the upper side, and for 
other poitions he on the lower side. r<Mnts op a beam where the 
curvature (Jianges from convex upwaids to (onvex downwards, i.c. 
where the cisitre of ('urvature ( hanges from one side ot the beam 
to the other, are called points of contraflexure, (airvatuie which is 
convex downwards may be called positive, and that which is convex 
U[)vvards may be considered negative. 'I'he curvatuie changes sign 
at jioints of contraflexure, and henc e must have zero value at such 
points. 

('onsideting the ecpiation (p. id6), 

.1 

(airvatuie 

Jvl 


it is evident that, for the cuivature to be /eio, M must be zero. A 
lioint of c'ontiallexuie may hcaic-e be defiiu'd as a point of zeio 
bending moment. Such points occur at cjuaitcr span lor an encasticj 

beam c'air}ing a single load 
at the middle of the s[)an 
I cj 'Mj (P- I 7b) and at 0-21 iL fiom 

^ the walls in the case of a 
iwt , iiw unifoimly distiibuted load 

(p. 178) It should be noted 
th.il eiK'astre beams differ 
Irom b< aius w hic h aie simply 
rib vv L siippoitc'd at both ends in that 

H. 21' l-iR I'tti h. iins suppoits in the 

latter may suflei sinkage whcai 


b. 

w 

B 

" 


< — 

la) 

■■y 



yV per unit length 


the load is ap[)hed, or by leason ol some* alter.ition in the foundation 
conditions, without theieby affecting the distiibution ol bending 
moment along the btaim. No such alteration in eithei ot the walls 
fixing the c'nds ol an encastre} beanpean occxir without aflc^cting the 
bending moments c)n the beam. I'oi exangile, if the eiKasltcI beam in 
Fig. 2 1 2 (cr) should for any reason become loose in the holes in the wall, 
so that the; fixing couples M^and M,{ disanpear, the bending-moment 
diagram will change fuvm that shown in Fig. 2 10 (<r) to that for a simiily 
supported beam, and the maximum bending moment, and consecjuently 
the maximum stress due to bending, will be doubled. lii the case 
of a uniform load (Fig. 212 (A)) such an alteration in the wall fixings 
W'ould produce a change in the maximum bending moment from 



i‘K()i»rij> (' \\ I u.L\ i:k5 


iHi 

t()*4 ‘‘ , lh.il is, a nunuTioal iiu:n‘as<* of 50 pci ('cnt It 

1 2 S 

slu)ul(l .iKo ht‘ that llu'sc altt-ialioiis would 1 h' .u ( ompanual 

hv \cr\ small .dtciations m th»‘ slojv' and diflMtion, (he inh icina* 
hn*np' that ([uitc small . liter, ilion m tin* shape or jiosiiion ol 
the ri\inp .It rani;(‘im‘nts due to sink.ii;(', 01 otheiwisc,. will he 
suttit lent to prodiH e a larL;e all( lalion m the hendini; moments and 
stresses 

'rill' difht ull\’ ina\ h( o\ei(ome, il desutd, 1 )\ noting that .it 
points of (a)nti.illt Nure th< le is /( 10 1)1 ndinj; iiiomi nt, .ind that the 
heam in*i\ he i lit at tla si pomts 
pro\ id( d lit, It means .ne pio\ uied 
there loi taking up the shi ai r 
1 ’ ii; 21 shows diam.nnm.Ui 

( .ill\ how this ma\ he t (lei ted 
ti )i .in ( 111 astre heam i .n 1 \ in^ .1 
1 1 ntt.il li Md W rill he.nn is ^ 

1 lit .11 (iii.iiti I span, .mil links ( ‘I ) 1 

.mil r,l'' .lie li.ed loi siispenil 
m^ the middli poition I hi se Im i, r.< ,.t. . .ii .1 ih, i .miii , ..i 
links will he under pulls o| AW 

ow mi; to till she.iim;; tone. ()h\iouslv no moderate ( han|.;es in 
the supports 1 ,m now .ittei l the hendin;; moments m thi' rom 
ponent p.uls of the hi .1111 ,\ pi.utii.d method ot desi^nin^' the 

.ni.mi^emi nt is shown in I'l;.;. 2p;(/h, where the untial poition is 
suppotud on .1 toi ker .it I: ,md hy ,i short (olumn at (’I). It will 
he ohser\ed lh.it .dler.itions ot length, etc, due to expansion on 
healing, are t.iken ii[) hy this de\iie without induung stresses on 
the heam. '1 he artitiie ol rutting .1 heam, or an an h, at |)lai es 
where it is desirahle that there should he no possibility ot any 
hending moment arising is ofnai resorted to m practice. 

Propped cantilevers and beams. In Fig 214(10 is shown a 
cantilever AB carrying a unlformfy distributed load, d ire fixing m the 
wall at A IS sulhcient ^ilone lor the eqmlihrium of (he (aniilever, 
hut an additional sujiport or proj) has heen placed under Ik 
^ 'fhe ])iessure on this j)ro|* diqiends on the elastii' properties of the 
material of the cantilever and also on the Tevid of the top of the 
prop. Assuming that the lantiliij^er just torn iTes the toj) of the prop 
before a|)plication of the load, the reaction of the prop may be 
calculated as follows. 

Supfxising the pro{) to he removed (h'lg. 214 (/')), the deflection Aj 
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of the cantilever un<|er the action of the distributed load would 'be 
given by ^ 2v\^ 




8 El 


(P- 175) (') 


Now suppose that the distributed load is removed and that the 
prop is applied and pushed upwards until a deflection at B of (he 

same magnitude as Aj is obtained 
(Fig. 214 (r)). 'J'he ivpward de- 
flection A^ thus [)ro(lui ed by the 
force V exerted by the i)r()p will 

be BI , 

A. = “r.T (P- 174)- ( 2 ) 
- 3EI 

If both ? and the distributed 
load be a[)|)lied simultaneously, 
the levels will be the same at 
both A and B (ITg. 214 (<'/)), for 
Aj and A^ are eijual and op[)o&ite. 
Hence, 

Bi;^ WIB 

3Fr\sFI ^8Fl’ 
where W is the total distributed load. Hence, 

P-'W. ... . .(3) 

'I'he bending moment at any section C may be calculated now : 

Me - Vx - 



cLa'- 


.(4) 


Boints of contraflexure may be found by equating Me to zero 
(p. 180). Thus, 

h7^'La- ^ -O. 

Zero is one value of a satisfying this eejuation, hence B is a point 
of contraflexure. To obtain the other point, m c have 




7(>X 

- — = o, 

2 


or a-]L. (5) 

The bending-moment diagram is shown In Fig. 215 (a). The bend- 
ing moment at the wal] may be found by writing a = L in (4), giving 

7 z;L- 



BEAM HAVING THREE SHPI\)RTS< 


^To obtain the IxMiding moment at from II, we ha\e, Inan (4), 

* • 


Jt will be understood that 

any MTlieal displacement of t'” * r— ^ 

the [irop, whether by reason Moments. 

of sinkage of the foundations / f^) 

or by changes in temperature, ^ 

will alter the bending moment, Sy ^ Forrej 

and henfe the stresses through- ^ 

out the canlile\er. 'I'he shear- | W 

ing force diagram is given in yu.. si.r (..kc 

Fig. 215 (/') ; the Nalues of the .iMUKuns i.„ .m..-i>i><>u . 

sheaiing force aie 4 - ^W' at the wall and - JW at the prop. 

'I'he case of a beam resting on three supports at .\, H and (. is 
illu.slrated in Fig. 216^/). 'I'lie suppoits at A and 11 alone are 


(b) 

nii'iuiMit nitil slir (iiiic 

\ |ilup|>< (1 t Ulllli \i I 




Fig. 216 A be.-im resting on thiec supports 


sufficient for the equilibrium of tfie beam ; hence, in this case also, the 
reactions, bending moments, and stresses depend on the levels of the 
suppej-ts being preserved. 
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1S4 

~~ , 1 
Suppose the supports to divide the beam into two equal spans ajUd 

that the supports ard all at the same level. If the support at C be 
removed (Fig. 216 (/')), there will be a deflection Aj at C given by 


A 


5 ffi'l 
'384 eF 


(l>- '!(')■ 


■F) 


Replace the supfiort at C by pushing upwards until tlie level is 
restored (Fig. 216 (^)). T'he iqiward deflection A, produ|^ed by Pc 


will be given by 

IMf'’ 


A, 

= 4 .si':i <'’■ 

(2) 

Clearly A^ and A^ arc eijual. 

Hence, ' 


\\ 1/ 



48 FI 

38, EI’ 


* IV 




-- 1; w, 

(3) 

whcie \V' is the tol<d load. 



It will be evident that IV and P^ are ecpial. Hence, 


I’a 

- * H -- 1 (C' 

(4) 


'I'he bending moment at 1) may be found from 



I r 


( 5 ) 


Points of contiaflexuie (K’cur where xMi,is /eio; to find these, we 
•“*ve . 

g^7l^L.V — ~ — — o. 

The value zero for x satisfies this ecjuation ; hence, A is one point 
and, from symmetry, R is another point of contraflexure. To obtain 
others, 

=0, 

■ ■' •' (<■') 

Points of contraflexure therefore occur at^Uy from A and also at 
an equal distance from B. 'The complete bending-moment diagram 
is given in P’ig. 2i6(^/^ and the shcaring-ibrce diagram appears in 
Fig. 2 1 6 (e). 

The beam here discussed is a simple illustration of cocitinuous 
beams, i.e. beams continuous over several spans and resting on several 
supports. 



BEAMS OF I'M FORM CI KNAH RK* 




Beams of unifcJrm curvature. ('onMdonng again ihc equation 
I ./->■ M 
R ~ ^ KI’ 

it will be remembered that it lia^ l)t'i‘n assumed that tlu' moment of 
inetlia is uniform in*all the c'ases eonsideied 1 liis is the l ase \(‘iy 
often in [)iactice; for example, bt-ams ol eompaiati\(lv sl)*)it sjian 
generally (.onsist of a rolled stt'el beam or ot two oi moie similar 
beams placed side by sule. When we eoiisulei I.iign beams, 
find that the sei tion in gianaal is not uniloini, but is \aiicd so as to 
produce more; nearly a be.im ol umtoim stiength {p. isi)- 11"“ 
abo^■e etpiation may be modilu'd so as to iiK hide' a gri'at numlu r 
of Mich eases. 'Thus, 

M -d I (i' I |i'); 

. I M I / . 

R I'd I'd m 


A beam of uniform strength is one having unifoim m.ixumim stu'ssy! 
This may be secured by having constant depth and \<ii}mg the biiMclth, 
in vvhic'h case m will be* constant. In ecjuation (i) above', the iight- 

hand side will contain nothing but constants, and thc rcloic' j, will 

be constant. Such a beam will have constant i.idiiis of cuiv.ilurc', 
and hence will bend into the arc' of a ciicle. In other cases ol 
built-up |jlalc girders having parallel llaiigc's, the* brc.idth is constant, 
and uniformity in / is secured by adjusting the thickness ol the 
flanges, the number of Oange plates becoming grc'ater towards the 
middle of the span. Assuming that this van.ition of flange' thic kness 
does not alter the depth sensibly, we have a constant value of w, and 
the girder will J^ave c onstant c'urvature. 

Constant curvature *may alsc? oc'c'ur in a bc-am c)l uniform secticin. 
To obtain such a result* M must be constant m the c'c|uation 

1 _ M 
♦ R FT 

This condition may be brought about by fjie loads ancl reactions 
being apt)lied in the form of two ecpial (opposing cc)Ui)les A carnage 
axle is a common example (Fig. 217). Here AC -RD; ecpial 
loads W, W are applied at A and B, and the wheel reac tions B, V at 
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C and D will be each equal to VV. The portion CD of the axle y/ill 
therefore have uniform bending moment, given by 
Mcd=WxAC, 


and hence will bend into the arc of a circle. The curvature in the 


Tp ^ 

Fig. 217 — A c-irru-igc .ixle. 


overhanging portions AC and BI) will vary, following the laNv for the 
cantilever worked out on p. 167. 

In Fig. 218 AB is a beam of length L bent into a circular curve 
ACB. IJrawing the diameter EODC perpendicular to the chord AB, 



C . 

Fig 218 —Beam htnt into a Lircular curve. 


and remcmbc'ring that the deflec- 
tion will be very small in practice 
we have, by application of the 
principle that the products of the 
segments of two intersecting chords 
in a circle are etiual, 

EDxDC = Al)xDB, 
or, very nearly, 

2RxI)C =(n.) 2 ; 

hence the deflection I)(^ at the 
middle will be 


Substituting for 


m this result gives 


DC = 


8Er 


It will also be evident that the inclination of the tangents at A and 
B will be equal to the angle AOC. Expressing this in radians so as 
to obtain the slope at A and B, we have ^ 


.^AC^ L 
' Adi 2R 


ML 
2 EL 
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^ — 

Relation^of stress and deflection. In all the cases of defLM tion 
which have been considered, it will be noted that the expiession for 
the maximum deflection has the foim 
, \\T3 

• • Kf’ 

where c is a numerit al coefficient, the value of which de|)ends on the 
circumstances of the case. Hence we may write, 


'Jaking the general eciuation for the slieiigth of a beam (p. 146), 

(2) 

m 

% 

it will be noted that M is always jiroportional to \\’b, and that /// is 

always proportional to r/, tlu' o\eiall depth of the beam. Hence, 

from (2), r 

WLcc-M. 

a 


Substitution of this in (i) giNes 


A X W I 


i;- 

KI 


d 1:1 


Hence, in beams constructed of the same material, for which Is 
will be constant, we may state that the maximum deflection will be 
directly [iroportional to the scjuare of the length and in\ersely jiro- 
portional to the depth whcai the beams are carrying loads which 
produce the sai^e maxmuim value of/. 

Exami’LK. a steel b<ij of rc< t.ingular section is supported at its ends 
and carries a central loacT. 'Hie latio of inaxinuim deflec tion to span is 
not to exceed 5J0 » maximum stress is not to exceed 5 tons per square 
inch. Find the ratio of spaH to depth if E= 13,^00 tons per square inch. 
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Ilcnrc, from (i), 


WL / 2/1 

4 y ~ d 


WI. 


H/I 


_8/I 
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f\P- 

my : ■ ■ 
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5 

- 3 A 4 




..( 2 ) 


( 3 ) 

( 4 ) 
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KXEKClSKS ON ( IIAITICK \'I 11 


1 . A bat of st('('l of s(|uai<" section, z in* lies lalisc', is used as a lanti- 
)e\ ei, |)io|ci (iMj; 2 I I IK Ik's hcNoiul the sii|)|)oi t, .ind h.is ,i load of 4 cx) 11 ). 
,'it Its flee end. f'ind tlu' \alues of tlu* ladiiis of i ur\<itiiie foi sea tions at 
'5 inches intervals thioiiKhout the length Tlot R and the lenj;di of the 
(antilc^. 10 1 3 , 5 (>.a tons j)Ci s(|ii.uenKh 


2>/l‘'in(l the slope .uul dellcction at the fiecend of the ( antilev ci ^iven 
in Onc^ion i. 

3 . hc'.ini of I section, 8 inches deep, 4 5 inches wide, nu't.d 0-5 me h 
thick, IS siiniily supported on a sp.in of 10 feet ,incl c.iinesa cential load 
of I 5 tons (.'ale ulate the ni.i\iimiin dc-fle« tion and also the sl(»pe .it the 
ends, W’h.it will he the ladiiis of euivatiue .it the iimldle of the sj)an ? 
d'akc E - I3,5cx) tons pel siiu.ire me h. 


4 . Answer f/iestic^in 3, siipposiiiL; th.it the beam c .in les only <i uniformly 
(listi ibyf'ed lo.id of 2 tons. 

5 . An eiu.istii^ be.im of I section h.is its ends fixed into walls 12 feet 
apait. 'I'he depth is 12 incdies, .md I is 50 in me h units If the sticss is 
limited to 5 tons pei scju.irc inch, wiiat centr.il lo.id would be safe 
Draw the di<ij4i.ims of bending moment and shearing foicc. 

6. Answer (duestion 5, supposing that the load is to be distributed 

umfoimly. , • 

7 . C.ilcul.itc the deflec tions at the middle of the span for the beams 

given m Questions 5 and 6. * 

8 . A cantilever projects 8 feet fiom .a wall and cariics .a load of 
1-5 tons at 4 feet fiom tlie wall and another#load of 075 ton at the fice ^ 
end. Dr.aw the diagr.ims of bending moment, slojie and deflection, m 
each case giving the scale of the diagram. State the v.alucs of the slope 
and deflection at the free end. T.ikcM ^350 m inch units and*E= 13,500 
tons per squaie inch. 


9 . Calculate the uniform bending moment which must be applied to a 
bar of steel of 0-25 inch in diameter in order to make it bend intcj^the aic 
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of circle of 20 feet radius. K - 3o,oocxooo 11). pci m|u.uc iiu h H the 
bar IS 5 fect 4 n length, \\h<it will be the dctlettion atjt^ ccntic '' 

10 . A j^iiclcr IS 40 feet span bN 4 led deep, and u sts on Us suppoils 
d'ho uniformly disti ibnted load inodiu es a maxiinum >^(lcs^ <iiu- to 1m iulin>; 
of 5 tons ])(‘r sciuaic im h. I’lnd the ilelledion at the middle ot the span 
K - 13,500 tons pel s(|^iaie nn h. 

11 . Supposing the ^mier 40 en m Oueslion 10 to ha\e nniloini llaii^e 
stress of 5 tons pei scpiaie im h, wh.it will be its i.iduis ol (iifv.mne'' 
C.drulalc the delbation at the centie 


i 2 y^\ c.intile\ci of nniloim s(( lion is built sci ui< 1\ into a wall, and its 
outer end just tom lies a piop when theie is no loail 1 lu' (amiUwet is 
8 feet lon^, and tarties a umfoimb disinbuii'd load ol kxx) lb pei loot 
length, liind the iea( tion of the piop, .md diaw the ih.iyiains ot bending 
momciU/ai.d shearing foiee , ^ue the <.d( illations ie(|nneil foi these 

13 . beam 40 feet m length lests on thii'e suiipoits \, C and H at the 
same le\el , the suppoits di\ide the beam into two (M|u.d spans It tluue 
is ,i unifoimly distiibuted lo.id of i 5 tons |)ei foot lenyth, hnd the le.n lions 
of the suppoi ts, and diaw the diaKiaiiis ol bending; moments .iiul sheai 1114 
foK'C, showing the neeessaiy < .deulations 


14 . A j)ie( e of f 1 <it steel has to be bent lound a diinn 5 im I m diainetei ; 
wh.it IS the nia\imum thii kness w hu h the sn ij) < an be made so that iheie 
shall be no j)eim.ineiU di'loimation when it is ienio\ed lioin the diiini,’' 
1 he steel has an el.istu limit of 14 tons pei sijnaie inch. Is 1 4,(xxdons 
pel sipi.ue im h (Ik Ic ) 


15 . d'hiee lolletl steel joists (> im lies deep .0(‘ pl.u ed sid(> by side 

sjianmn^ .in openin^^ of to feet , the inoimnU ol ineiti.i ol the twooutei 
joists is 20 .and that of the mnei one 44 inch units A <enlial load of 
5 tons IS so plai ed <is to liellis t ea< h ol tlu‘ thie<‘ joists ('(pi. illy , st.ite the 
.amount of the lo.id < .11 1 led by c.k h joist .mil thi' m.i\itnum unit sti ess (/ c 
sliess la tons jiia si|u.ii(‘ im h) m the ( entie joist onl). ( I • Is ) 

16 . ^ be.im ts Innily built into .1 w.ill at one i nd, .md lests liei'l) .it its 

olhei ('lul on .1 \ la IkmI i oliimn w hosi* < i nti e line is disi.mt .S hi t li om tin* 
w'.ill I h(i be.im suppoits .1 w. ill, whose weight .iddt.d to th.it ol the be.im 
Itself IS einn\.il(aU to .1 unilonnly distnbutid lo.id of )2(X> lb pei loot inn 
of the beam f ind (/r) the tot.d lo.id suppoited by tlii' ( ohiiim ; 1/') the 
bending moment .md she.ai fooe .it (he sei lion ol the be.im .idjoininp the 
wall, (c) the position of the point of /eio bending moment. .Skeli h 
lonijilete bending moment .md she.ii di. 141.1ms. ( l> 1’-) 

17 . '^ A 1 e.i laneul.ir timbei beam, sujipoited .it the ends, is of nmfoim 

sei tion fiom (aio to lan^, .md it lines a iinifoi inly disiiibnte<l lo.id. If 
the woikm^ intensity of stiess in the wood is not to enied icxxj lb J)li 
siju. ire inch, and if the mdtiuhis of elastn iiy of the wo<id is i ,7(X),(XJo lb. pci 

square inrh, deteimme the i.ilio <»l the depth of < loss-seition of be.im to 

sijan of be.im m oidei that Uie dellm tion m.iy not e\( eed i>.irt ol the 

slxm. ^ . niE.) 


18 . A hon/ontal beam, sp.m 25 feet, is fixed .i^the ends It i arries a 
( cntral l^ad of 5 tons, and lo.ids iff 2 tons e.u h .at 5 fei t from the ends. 
Deteimme the m.iximum bending inonumt, the binding moment .it the 
centre of the S|).an .md the position of the jioinls of i onli.iflexure , sketi h 
also a J1a41.ini of she.ii Ion e D. U.) 
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19 . A floor, carrying a uniformly distributed load of 2 cwt. per sqyare 

foot over a span of 2qfecl, is proposed to be cairicd by eiihe?'* ia) I joists, 
10 inches deep ; area, 12-35 square inches ; I (maximum), 212 inch-units ; 
pitch, 4 feet. Or, {b) I joists, 12 Inches deep ; area, 15-9 square inches ; 
I (maximum), 375 inch-units; pitch, 6 feet. Comp;ue these two pro- 
positions by finding.; the ratio of strengths, deflections and total weights of 
girders. Kind tlie maximum skin stress in case (aj. (R. U.) 

20 . A unifoim beam, 30 feet long, fixed at the ends, has a load of 

20 tons sjire.id uniformly along it. It has also two loads of 3 tons, each 
hung fiom points which are 10 feet fiom the ends. What is Mie bending 
moment e\'etywheie, and what is its gieatest \alue.^ (H.E.) 
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*\VORKIN(; LOADS LKAMs AND (.IRDKKS. 


'li 


Dead and live loads Iho Io.kK to whuli any sttiKtuti* is 
.siil)ji‘( It'd ina)' l)t-‘ (li\nK‘(l into dead and live loads I he dead loads 
iiu lud(‘ tlu‘ U( lights ol all lla* pcnn.incnt pails ot the . 
slriK'turn , thn li\t‘ loads may ( onsisi ol tia\i llmi; wt ij^lUs 
iUul othi r loK ns, siK'h as wiml picssnn*, wlm li ina) o< ( in 
pmodu all) . Dull! loads piodiuc sinss ot < onstanl 
ma^mtiidn in the parts ol the stiiutine, the li\e loads 
prodiK'e fhietnatmg sti(.‘ss(s. luiue e.i< h pait oj tlu* 
strut tiire may he called upon to withstand stiessi's which 
fluctuate between maximum and minimum xaliu's 

A load nui) he applied to a bar m thrt'e dilferent 
ways, (u) m gradual application, the load on the bar 
is at first zero and the magnitude of the load is im leased 
uniformly and slowly until tlu; bar is carrying the whole 
load , (A) sudden application may be lealised by refe rence 
to Fig. 219, in w’hudi tlu; loael is supported* by shoit 
rods so that it is just toiu'hmg the collar at tlu‘ lower i nd of AB; 

if the rods be knocked out, the load will suddenly rest on the 

collar, {() Impulsive application ma\ be 
obtained by allowing \V^ in l ig. J19 to 
drop from a height on to the collar. 

Hesilience. Fig. 220 illustrates the ( ase 
of gradual a[)plication of pull to a bar. 
d'lu; bar e.xteiids by an anuaint piojior- 
% tional tej the load, u() to the elastic limit, 
and at any instance the resistaiu e ol the 
I’lr, 72 o.-j^^iagram fur .T Rr.idi^^ eijiial to tli^ pull applied. \\ hen 

the load applied is Fj, the extension of 
the bar is and its resistance is eipial to P, It will be evident 

from \he figure, that the average value of the load is M’, and as 
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' ^ ; ; 

this force acts through a distance e, the work done will be giverv-by 

the product of these* ([uantities (p. 325). 

W'ork done in stretching the bar= JIV (i) 

As the resistance of the bar is at all times ecjual to the pull, it 
follows that the energy stored in the bar will beLspial to MV. • 

. a - the sectional area of the Ixir in s(}uare inches. 

P - the final jiull in tons. 

stress produced by P in tons per square inch. 


'Then 


or 


L-^the original length of the bar in inches. 
e-=the extension produced by 1* in inches. 

E - Young’s modulus in tons [)er s(|uare inch. 



(I 


L 
e ’ 


PI. 

(iK 



Also, P ^ d/. 

Substituting the.se ^ allies in (1) gives : 

Paiergy stored in the bar-- Mr/./ j" 


-a\. 


P 

2K 


inch -tons. 


e) 


This (|uantity is called the resilience of the bar. The resilience of 
the material is stated usually as the energy w'liK'h can be stored in 
a cubic inch when .\'resscd up to the elastic limit. 'Phis may be 
obtained from (2) by taking / to be the elastic limit stress and 
noting that aL is the volume of the bar in cubic inches. Hence 


Resilience 


2 Is 


inc h-tons per cubic inch. 


Load suddenly applied. If the load be applied 4uddenly as in 
Fig. 219, and if the bar extends by an Amount c, giavity is doing work 
on W throughout this extension. Hence, < 

Work done on W ^ We inch-tons. 

'Phis work may be represented by the rectangular diagram OKLM 
(Pdg. 221), in which O^K represents W and OM rejiresents e. The 
resistance offered by the bar during the extension still follows the 
same law' as before, at first the resistance is zero and it gradually 
increases, being proportional to the extension up to the elastic, limit. 
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H'sislancf (>l llu* 


Tins may lx.* re])rL^(.MUed h) ihc triangular diagram ()M(). At TN 
the resistance of liie lur and ilie weight of the lo;ul are (Hjiial, hut 
extension does not stop here, since moit‘ work has been done by 
gra\ily tlian can lie stored in llie rod. I'Alension will go on until 
the work done by gni^ iiy has lieen sloic cl iQ(ni 
eniirc'ly in the rod, / e. until tlu‘ ait'a 
()K(..M Is ecjiial to the* aiea ()\!(J 

'Thu. will (^'( 111 cMdentb wlun ()\I is ^ ^ 

ecpial to iwKe ()!*, oi wlan M(^) is ; 

twice OK Nens, had W been apj)h( d ' 

giadiiall) f the* slietc h would ha\(‘ been O P M Ert- 

Ol‘ , hc'iK e the' siithlcn appluation ot i i< •• i \u n’l tin lt>r .t lo.it.! ip|ili( tl 

W has piodiK ed a sin t< h doiibh* ot 

this amount Also I'N would ha\(‘ becui tlu‘ linal ic'sistanee ot ihi* 
bai had W’ been applied giaduallv . lu n< c' the* sudden aiiphtation 
has jirodue* d a resistaiK e ot twice tins m.igniludt', and thei(‘loi(‘ 
also a stiess' ecjiial to doiibh* of that whuh would ha\e oc'ciiiical 
with giadual apjchcalu/n 

d'he ('ondilions aie not attained casil\ in piac tiec*, but the c-fterts 
of li\c‘ loads in producing stiess are ottcui taken a< c'ount of by 
c'stimating what the stress would be had the load been applieci 
giaduall) and ll '-n taking double this stiess as that which the part 
will be c’alled upon to cairy. 

Impulsive application of a load. In an imjailsive ajiplK ation, 
let W be dropped from a height II inches (h'lg. 219). 'I'hen 
d'otal work done' by gravity - \\’(il -!-<■) me h-tons. 

Extension will go on until the whole of this uoik is stcjical in tlie 
bar. Eiom e([uation ( 2 ) (p. i(; 2 ), we have 

ivnergy stored in the bar . 


1 1 ence, cr I ^ ^ ( 1 1 h c), 

• • . . /2E\v(hT7) 

^ , ^'V «L 

If e is small compared with ff, as is the case generally, then 

• . /2K\yii 


■ . /-V'X 


Working stresses. The stresses which may occur in any part of a 
structure are estimated by fir.st calculating the stress produced by the 
dead laad. Separate calculations arc then made in order to determine 


D.M. 
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the stress produced by the live loads. The stres.s in the part under 
consideration will then fluctuate between known limits, and it remains 
to determine w'hat ought to be the safe stress permitted in the part, 
ddie determination may be based on the known breaking strength of 
the material by taking the working stress as a fraction of the ultimate 
strength. 'The reciprocal of this fraction is called a factor of safety, 
and its value depends on the kind of material and the nature of the 
loads. T'hus, for wrought iron and steel, the factor of .safety may 
be 7 , for a dead load, 5 fl^r a stress which does not change from pull 
to push, 8 for a stress which alternates from a (citain pull to an 
e(}ual jiiish and 12 for parts subjectcsl to sho<'k. Somewhat higher 
factors may be taken for cast non and for limber, as these mat('rials 
are less liustworthy. 

It may be noted here that a load which a [liec'e of m.iterial may 
('any f(jr an mdermit(‘ lime, if applied steadily, will ultimately cause 
frac ture if it is applied and removed m.iny limes. 'The effect is more 
marked il the l<3ad be alternated, /c. applied first as a pull and then 
as a j)ush, in the manner in whieh the jiiston lod of a steam engine is 
loaded. 'The exiieriments of Bauschingcu, Wohler, Stanton and 
others, on the effects of iei)ealcdly applic'd and alternating loads 
show that the strength to resist an indefinite number ol repetitions 
dei)ends on the range of stress rather than on the actual values of 
the maximum and minimum sli esses. 

d'he lollow'ing rule has been deduc'ed by Unwin* from the results 
of WohK'rS experiments, and aj)[)hes to ('ases of vai'}'ing stresses 

- the breaking slrcmgth of the material in tons pcT square 
inch imcjer a load ap|)hed gradually. 

/, =^the breaking strength of the same material in tons per 
sejuare inch when subjca'ted to a variable load which 
fluctuates from /, to fy and is re[)(.‘ated an indefinite* 
number of times. I.et this be of the .same kind (j)ush or 
pull) as/v. 

/2 = the lower limit, in lon^' per scjiiare inch, to whieh the 
material is subjected, + if /.y s of the same kind as 
and /gf - if /., is of the o[)posite kind. 

-/, = the range of stress. 

Then Unwin’s formula is 

= (,) 


^ Miiihue Design y Part I. Prof. W. C. Unwin. (Longmans, 1909.) 
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w has ^ahu‘ 15 lor wrcnij^ht iron and mild stfcl. From 
equalion (i), ^^c iia\c / . j * 

(/,- ,) //-«'/.. 

or , , /;- - rn/: - (^/] o , 

»r ) .///■/-■ * |( /, ') 

/. 2 -J i- (r) 

in whii'h iho n(\i^ali\t“ si^n li.is htcn di^o i^.udcd I'aju.Uion (2)|;i\os 
a dead i*ul shtss /, whu h would pKidui r, when aj>pli('d sluadily to 
tliu iufinl)i‘i, llic same <-ilu I as the a< lual tliK tualing siit ssi s 

It uai h side ol ( >) 1 )(* mullij)lH‘(l 1 »\ du- set lional ana ol tiu' hai, 
tlu‘ stic^st's m the (-(juaiion hct'omc total ton us on tin* hai. I’sin^^ 

(ajiital lutluis to tt‘j)iiscnt thu total (ones < oiu-sjtonding t(t tin* 

slK'ssus /,, f and /, , wi' ha\c 

//R H ^^/-R’ ^ \(^l\ - j 

I’aiuualcnt stead) load l‘\ ( 1^) 

'TIk' LaunhardtrWeyrauch formula also tak<‘s account of sti(‘ss \aria 
lion Let h'l a td 1 *', tons Ix' the maximum and mmmnim foices 
to which the hat may lx* suhjeeted, .md let/, tcuis per sc|uar(‘ inch 
he the.' hteakiiif^ stn.n^nh of the mate rial under a giadually aitplic d 
sliess. 'Then 

lire akin;; stress I- tons pei scjuare meh (4) 

Appl)ing a fac'toi of safely cjf 5 to this, we have 

W'orkin;; strt;ss lottx jier scpiarc* inch. ... (5) 

ExamtI K, a rertain bai m a struriuie carries a j)ull of 80 tons due 
to the dead loac* the 4\e load ])icxlu<es foues m the same bar vatyin;; 
from 20 tons pull to 40 tons push * l‘ ind the wcjrkin;; sti<‘ss and the cross- 
sectional area of the bar* I'he bieaking stren;;th c>f the inatciial under a 
gradually applied pull is 30 tons j)er square inch. 

Firs/ Method Hy doub^ng the live load pull and adding the result 
to the dead load pull, wc have 

• Equivalent dead loac?^ 80 + (2 x 20) - 120 tons. 

Taking 9 tons per scpiaie inch as the working stress, we have 
, Sectional aica of bar 1 3 3 st{ inches. 
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Second Method. By Unwin’s formula (3), ^ *• 

R- 60 tons. 


F'l = 80 + 20= 100 tons 

"=i-5* 

Equivalent dead |oad=<': 5 -ii 6 o)++(|x 3 <«» + 4 (Lo 5 -: 3 oE 
= 128 tons. 


Again using 9 tons per square inch as tlie working stress, we have 
Sectional area of bar-- = 14 2 sq. inches. 


Third Method. By the Launhaiclt-Weyiaiuh formula (5), we,. have 
fa~lo tons per square inch. 

+1- 80 + 20 = too tons pull. 

+2=80-40 = 40 tons pull. 

Working stress = ?i x 3o( i + 

--8 tons pel scjuaie inch. 

Cross-sectional area= y - ^ 

o o 

= 12-5 squaie inches. 


Wind pressure. If wind pressure be treated as a live load, then 
30 II3. per sijLiare foot of vertii'al surface may be assumed to be the 
maximum. If treated as a dead load, then pressures u[) to 55 lb. 
per square foot of vertii'al surface may be taken. Stanton’s exjieri- 
ments at the National Bltysical Laboratoiy give, for small plates, 

/ = o-oo27V“ lb. |)ei s(|uarc foot, 
or, for large plates, 

/ = o-oo32V“ lb. per .square foot, 

where V is the velocity of the wind in miles per hour. Hutton’s 
formula may be used in calculating the normal pre.ssure on inclined 
surfaces. 

Let ^ = the pressure in lb. per s(juare foot on a*surfi\ce perpen- 
dicular to the direction of the wyid. 

/„ = the normal pressure in lb. per square foot on a surface 
inclined at an angle 0 to the (direction of the wind. 

Then Hutton s fornuila gives 

/=/n.sin6^b84cos0-i) 

where a \s a coefficient depending on the value of 0 . Values of a 



TRAVELLINGjLOADS • tg; 

cofrcspom^jii^^ l<) (lilTiretU values of 0 have bcey plotted in Fig. 2J2, 
and the \aliie of a aj)propnatc to any gi\on .Mirfaee may \yc taken 
from the curve. 





Travelling load. In Fig 223 (u) .\H is a beam simjily supjiorted 
at A and H and ( arrving a load \\'. 'I'lic efre('ts of \V alone uill be 
considered, any other loatls 
being disri'gatded. If W' 
remains fixed in position, 
the rear'tions 1* and () as 
well as the t)ending moment 
and sheaiing Tone at any 
section, siK h as D, have 
definite values. 'I'hese valuc.s 
will alter if \V travels along 
the beam, and it then be- 
romes necessary to deteimme 
what position W must oecii{)y 
when a given section is sub- 
jected to the greatest bending 
moment it will ifc * ailed upon 
to resist, as well as the ^'alue 
of this bending moment, 
d'he .same (|ueslions mi^st 
also be considered in relation to the shearing force at any given 
section. • 

• a: ^ the distance of W from A. 
tz = the distance of the given section I> from A. 

• L = the s{)an of the beam, all in the .same units. 


r --■■--I—-] — ■;ii 

-a 

. - 


1 


D 


L _] ■ ■ 1 

*■ - - a — y. 

•<b) 1 


[mo 


r 

E 

Mox.B M. 


-►W 


(d) 


Max Shear 

Ki(.. 22^.— Beam carrying a single rolling load, 


}w 
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Then, taking mon\ents about B, we have i ' 

PL = W(L-a'), 

or = "' = (•"]')"' 

Let \y be on the right-hand side of I) as shown in Fig. 22^{a). 
Then the bending moment at 1 ) will be 

(2) 

Hence, as .r diminishes, />. as W travels towards the left and so 
approaches the section I), the bending moment at D increases. 

Now let W be on the left-hand side of 1 ) as shown in Fig. 223 {d). 
Writing down the bending moment at I), we have 
Mn-P^^ - \\(a-.x) 

= (^1 - yj \V« - \V(rt - X) 

= (3) 

This result indicates that as .v diminishes, / c. as W, still travelling 
towards the left, recedes from the section D, the lx?nding moment 
at 1 ) is becoming smaller. 'I'herefore, the greatest bending moment 
which the section 1 ) will be called upon to resist will occur when W 
is immediately over the section. 'Fhe value of this bending moment 
may be obtained by writing x^-a in either (2) or (3) above, giving 

Maximum bending moment M|) = ^i - 

(4) 

If a be varied so as to obtain the maximum b(;nding moments 
for other sections of the beam, and if the results of calculation 
from eciuation (4) be plotted, a parabolic <' curve \sill be obtained 
(Fig. 223 (c)), the ordinates of which will show the maximum bending 
moment for all sections of the bcam.i The centre section C is 

called upon to resist p bending moment It will, of course, be 

understood that the values shown by the ordinates in Mg. 223(c) are 
not attained simultaneously. The diagram must be interpreted as 
indicating that the bending moment at any section, say l),*is zero 
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wUen W h off the beam, ami increases j^radiially lus W’ travels 
towards the section; the maximum \aliie M,,*is attained \slien W 
reaches the section. 

I he shearing force at D, when W ocraijnes any j)osilion on the 
beam lying on the^nght o( D, will be positive and e(iiiai to I* ; 
hence, from (i), . , 

-1' • is) 

• 

'riiis result show’s that the shearing force incri-as(‘s as .\ diminishes, 
t.e. as \V ap[)roa(.hes the section 1 ) from the light. 

d'akin^f W' in a [)osition on the left of D, the shearing force will 
be negate e, and will be gi\en by 


S„- 1 >-\V (^,-Qw-w 


--'i'w (6) 

\Vc infer from this result that tlu’ negatiM* shearing lord* at 1 ) 
diminishes as .v becomes smaller, /.c. as \V recedes from the section 
and approaches the left-hand support. 

d'he inferences from this discussion arc that tin; shearing force 
at any section attains a maximum positne \alue when W lies close 
to the right-hand side of the section, that it be< omes /eto as \V 
crosses the section, and attains a maximum neg.itive value when 
\V lies ('lose to the left-hand side of the se< turn. 'To oblain 
the values of these shearing forces, write .v-(Z in ccjualions (5) and 
(6), giving 

Maximum positivu slicaring force S,, = j (?) 

Maximum negative shearing force wS,;- - \V^ (<S) 

Varying a so as to obtain values of the shearing fon es for other 
sections and plfzttmg the values so found (Fig. 223 ((/)), we (obtain tw’o 
sloping straight lines, ^d'his diagram must be mterjircted as follows : 
the shearing force at any .section is zero w’hen W is off the beam ; 
as W travels along the b|‘am fiom right to left, the shearing force 
at any section 1) is jrositive and increases gradually, until the 
maximum value DR is attainecV when W is oy the point of arriving 
at the s^’Lion. As \V crosses the .section, the slicaring force becomes 
negative and attains the maximum value DF when \V reaches the 
other iide of the section. 
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uniform load w per unit length 
£ W per unit length 


Uniform travelling load. In Fig. 224(a) is illustrated the ci..se 

of a beam AB sim|)ly supported at A and B and subjected to a 

'I'aking the load of sufficient 
length to cover the whole span, 
it will be evjdent that the mjixi- 
mum bending moment at any 

section will occur when the 

beam is loaded fully, t.c. when 
the whole span is covered by 
th(; load. 'I'Ik; bending-moment 
diagram will therefore ‘be j)ara- 
bohc (Kig. 224 (/')) and of maxi- 




ni5 nc 


B 

»•-- a-'-w 
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“Q 

L • 

• 
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(b) \ 



Fic„ 
load ; 


-lif.im c.^rryiiiK uniform tr-ivellinK 
naximiiin ben<lin>;-moment dia^'ain. 


mum height ^ 


8 


In Fig. 224 (a) the nose K of the load is advaiK’ing towards a given 
section 1). 'bhe shearing force at 1) is positive and is etiual to P; 
hence it increases as K approaches 1 ). When E has crossed to the 
other side of I) (Fig. 225 (^/)), the shearing force is P diminished by 
the portion of the load lying between 1 ) and IC. This shearing 
force will be less than that 
existing at I) when the nose 
E is vertically over D, for P 
will then have a certain 
value, and this value will 
be increased in Fig, 225 (a) 
by a fraction only of the 
portion of the load lying 
between I ) and E ; as the 
whole of the latter must be 
deducted from P in calcu- 
lating the shearing force in 
Fig. 22${a), it follows that 
the positive shearing force 
at D in Fig. 225 (rz) is 
diminishing. Hence the maximum positive shearing force at any 
section occurs when the whole of the pprt of the beam lying to 
the right of the section is covered by the load, the end of the load 
being vertically over phe section. "In the same manner it may 
be shown that the maximum negative shearing force at an) section 
occurs when tlie part of the beam lying on the left of the section 
is covered by the load (Fig. 225 (<^)). 



Fk., 225. -Hearn carry/np a uniitjrm travelling load; 
iMaxiinuin shcarmg-force dMgr.uu, 
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iTo obtain the values of these shearing forces, first let the load 
cover L)B 225 (a)) and take moments ahoul B , 

, « - j7e(L-^7)'’. 

maximum positive shearing foire S,)^ B^ -y(L r;)-. • . (()) 

Now let* the load cover AD (log. 225 (/^)) and take nioinents 
about A ; 

QI. re./'" 


Hence, Maximum negative sheaiing Iuk e S,, {) ... (10) 

\^arL'iti()n of d in (9) and (10) so as to obtain values for other 
sections will evidently prodiu'e two parabola' ('urves wluai plotted 
(Fig. 225(7*)). d'he interpretation of this diagram is similai to that 
of Fig. 223 (7/)). 'The end ordinates are ol magmtmFs ± Jad.. 
Combined dead and travelling loads. II, m addition to the 


travelling or live loads, the dead 
bending moments and shearing 
for('es .nay be drawn separately 
for the latter, ('ombined dia- 
grams of bending moments and 
.sheaiing forces may then be con- 
structed by adding algebrai(ally 
the corresponding ordinates of 
the diagrams, 'fins has been 
done in hdg. 226 for a uniformly 
distributed dead load and a 
single rolling load. 

In Fig. 226 (/b, ACB is the 
bending-moment diagntm for tlw2 
dead load and ADB 11 that for 
the live load ; AlvB is the com- 
bined diagram. In Fig. 2^6 (r), 

' FGKH is the shearing-force 
diagram for the dead load ; FGIt^ 
and F'Gitl are the shear diagrams 
for the live load; FGKRN is 
the shtar diagram lor the corn- 


loads be ('onsideied, diagiams of 



Fiu 226 — for a l)P3m carrying a dead 
load .tnd a single tolling load. 
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binccl loads, and shows the shearing force on any section lying close 
to the left of the live load ; GFH'l'Q is a similar diagram for sections 
lying close to the right of the live load. T’he construction consists in 
making FN ^ FH + FL and joining NK ; also make CiQ GK + GM 
and join QH. Zero shearing force occurs at l',ar><^l R. Sections 
lying between F and T are subjected to positive sliear only, 
those lying between R and G have negative shearing force only ; 
sections lying between d’ and R have to resist both kinds'of shearing 
force. 

Maximum bending moments for a non uniform travelling load. 

In designing bridge girders, it is necessary sometimes to consider the 



effects of a non iinikirm travelling load. Fig. 227 illustrates a con- 
venient method ; bending-moment diagrams for the girder when the 
load IS occupying several given positions are obtained first ; from these 
diagrams the maximum bending moment at any .section is determined. 

All is the girder resting on su|)[)orts at A and 11 ; sections at E, I) 
and C divide the girder into four equal bays. 'I'hree loads W,, 
and W 3 at fixed distances a[)art have been ‘chosen, but it will be 
understood that the method ap[)lies to any n^.imber of loads. 

First let ^V^ be \-ertically over 11, and let the distances of and 
Wg from A be (J and /f respectively. i 

Take moments abaut A and set these off along AN, which is 
drawn at right angles Co All. ^ 

Moment of VV, = W,L, represented by AF. 

\V., = W//, „ FH. 

„ HN. . 
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Iv.‘t ()| the reaction at li, then the sum of the above inoinents 
is equal to the moment of (^)j about A; henee*the momml ol CJ, 
about A is represented by AN. 

Join HF and produce the line of to ( ut bF in (I Join (’.H 

and^produce the lin^ of \V^ to cut ('.H in K Join KN and also 
l^N. Draw the vertical IVvS TUW 

From the laws of propoition applied to similar lrian[;les, the fol- 


lowing statc*lnents 

may be n 

lade 



Momeait 

ol (J, about 

!•: - IvV 


,, 


i: F.S. 


,, 

w > „ 

Is sr 


,, 


E IT' 

Now, by taking 

moments 

about lb we 

have 


Bendiii}::,' moment at Is - moment of bb ^ moment of W', 

- moiiK'iit ol W , moment of W'^ 

i:v-i:s -sr ru 
uv. 

In the same way M,> \\’\ and M, \ /. lleiae the lx nding- 

moment di.inr.im for the f^iven position ol th<' loads is tlu' shaded 
diagram in Fig 227. 

'To obtain the bending moment diagiam wlu n W , is veitK ally o\( r 
the siH'tion (', instt'ad of moving the loads, leave tla m in their 
original j)(jsition and shift the girder towards the light until (' is 
vertically under W',. 'The; end b will then be at b, and A will 
coincide with the original position of Iv 'The A-ae tion at lb will 
be obtained by taking moments about Is, giving 

(J.j X JbE moment of W', -f- moment of + moment ol 
-ES + Sd’ + d’U 

- IvU. 

• • 

Join Ulb, when it will follow, by similar reasoning to that already 
emple)yed, that the bene^ing-meiment diagram for W, ove r (' is 

IbbGKWUlb 

f ■ 

Similarly, when is at D, the diagram of* bending moments will 
be b.,llobOK\\'Ib ; also wheaA^W', is at Ib»lh(‘ beneling moment 
diagranAill be 11,1^15 ,bfD'b,. 

Measure these diagrams se) as te) obtain from each the bending 
moments at E, D and ('. If these are tabulated, there will be no 
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difficulty in obtaining the maximum value of the bending momerft at 
each section by inspection of the table. 


Position of 

Bending moments at settions. 

load W,. 

C 

D 

rK 

B 




C 

I) 




K 

A 

0 

0 

0 


It should be noted that tlie loads may run on to the biidgc girder 
from either end, and that either Wj or may lead. 'I'he effect 
of this on sections lying e(}uidistant from the middle of the s{)an, 
such as E and C, may be taken account of fully by choosing the 
maximum of the talnilar values for (I and E ;is being tlie bending 
moment to which both E and (' may be subjected depending on 
w'hich way the load runs on to the bridge. 



Fig 228 — Portion of a continuous beam. 


Continuous beams. Let ABC (Kig. 228) be a [)ojtion of a beam 
which is continuous over .several supports; thTee of the supports are 
situated at A, B and C respectively, the spami; being /j and A respec- 
tively. For simplicity, the load is taken as re per unit length, 
uniformly distributed throughout. t 

There will be bencKng moments at each support owing to the 
beam being one con^nuous piece^*let these be M^, and Me 
respectively. Erect perpendiculars AD, BE and CF to represent 
these bending moments (Fig. 228 (/;)) and join DE and EF. Draw 
also the parabolic bending-moment diagrams AGB and BHCfor the 
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tw(> segmer^s AB and B(' taken as eut at A, B and (\ and sini})ly 
resting on the supports. 'Then, as lias been sliown lor an eneaslre 
beam (p. 176), the differeiKc between the bending-moment diagrams, 
shown shaded, will be the bending moment diagram tor the portion 
AB(^ of the continiK^s beam. 

It is evident that the siilution will depend on the deti rmin^ition of 
Ma> Mu Mp. T'o determine these, wc ha\e the piiiuipU) that 
if all the siifiports are at the saint; level, then the detli'etions at A, B 
and C must be zero, wh.itever may bt* the t hanges m ddleetion 
occurring in the spans. Henee, taking monu'nts ot area about A, 
the mome^it of ADlUl must etpial that of A(iB . also taking moments 
of area about (', the moment of BUld' nui^t etpial that ol BIK'. 

Taking moments about A, and n'lnembeimg that tin; parabolie 
area is two-thuds that of the cut umst'iibmg ret tanglt', wi' have 

y "x'"’ ■ A • ''g M,e/;+(M» ■Ma)''; p. 

It will be noted that the light hand side has been obtained by 
splitting ADBB into a rtalangle ol height AD and base AB, and 
a triangh' of height (BK - AD) and base tspial to i\B. 1 he etpiation 
is reduced as follows : 

Ma )4 

■ (0 

Taking moments about (' m the same inannci, wa* have 

" TT./' - M,//0(M„ ■ M,)': g-., 

382 2 23 

IM, /,+ > (M„ - M.)/.' 

/,+ ',M„A (2) 

Add (i) and (2) : 

-I- 4') = I M a4 + ' Mh(4 + 0 + 1 Mc4. 

24 ^ 

or !"(/^ + /.'>) = M,/, + 2 Mh(/, + 4) + M.4 ( 3 ) 

4 1 

Should the s[)ans be carrying uniformly distributed loads of 
different values, let 7V^ anc^rr', be the loads per unit length on AB 
and BC respectively. Then (1) and (2) will Ijecome 

i*T|r / 4. 1 M / * 

• ^ aO + 

24 
7 VJl 

24 


JM, 44 -\M./,. 
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Adding these and reducing as before gives 

^ = M;,/, + 2M„(4 + /,) + McA ( 4 ) 

4 4 

Equations (3) and (4) are cases of Clapeyron’s theorem of three 
momenta. By use of these, an ecjuation may ,):)e written down for 
any three successive supports of a continuous beam. If there are 
n supports, there will be {n - 2) equations ; other two etpiations may 
also be written from the data supplied for the ends o\ the beam, 
d'hus, if the beam simply rests on the sup[)ort at eac h end, the 
bending moments at these supports will be zero, and the other 
equations will be sufficient in order to obtain the complete* solution. 



Example i. A conpnuous beam rests on four supports on the same 
level and carries loads as shown m Fig, 229. Find the bending moments 
at the supports, * ^ 

Equation (4) applied to A, B and C gives 

^ . 5M* + 2Mb(. 5 + 20)+ 20Mc. . 
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Also, Ma o; 

422 + 3000 7oMii + 2oM< . • 

Equation (4) applied to B, (. .ind D j;ivcs 

Aso, Mi)-o; 

. 3000 + 375 ^ 2oM 11 + 6oMc * 

From (i)«and {2}, 2ioMH + toM( 10,266, 

2o\In + (K)\l< 3375 ; 

6891, 

• 3 ^^ 3 

From (2), (20X 36 3) f <')oM( 3")75, 

6oM( 2649, 

M, 44 15 toii lVct. 

Examim,!-, 2 Find the ioa< lions of the suppoits of the l)eam j^iven m 
Example i. 

To find Ka, N'liie down an expression for the Ix'iuIiuk moment at B, 
obtained by cakulatin^'^ the miJinents 4ibout B of the foi<es attin)^ on AB. 
(o-5 X 15 X 7 ) -(Ka X 15) M„ 36 3, 

5625- I sKa - 3 ^>- 3 > 

Ka - tons. 

In the same way, Kh uiay be found by wiiimj^ down an cxpiession for 
Ml, taking moments about C of all the foires a< ting on ABC. 

(0'5 X 35 X ^l/') + (i X 20X -(Ka X 35) (KuX2o) Ml - 44 - 15 , 

306-25 + 200 - (1 33 X 35) -2oKb 441 5 > 

2oKi, m'S’S) 

*<u - 20 77 tons. 

To find Rc, take moments about 1 ) of all the forces acting on llie beam. 
(0-5 X 45 X V’) + ( I X 30 X •y>) ( Ka X 45) - ( K|, X 30) - ( K( x 10) -- Mi, ^ o, 

506 25 + 450 -(45 X i-33)-(3ox 20-77)- ioKl-o, 

ioK( 273-25, 

^ Kl - 27-32 tons. 

Abo, Ka+Ku + Rc + Kd “the total iLd on the beam, 

• Ki, -52-5 -(1-33 + 2077 + 27-32) 

^^ 3 08 tons. 

In order to check the accuracy, calculate Rd Uy taking moments about 
C of the forces acting on Cl). « ^ 

• •• (1-5 X lox ^8)-(1 ^dx io)=Mc = 44*i5> 

loKf)^ 30-85, 

Rq- 3 08 tons. 


» 
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Example 3. Draw the diagrams of bending moment and sheatmg 
foice. ^ ‘ 

S on the right of A = +Ra = + L;^ tons 

S on the left of It Ra - (0-5 x 15) 

""I 33-7 5 "= "lii? tons.^ 

S on tlie right of It ^::Ra + Ru-(o-5 x 15) 

- I 33 + 2077 - 7-5 - + tons. 

S on the left cjf C - l\ \ + Rii - (o 5 x 35) - ( i x 20) 

- 1-33 + 2077 - 17-5 - 20 

^ 1 5-4 tons. 

S on the right of C - Ra + Rh+ R r - 17 5 - 20 
1-33 + 20 77 + 27-32-37.5 

- 11 ()2 tons. 

S on the left of 1 ) - Ri, ^ - 3 08 tons 

d'lie shoaling foice vaii(‘s uniformly hetueen tlic suppoils ; the com- 
plete sheai ing-fou e diagi.iin is given in h ig. 22(){{). 

d'he following ([u.mtities, togethei with the bending moi^ienls at the 
siiiipoils, aie rcxjuiied foi the bending-moment diagtam. '1 hey aie 
obtained by ( ah ulating the bending moments .it tin,* middle of ca( h sp.an, 
.issummg that the beam is tut at It and C 

i> I . . I f A i> 05x15x15 

Itending moment at the centie of Alt - - ‘ ^ ■’ 

o 

- 14 (/) ton feet. 

Bending moment at the centie of ItC - ‘--y- 

o o 

■ 7^ ton-feet. 

Tj , . . *1 1-5x10x10 

Itending moment at the centie of CD ^ 

< 8 8 

- - 18-75 ton -feet. 

The bending-momcnt diagiam is given in Fig 229(/>), and is diawn by 
making BE and CF equal to Mh and Me iesj3ecti\ely and joining AE, 
EF and FD. (ill, KE and MN aie then set up fiom the centres of Alt, 
BC and CD, and are made equal to 1406, 75 and 18-75 ton-feet respec- 
tively. 1 he cuives ACtlt, BKC and CMD aie p.irabohc.* d he difTeience 
of these diagrams, shown shaded, is the bending-moment diagiam for 
the be.im. Bonus of contraflexure (p. 180) occ^i at O, B, Q and R, as 
the bending moments are zero theie. 

Plate girders. Plate girders are used instead of rolled I sections 
when the dimensions 4)f the girder iTecome large. Such girders con- 
sist of top and bottom flange plates (Fig, 231) and a \^b plate 
secured to the flanges by riveted angles. T'he flange plates, as may 
be observed in Fig. 230, increase in number towards the miQldle of 



Pr.ATF GIiy^RS tog 

ihe span, where the lx.'ndni^ laoineni is largt^. 'The wch [)latc is 
generally uf uniform thickneNs in girtlers ol eompnralively small s[>an ; 
in \ery Lir^^e girders, in whidi the wih built ol several plates 
j)laeed end to end, the jjlates near the supports may lie made thicker 
than those at the ^nidtlle, thus making allowance (or the huger 
shearing torees near the siipj)orts. In calculating the dimensions of 
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the [larts, it is ciistomaiy to assume that the flanges supply the whole 
of tlie r( sisiaiu e to bending and that tla* web supplies the whole of 
the resistance to sheanng I'lu' web is liable to buckling, and 
recjuires ic) be* siilfeiu'd at mtcn.iK. h'm this |)UtjM)se xertical 
stiffeneis are rixetcd to the wib plate at intcaxals as shown in 
big, 230, these art' ol < losu pii< h n< .u the* suppoits, and may be 
const! ucted ol angles as in f ig, 2 ^1, oi m.iy be ol T section, 

'The method of finding the pnne i|)«il dimensions may be understood 
by snid) of the following example 

K\\MI‘I.I. i\ plate g'ldei of 30 feet span with parallel flanges has to 
cany a nnifoi inly disti ihutc d dead load of 2 tons per foot length, including 
the weight (;f the giidei hind the piincipal dimensions. 

r. iking the dej)th as of the span goes a depth of 2-5 feet. 'The 
breadths of the flanges may he of the span, going 105 inches 
for this dimension 

I’he total it-ad will be 60 tons. 'I'he maximum binding moment will lie 

,, \V[. ^ 

225 ton-feet. 

O O 


'Faking working stresses of 7 tons per square inch pull and 6 tons per 
square inch jjusli, the sectional aieas of the flanges at the centre of 
the span rn.iy be found Let tliesc be and Ac square inc hes for the 
bottom and tc:)p flanges jespec tively. 'I'he moment of resistance of the 
section to bending uill be^yA^ x the dcj)lh of the gnder, or 6Ac x the de|)th, 
according as the bottom 01 the top flange is considered. Equating tliese 
to the bending moment at the centre of the span gives 
7Afx2i 225, 

A/» -- 12 85 .sc.ftiaic inches. 

• 17-5 ^ 

6A,>x 2J 225, 


A, 



o 


^ square incites. 


D.M. 
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It will be noted, fiom inspection of the section j^iven in Fig. 231, that hvo 
rivet holes occur in each flange. 1 n the case of the flange under push, it may 
be assumed that the rivets fill the holes 
jierfectly and that no compensation is 
necessary. In the case of the flange 
under pull the section.d area of the two 
rivet holes must be deducted from the 
total se( tiomd area of the flange plates. 
'I'he rivets m the jiresent example may be 
taken as J" in diameter ; it is not customary 
to exceed this dimensioa to any extent on 
account of the difficulty of clos ng larger 
rivets by hand, as h.is sometimes to be 
done during erection. 'I he sectional area 
of the hoiizontal limbs of the angles used 
for seeming the flange jilates to the web 
plate may be included m the flange area. Angles 3.V'x3j"x L' aie used 
in the present case. 

'Taking the bottom flange first, in which the ri\et hole allowance must 
be made, \ve have 

Net area of the horizontal limbs of tw'o angles = 2 (3^ - j) J 

== 275 sc[uare inches. 

Using plates thick, 

Net aiea of one plate 10-5" x 5 - 

- 3 375 square inches. 

If three such plates aic used, Net area -3 x 3-375 

to 125 square inches. 

Adding this to the area piovided by the angles, we have 

Sectional aiea supjflied in bottom flange - 2 75 + 10-125 

^75 inches. 

'This is slightly in excess of the area actually lequircd, \i/. 12-85 square 
inches, and may thus be adopted with safety. 

Considering now the top flange, which is under push, and using 
the same dimensions of angles ,ind also the same thickness of plates, 
we have ’ 

Area of the horizontal limbs of two angle,', = 2 x 3^ x i 

— 3-5 square inches. 

Aiea of one plate, 10-5" x j''— 3 94 square inches. 
Aiea of three plates^ 1 1-84 squaie inches. 
Total dange ai ea - - 3-5 -f 1 1 -^^4 

15-34 square inches. 

The area actually required is 15 square inches; hence the assumed 
dimensions may be adopted. 


y rivets 

^plates lOjxl 
^Angles 

web plate 
Y packing 

Z platen 

Kir., 23r. - Section of u pl.ite t'laU-i 




PLATK (;rK 4 )KRS 21 r 

1 he of tiiulin^ the lei^^tlis of the llanf^e^plitO', may he uiulei- 

stood by leferenrc to 1 - 232 I he bcmhn)^ moment diaKiatn foi the 
gtrcier is drawn on a base AH, and is aUo udiawn iiueited. The moment 
of resistance of tlie angle limbs is rah ulated, and also the moment of 
resistance of cadi plate scpaialch, making allowame for nvet holes in 
the*(ases (jf those iincfti pull These ai<‘ set olT xeitKalh fiom AH and 
hori/ontal lines luled '1 he aiij^Ies and the plates ad|a( enl to the web 
must run the whole length of tlu“ gndei 1 he other plates may stop at 

Ton ‘feet 



Lower flarii^e 

Fi(, 2 — ruction for obi oninj; tbe IcnRtbi in a piatc girder. 


the points where their moment of i(“sist.incc lines cut the bendmg- 
moment diagram, but aie made a little longei m older that the riveting 
at the ends of th% jilates may be earned out projieily. 

The thickness ot iJie web plate may be found on the assumption that 
the shearing foice is distributed uniformly over the section of the web. 
Assuming a shearing stress of 6 tons per sipiare incli and taking a section 
close up to either support v^ieie the shearing force is a maximum and 
attains the value of 30 tons, the aica required wilkbe 

Sectional area of wgb - = 5 squaws inches. 

Fdf t>i«latc 30 inches deep thib oimld give a thickness of v, -ii inch. 
To guard against the effects of rusting, no plate should be less than 
^ inch thick ; further, buckling has to be considered ; hence the web may 
be taken as inch thick 
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The stiffeners shou^lcl have a pitch not exceeding tlie depth of the girder, 
and the pitch may be lialved near the supports. 

To find the pitch of the rivets connecting the flanges to the web, taking 
a section near the end of the girder, the shearing force is 30 tons, and as 
the girder is 2-5 feet deep this will be equivalent to an average shearing 
force of^3o-r 2-5 = 12 tons per foot Now the shcrAring force per fo( 5 t of 
vertical section must be equal to the shearing force per foot of horizontal 
section (p. 126); hence the resistance which must be provided by the 
rivets will be 12 tons per iKui/ontal foot. 

Taking rivets | inch in diametei, a shearing stress of 6 tons per srjiiare 
inch and a bearing stress of 10 tons per s(|uarc inch, we liave 

Bcaiing resistance of a | inch rivet in a 2 i^ich plate x ^ x lo 

2 81 tons. 

Sheaiing resistam e, undei double shear- 

4 64 tons. 

Hence the Ijearing icsist.iuce must be taken. 

1 

Numbei of iivets per foot --^ - = 4 ; 

pit( h - ^ iiu hes. 

As the shearing force diminishes for sections taken neaier to the centre 
of the span, the pitch may be increased towaids the centre. It is, how- 
ever, undesirable that the pitch should change too frequently. To find 
the section at which the pitch may be changed to 6 inches is equivalent 
to finding the section at which the shearing force is half the maximum, 
viz, 15 tons, 'I'his will occur evidently at cjuartei span ; hence the middle 
15 feet of the girder may have a rivet pitch of 6 inclics 

Parallel braced bridge girder. Fig. 233 shows in outline a bridge 
constructed of two Pratt girders A and P, one on each side of the 
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Vorces In^the top boom. Consuier the K-ir ee 2^^) . if this Uir 
were dr(){)f)e(l out, the poition tuii uoulil rotate about 'Take 
moineiit> alK)ul r/ of all tlu^ forc'es acting on 
aai which is shown sep.iratdy in Kig 254. 

'r^^is the fcjn e in . \\\ has /(>ro inonuait. 

('IV X D) -I- (W’j X (h/) t (\\’ , X /v/) P X f/V 

or 'IV X I )• ( P X (i(/) - (W'j X th/) - {\\\ X />(/). 

'Phe right hand side of this expresses the 
bending moment at </ , writing this as M,/, the c<jiiation gives 

M-/ 






V 

S w, 

Fi(, 



'I',-, 


(>) 


In the same way, 
And 


M;. 

1) 


There is no necessity for calculating tlu' forces in the bars on the 
other side of X’, as, with symmetrical loading, it is evident that the 
forces will repeat themselves. 

Forces In the bottom boom. It is (wideiit that, as there; are only 
horizontal and -oitical force's at the joint /> (log 233)' l^ofca* in 
a/> will be e(|ual to that in M. If the bar M be drojipc.'d out, then 
the portion c/A' will rotate about r 'Taking moments about r of 
all the forc'cs ac:ting on a/u- (h'lg. 2,^5), we have 
( Tm X 1 )) - 4 - ( \Vj X (i/f) P X (i/\ 

'Vm X 1 ) - (I* X <i//) - (V\', X a/>) 

M, ; 

tw=-A|'; ( 2 ) 


W.Y 


'dd 


W* 

Fig. 235. 



^ W, 

Fig. 236. 




df 


If c^be dropped out (Fig. 2>^), adec w’ill rebate about e (Fig. 236). 
HeSc 3 r ^ ^ ^ ^ xM)==Vx ad, 

'V.ifX I) = (P X ad)- (W, X ad) - (W.^ x M) 
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In the same way, 


Forces' in the inclined braces, ('onsidering the bar a>: (Fig. 233), 
evidently tlie liori/ontal com[)onent of the foiee in it will 
\c/\ be balanced by the force in al>d. l.et 0 be the angle of 

A I inclination of the brace to the horizontal (log. 237). Then 

^ \d 'I'.ci -'Faccosd, 

‘'''''•=^7. or '1 V -- 'F(»a sec d (4) 


In the same way, the horizontal component of the 
force in rd is balanced by the forces m />d and d/ 
(Fig. 238). Hence, 

or TV,/ - (TV/ - T'w) sec ^ 

”(-i) 

In the same manner, TV^=^ (T//i - TV/) sec B 



The force in requires special treatment. If the forces in gh 
and hm be both resolved \erticallv, the sum will be 
equal to (Fig. 239). Hence, 

2T,,/tSin 0 

T,kdy\cwcce (7) 

Forces in the vertical bars. TTie only force possil^ile in k is the 
load W.^ a[)phed at* its lo^^er end (Fig. 233). Tliere ('an be no force 
in hk, as there is no load at its upper end.' (Consider « 
the bar de ; the force in this bar is balanced by the 
verti('al component of the force in the nc'hncd brace 


ij‘ which IS connected to its top. Hence (FTg. 240), Fk.. 240. 

TVt-^ TV/'->m ^ (8) 

In the same way, T/y = T',,/, sin 0 . 


The forces in the various members due to the dead load may be 







-MS 

rmind alsc»l.y graptiKMl n„-iho,ls. I'lg. ,|„,„s llio l.a, e iliagiam 
for the glider under dis( usmom. 

A 



Fi(,. .’ti. Oi.^phiL.il solution of, i I’l lit iiiidfr (iTi)mi4 a l«'ul. 


Live load forces. Suj)j)()sc th.u .i iimf'om) luc load, o( haigth 
siidicient to ('o\Li llu; c'tUirt? span, may lun troin t iiher ( nd on to 
the glider shown in log 2 pp It is uvidciu that m.i\imuni bending 
momeiU will occur at all sections when the span is (ostnd wholly 
by the live load, hence maximum foues will tiun otcui in all the 
members of both top and bottom booms J( both li\e and (had 
loads are uniform, jirodiu mg a ratio of h\e to dead load pei loot 
length ot girder (.'(|ual to //, then tlu* binding moimntsat any s( ( tion, 
produced by these loads, will also ha\e the ratio //, and tla* force in 
any boom memlier due to tht* h\e load will be u times the force in 
the same mcanber due to the dead load 

In finding the maximum Inedoad forces in the inclined bais of 
the web, it may be taken that the shearing force; 111 an) panel is 
balanced by tl#e \eiti(^al eomponcait of the loica- in the inclined bar 
belonging tej that jxinel. Maximum force m any inclined bar will 
therefore occur when maximum shearing fon e exists in the jjanel to 
which the bar belongs. The fcdlowing simple piaclical rule gives 
results stilfieicmtly aceui.ifr Assume' th.it maximum |aill in the 
inclined bais o/, g// (log 2 5 5) oc cairs \Ma n c.ic h (i.inc 1 jioint 

sitnat^ii on the right of the bal is eariymg a load W'', W .bcang the 
live load [)er panel , also that the maximum push in the me linc.'d 
bar.s hm, /o, occ'urs when each panel point situated cai the right 
of the bar is carrying a load ecjiial to W. Under these ccjnditions, 
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the shearing force in the panel will be equal to tho left-hand 
reaction 1\ P being calculated from the loads applied to the selected 
j)ancl points. T'he force in the bar may then be found from the 
product P coscc 0. 'J'he maximum forces in the end bars ac and qr 
(Pig. 233) may be found by resolving vertically and horizontally the 
forces at a and r when the span is wholly covered by the live load. 

It will be noted that corresjionding bars on each s^de of the 
rniddle of the span, such as cd and undergo reversal from j)ull to 
push, owing to the condition that the live load may run on to the 
girder from either end of the bridge. In general it will be found, 
when the dead-load fon'es arc combined with the h\ e-load foues, 
that the inclined bars near the ends of the girder have forces fluctu- 
ating betw'ccn maximum and minimum pulls, and that a few only 
near the middle of the span undergo actual reversal from pull to 
push. It is customary to design the indined bars in siu h girders 
to withstand pull only, and to counterbrace those panels in which 
the inclined bars suffer reversal from pull to ])ush as shown by the 
results of the calculations indicated above. ('ounterhiacing is 
show'n by dotted lines in the two centre panels of the girder shown 
in llg 233. It is assumed that the ('ounterbraces fk and kl take 
as pulls the forces which would otherwise have to be carried as 
[lushes by and km. 

Having found the maximum forces which may occur in the 
inclined bars due to the live load, the forces in the verticals may 
be found by considering the iqiper panel [loints c, c, ,v, eL('. (Mg 233). 
The force in any vertical bar will be C(|ual to the vertical component 
of the force in the inclined bar which is connected to the same u[)j)er 
panel point. 

Bridge girder of varying depth. I'he [irincijiles underlying the 
solution of a bridge girder of varying de[)th may be understood by 



reference to Fig. 242. i\ single load W is alone considered, and 
P and Q are calculated first. 



nuiDGE r.IKIiMKS . • ^,7 

To find tlv 3 force in ihc member A belonmnLj t(^ the bottom boom, 
it AS ill be noticed that, it the bar be r('mo\cd, AAv/ will lotaii' about 
e. Taking moments about c, we ha\e 

Force m A* x A’ V x A/f M,, ; 

• * r / 

. . lore e in A ^ . ’ ( i ) 


lo find tile force in the member c/ oj the toj) boom, the rotation 
point would be c if tlu* bar were diopjied out. 'Taking moments 
about c, first drawing ca perpendieular to </, we ha\e 

Fon m </x ca - F x Ac M,, ; 


foiee in r/- 


M, 
( \ 




To find the force in cc, leferenee is made' to log 2 t;;, showing 
AAv/ together w'lth all the forevs acting on it. 'I\, 'V , and T an- the 



Fig. 243.— ConnriK.tioii for fiivlmq ilic forrp in a (li.*K()n.iI l.r.i<<. 


forces in c/i k and cc respeetuely. T’, and '\\ inlersei t, wlum jiro- 
duced, at and hence have no moment about Draw zm peipcn- 
dicular to the line of 'I' and take moments about c. 



Fig. 2^. 
the fon 


\ertital member. 


P X Ac 
T' 


T' X cw, 



zm 


(k 


^ Vo find th(‘ force in k, resolve hoii/on- 
tally and vertically wH the forces ac ling at 
the tem joint c (Fi^ 24.;). For balance 
of the vertical components, we have 


'T sin y + T'j sin a = T, + T 3 ‘«in /i ; 

T\ = T sin y + Tj sin a - 'Tg sin ft (4) 



2iS . MATERIAiL^ AND STRUCTURES 

. _ — ^ . . . __ 

Double Warren^ girder. As an example of another method of 
solution, consider the double Warren girder shown in Fig. 245 (a). 
1 he girder may he taken as made up of two component girders 
shown separately in Figs. 245 {/>) and (c), each carrying the loads which 
hang, in the complete girder, from panel pcvnts belonging tg the 
component girder. Each component girder shouid be solved 
separately, 'bhe force in any member of the complete girder may 
then be found by adding algebraically the forces in the corresponding 
bars of the component girders. 



t IG. 245.— Double Warren girder and the component girders. 


Assume that the bracing is at 45'^, as is often the case in this 
type of girder; also that the proportion of each load which is borne 
by each support takes the shortest route betw^een the panel point and 
the support. (Consider Wj (Fig. 245 (/>)) ; is supported at and 
J\V j is supported at //. The arrives at,i,\ifter traversing /ta as pull 
and as push, thus producing forces pull in ah and W, 

push in ag. The J-Wj arrives at ?i afte^: traversing /zcas pull, d as 
push, le as pull and en as push, and produces forces equal to 
^Wjv/2 in each of thd^e bars. 

In the same manner, JWg arrives at n by producing ^^^3^2 pull in 
le and ^W3s/2 push in en\ also fWg arrives at ^ by producing fWgvJ 
pull in /c, fWgv/^ push in ch, pull in ha and |Wg push in ag. 


REINFORCED CONCiy^TE HHA^IS . ji' 

“““ ~ - - - 

yhe total J'orces in these bars in Fig. 245 (/^) nuj) b(' toniul now l)y 
adding algebraically the results calculated for each. The forces in 
the boom members are best lound by calculation from tlu' In iuling 
moments in the manner described on p. 214 It will be noted that 
ther^ are no forces in^V/, cf and fn. 

The solution of llie other comjKinenl girder (Fig 245 (0) is oKtamed 
in a similar manner. 'The force in any member such as k m 
Fig- 245 (rr) ‘will be found by adrlmg algiTi.iK'ally the foices m nc 
(Fig. 245 {!>)) and bd (Fig. 245 (e)). 

In girders of the double Warren type ('ontaining a large number 
of panels *;in(l uniformly loaded, the assumption may be made that 
the in('hned btirs in any panel shart* e(|ually the slu anng force m 
that panel. 'This assumption should not lie made if the number of 
panels is small, as it then leads to absurd results. 

If vertical bais M, </’, et< ., be added to tlu‘ glider shown in 
Fig. 245(17), It may be assumcal that e.ich \erti<al bar liansfiTs 
one half the load applied at the lower panel jiomt to th(‘ upper 
panel point, and the solution may then be obtained m the same 
manner as before, wulh the \eitical li.irs left out. 

Reinforced concrete beams. In Fig. 246(^7) is shown the sec tion of a 
concrete beam having steel reinforcement Ixirs near the bottom edge. 



Fie. 246.— Kciiifon cd coticreit. tjc.im. 



In making calcu^tions regarding the strength of beams of this type, 
it may be assumed, a.-^ Ras been done fcjr metal beams, that there is 
pure bending, that there^is nc 7 Resultant pull or [msh along the length 
of the beam and that cross sections which were plane in the unloaded 
beam remain plane when t^e beam is loaded. It follows from the 
last assumption, that the strains of longiludina! filaments will be pro- 
{Kirti^nal to the distance from th^neutral layer^p. 1.43). Hence the 
strains^ over any section AH (Fig. 246(/^)) may be reprc.sented in the 
side elevation of the beam by a sloping straight line (Hi which pa.s.se8 
through the neutral axis at O, giving the two strain diagrams AOC 
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and BOE, the horizontal breadths of which show the strain at 'any 
point. 

Let Sc be the maximum strain in the concrete under compression, 
represented by AC (h'ig. 246 (/;)), and let represented by 1 )F, be 
the strain in the steel. Let d be the depth the beam mea.'^iired 
from the top to the centre of the reinforcement bars, and let xd be 
the distance of the neutral axis from the top. Then 

Sc _ xd X , . 

Sg {i~x)d i -X 


Let Cc be the push stress in the concrete corresponding to the 
strain Sc and connected with it by 



where Ec i'^ Young’s modulus for the concrete. Also let be the 
pull stress in the steel corresponding to the strain Sg, the connection 
being ^ 


where is Young’s modulus for the steel. Then 

A' A -^r 

Ltf Sg Cc Cc Sg 




The ratio of denoted by is rather variable owing to the 

nature of concrete j the average value of 15 is taken in practice; 
hence the above result may be written 


A 

c (l-x) 


■•■(3) 


It is customary to allow safe stresses of 600 lb. per square ir^ch 
push in the concrete and 16,000 lb. per square inch pull in the 
steel. Suppose that the section is so proportioned as to secure that 
these values occur simultaneously on a certain load being applied. 
Then, from (3), ^^0 x 

, 600 I - 

whence • A = 0-36 (4) 

A section so designed is leferred to generally as an economic 
section. 

In estimating the strength of the section to resist bending, it is 
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usu^ll to disj^egard the stresses in that portion of the foncnie lying 
below the neutral axis, and hence undei pull stress. It follous that 
the stress diagram for the section will resemble that stiown shaded in 
Fig. 246 (c), in which push stiess on the concrete is proportional to the 
distiyice from the nei^tral axis, t'e being the maximum \alue, and the 
stress on the steel is assumed to be dislnhutetl uniloimly o\er 
the steel. 'These stresses will gue rise to e(jual resultant forces (' 
and 'T on tfie concrete and stiel rcsjiet'tneh (log 246(^/)), e{|ual 
because there is no resultant loice along tlu‘ length of the beam 
I^et /> be the ratio of the an a ol tlie steel to the ic( langiilat area 
A/ (Fig. 2.f6 (a)), and let A, he the total sectional .ire.i of the steel bais 
in s(iuare inches. 'Then ^ 

and T- A/)/v/. (<>) 

Also, Area of the coik rete undc-r push />\</ (log. 246 (f/)). 
Average push stiess in the conciele- b,. 

'Total push in the conciete- \r,/K\(/, (7) 

Also 'T ('; 

4 /./v/ - ioAxv/, 

or -■ VovV, 


/> 


1 o 

X 

2 A 


■(H) 


' / " , (I'rom (4)) (9) 

2 ///(I a) 

If the beam is of the economic section, then .x Js 0-36 from (4), and 
(9) becomes p- 0-00675 

-- 0-675 per cent. (10) 


^To obtain the moment of resistance to bending, we must cah u- 
1^^ the moment of the cou[)le formed by 1 and (.. C. acts at a 
distance ]x^ frofii tin- t4^p ; iicnce the distance between (. and 1 is 



-- 



Hence, Moment of resistance 

-V,/(i - 

■ ■ 

. (1.) 

n * 

^ 1 V(I - 

\x). .. . 

. (12) 

From (7) and (11), we have 

• 



Moment of resisti^ce -- 

\axd-{i 

- 

(0) 

, from (6) and (12), 




Moment of resistance-^ 


- .ve 

... (.4) 
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Fig. 247,— Reinforced concrete T beam, NA below the 
slab. 


Reinforced concrete T beams are much used. Tljere are ‘two 
cases, one in which the neutral axis falls below the slab (Fig. 247 (a)) 

and the other in which the 
neutral axis falls within 
the sl;^b (Fig. 248 (cz)).^ As 
the concrete under pull is 
neglected, the stress diagram 
for the latter (Fig. 248 (/^)) 
is identical with that for a 
beam of rectangular section 
(Fig. 246 (e)); hebce all the 
results already found apply 
to this case. In the former 
case (Fig. 247 (a)), it is 
customary to disregard the shaded area, representing a small portion 
of the concrete under push. The stress diagram will then take the 
form shown in Fig. 247 (/^), 
and the equations become some- 
what altered. 

It should be noted that re- 
inforced concrete buildings are 
practically monolithic; columns, 
beams and floors are so con- 
structed as to form one piece. 

Hence all such beams must be 
regarded as fixed at the ends. It has been shown already ([). 177) 
that in such bean >3 the bending moment reverses in sense near 
the walls; hence the top sides of the beams near the \\alls will be 
under pull, and some of the reinforcement bars should be brought 
diagonally upwards and run near the top of the section over the 
supports. 



248. — Reinforced concrete T beam, 
within the slain 


Example i. A reinforced concrete beam 13 9 inches wide, and is to 
have a moment of resistance of 300,000 Ib.-inch\s. The stresses of 600 lb. 
per square inch on the concrete and 16,000 lb. per square inch on the steel 
are to be attained simultaneously. Ratio of elastic moduli = i5. Find 
the depth of the beam and also the sectioi^al area of steel required and 
the position of the neutral axis. 

From (10), p^o-Oys fjcr cent. • 

From (4), r=o-36. 

F rom ( 1 3), M = \ccbxir- ( i - \x\ 
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,/-V, 


2^5 


2M 

^ A - VO 


=v 

> o 


! X 200,000 

^^o-36x 9x600(1 -0-12) 

. . -‘lij 

Distance from the top to tlie neutral axis • 

u/- 0 36 X 15-3 
^ 5-5I inches. 

Sectional area of steel A| ^ 

^ -000675x9x15*3 

0*93 scpiare inch. 

Exampi.k 2. A reinforced conciete beam 9 in< lies wide by 18 inches 
deep has ihiee steel leinforcement bais, each 0*75 im li in diamclei. 
P'ind the position of the neutial axis and the moment of lesistance. 
Neither of the stiesses of 600 Ib. per squaie inch for the coin rctc and 
16,000 lb. per square inch foi the steel may be exceeded, 'bake the ratio 
of Ej to Er = 15. 

TTiP 3X22X9 
4 4x7x16 

— 1*33 s(juare im lies. 

A 13(1 - 0 


Sectional ai ea of steel = Aj - 3 x 


From (3), 

Also, T C ; 

.’. 1*33 X 6 - icrAA 
6 811 

'<• ' .33' “ 

Equating (i) and (2) abo\e, we ha\e 

15(1 - i)_ 


i X 9 X 18 X it.v ; 


(i) 


..(2) 


81.V 

1-33’ 

811“, 

8ia’V 


(15- ‘50»-33 

1995-19951 
^ 81.1H i 9-95‘'- '9 95" o; 

whence * .1=^0*387. 

Distance of the neutral axis from the top=.iv/^o 387 x iS 

^6 96 inches. 


Again, from (1), 


- 1)15 X 0*613 , 

Cc V 

or _ /* = 23*81/*.'^ 

Suppose 6 be taken as 16,000. Then 
16,000 
'23-8 


Cc^ - 


0*387 


*-=673 lb. per square inch, 
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a value inadmissible by the data. Take, therefore, Cc as 600 Ibi per 
square inch, giving' 

A = 6j)OX 23-8 

= 14,280 lb. per square inch, 
and Cc-^yGo lb. per square inch. 

From (14), * * 

Moment of resistance = - .VO 

= i4,28oA«r/(i - VO • 

-i4,28ox 1.33X 18^1 
— 298,000 Ib.-inches. 


EXAMPLES ON CHAPTER IX. 

1 . A steel bar is 20 feet long and has a sectional area of 4 square 
inches. Find the woik done while a pull of 24 tons is aj)plied gradually. 
Take E = 13,500 tons pei squ.ire iiuh. Find «ilso the eneigy stoied in a 
cubic inch of the bar. 

2 . Suppose, in Question i, that the load is applied suddenly, and 
calculate the maximum stress produced. What will be the momentaiy 
extension of the bar? 

3 . It is found that a steady load of 400 lb. resting at the middle of a 
beam produces a deflection at the centre of 001 inch. W'hat central 
deflection would be produced by a load of too lb. dropped on to the 
middle of the beam from a height of 16 inches? 

4 . A certain steel bar m a glider carries a constant pull of 20 tons 
owing to the dead load. The live load produces in the same bar forces 
which range fiom 60 tons pull to 10 tons push. Find the working stress 
and the sectional area of the bar. 7 'ake ultimate tensile strength ==30 tons 
per square inch. 

5 . A single load of 10 tons rolls along a girder of 30 feet span. Draw 
curves showing the maximum bending moments and sheanng forces at 
every section. Stale the scales. 

6. Answer Question 5 for a uniformly distributed tiavelling load of 1*5 
tons per foot length which may cover the whole span. 

7 . Supposing that the girder m Question 5 is unih^m m section and 
weighs 8 tons. Draw the diagrams of M and for the dead load. Then 
combine these diagrams with those already dvawn for the single rolling 
load m order to show the eflfec ts of combined live and dead loads. 

8 . A girder of 40 feet span is traversed by thiee concentrated loads of 
6 tons each at 7 feet centres, followed tK an interval of 6 feet by a 
uniformly distributed load of 0-5 ton per foot. Find graphically the 
maximum bending mwnents at .scc^ns of the girder taken at 5 feet 
intervals. The load may run on to tne girder from either end. ^ * 

9 . A continuous beam of length 50 feet rests on four supports on the 
same level. The left-hand span is 20 feet and the others are 1 5 feet each. 
The left-hand span carries a uniform load of 2 tons per foot, the other 
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spans carr)' uniform It^ds of i ton per foot. Find yie bending moments 
at the sup|x>rl'>. 

10 . In Question 9, find tlie rc.unons of the siipjxirts. 

11 . In Question 9, draw diagiams of bending moments and shearing 
forces for the complete beam. State tlie scales. 

1 !?. A plate girder ^4 feet sp.in, 2 feet deep, fl.mges 10 inclufs wide, 
carries a uniformly distnbuted load of 45 ton:>. I'lie .ingle sections aie 
3'5 ^ 3’5 ^ ^ 1 .ibe stresses .e, follow s • j)ull, 7 tons pei s(|uate 

inch ; |)ush, o tons pei scpi.ire iik h ; shiMiing, 6 tons p<‘i scpiare inch ; 
bearing, 10 tons pei siju.iie inch. Find tlie sei tional area of I'ach tlange ; 
state the number .ind thu knt'ss of plates re<juiied for eai h flange .it the 
middle of^he span W'hat tlm kness <if web pl.ite would be smt.ible 
If the rivets are o 75 iiuh m di.imeier, wh.il will be the pit( h of those near 
the ends of the girder.'' 

13 . In (Question 12, tmd the lenglli of each pl.ite m id) the toj) flange, 
(d) the bottom fl.inge 

14 . A I’l.itt giidei fFig 241) 48 feet sp.m h.is 6 e(|u.il l),i)s of .S feet 
e.ich. 'The biac mg li.us make angles of 45" with the hoii/ont.ik 1 hole 
IS a uniform dead lo.ul of i ton pin fool length, find the foiies m the 
hoiizontal top .ind bottom b.its of the two (onti.il bays; .ilso those in 
the two inclined b.iis neaiest to one support. I ind .ilso the force in the 
vertical b.ir second fiotn one supjxirt. 

15 In Question 14 a unifoim live lo.id of i 25 tons per foot travels 
along the girdci . Find the m.i\imum fooes it will |)i(xluce in the same 
bars. I he load is lor enough to (ovei the whole giider. 

16 . A moclcl reinfoned concietc beam 3-5 indies wide by 4 25 inches 

deep from the top to the ( entte of the lemfoicement has to be m.ide so 
that stresses of 600 and i6,0(X) lb. per scju.iie im h will (x ( ur in the con- 
riete and in the steel respectively. I'.iking the ratio of the elastic moduli 
as 15, find the pen enl.ige of reinfoK ement reciuiied, the se( tional .'iiea of 
the steel, the position of the neuti.il .ivis ,ind the moment of lesistame of 
the section. • 

17 . A reinforced concrete licam of icctangular section 12 indies wide 
by 18 inches deep has three steel reinforcement bars e.ich i 25 inches in 
diameter. Find the positron of the neutral axis and the moment of 
resistance. .Stresses of 600 and 16,000 lb. per squaie inch rcspei lively 
for the concrete .mil steel must not be exceeded. T.ike the ratio of the 
elastic moduli as 

18 . F^xpenments upon some wrought-iron bars showed that a per- 

manent set was taken when the bars were strained to a degree greater 
than that prixluced by a stress of 20,000 lb. per scpiare inch, but not when 
strained to a less degree. At that point the average strain was 00006 
foot per foot of length ; whatfvas the resilience of this quality of iron in 
foot-pounds per square inch section per foot of length ^ (I.C.E.) 

19 . iron bar 10 feet long ha1|ng £=^14,000 tons per siju.are inch 

and anniTt of elasticity = 14 tons per square inch is subjected to shocks of 
a total value of 224 fixit-pounds. Tlie bar is not to have any permanent 
set produced in it, this being guaranteed by the adoption of a factor of 
safety of 2. Find the rerpured sectional area of the bar. d.C.E.) 

D.M. 
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20 . A vertical steel rod, lo feet lonj(, the cross section ot which is 

I square inch, is fixed at its upper end and has a collar at its lower end. 
An annular weight of 300 lb. is allowed to fall through a height of 
3 inches upon this collar. Determine the maximum intensity of stress 
produced in the steel rod if Young’s modulus is 12,500 tons per square 
inch. (B.E.) 

21 . Two bars, A and B, of circular section and the same material, are 
each 16 inches long. A is 1 inch in diameter for 4 inches of its length 
and 2 inches in diameter for the remainder ; B is i inch in diameter for 
12 inches of its length and 2 inches in diameter for the remainder. A 
receives an axial blow which pioduces a maximum stiess in it of 10 tons 
per square inch. Calculate the maximum stress produced by the same 
blow on B. How much more energy can B absorb in this way than A 
without exceeding a given stress within tlie elastic limit of the material ? 

(L U.) 

22 . A double Warren glider (Fig. 245) is 50 feet span and 10 feet deep 

and has fne equal bays of 10 feet eai h. It is supported at the ends 
and carries a load of 12 tons at each of the four louer panel points 
(48 tons m all). Find the forces in the members. State the assumptions 
made. (L.U.) 
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Ties and stmts. I'hose poiiicjns of <i striu tur(‘ \\hi( h are intefuled 
to 1)0 under i)ull are (ailed ties; pails undet push aie ealh d atnita, 
or columaa. ( oluuins are usually \eilieal pieca s inltaided to carry 
weiglUs. 1 lu‘U‘ IS au essential dilleieiKe whuh luodifics greatly the 
method t;l (ahul.Uing the strengths ol tu-s and stiuts. a loaded tie 
exhibits no tendeiK y to bend if it is straight oiiginally, and will tend 
to become straight ifoiigmally (Uivcd. A strut, il originall) cuivcd, 
will ha\e Its (.ur\alure in< reased 
by ayiphcation ni the load, and, 
it stiaight at hist, may very easily 
be undta slk h ('oiiditions ot load- 
ing as will [)rodu( bending, want 
ol uniformity m the elastic pioperties of the mateiial may produ('(‘ 
a similar elfect. 

A straight tie AB is shown in h'ig. 2.p;, loaded with jiiills P, 1 ’, 
applied in the axis of the bar. It is (nidcnt tIxTc is no tendency to 
bend the tie, and any cross sedion ('I), at 90’ to the axis of the har, 

will have a unilormly distributed 
(^) pull stress. A bent tie bar All 

is shown in I’lg. 250 (n). d'he 
nature of the stresses on Cd) may 
be understood by considering the 
etjuilibrium of one halt of the bar 
(c) ob.served 

that there is a bending cou[)le of 
clockwi.se ilioment IW ; this is 
^ l)alanccd by*the moment of resist- 
ance^Ttlhe section CD, the latter being represented by tbe forces 
Q, Q. It is aptmrent that the bending couple iV is endeavouring 
to straighten the bar. 


c 


■Q 


P'-P B 

d 

1 

Q ,P'«P 


(b) 


-0 < 

Fig. 250.— Bent ties .ind struts. 
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j. 

Had a strut of sir^fiilar shape been chosen, the forces ac,ting on dne 
half of it would be as shown in Fig. 250 (r). Here the couple Vd is 
anti clockwise, and tends to i)roduce further bending. 

In each of these cases there will be two kinds of stresses on the 
section CD: (a) a stress of uniform distribution due to the axial 
force r' ; (/’) a stress due to the bending couple, varying from a 
maximum push stress at one edge to a maximum pull stress at the 
opposite edge. An initially straight strut which has been allowed to 
bend under the load will have a similar stress distiihution. It may 
be taken that the effects of bending may be disregarded in axially 
loaded straight ties, but must be taken account of in all stmts. 

Euler’s formula for long columns. This hjrmula may be deduced 
by consideiing the bending of a long flexd)le column of uniform 
cross section and c;irrying a load applied 
axially. If such a column is ])erf(j('t1y straight 
to begin with, and there are no inequalities 
in the elastic properties of the material, the 
application of an axial load will not tend to 
bend the column. On inci easing the load, 
a certain critical load is 1 cached, the mag- 
nitude of which dei)ends on the method of 
fixing the ends of the column ; under this 
load the mateiial of the column becomes 
elastically unstable, d'his condition is evi- 
denced by the column refusing to spring back 
if slightly deflected fiom the vertical, while 
it does so readily for loads lowei than the 
critical load. The slightest increase in the 
load beyond the critical value \sill cause a 
small deflection impaited to the column to 
and the column collapses. It will be evident 
from what has been .said regarding the conditions to be realised, that 
it is not possible to obtain a column of^ such ideal material and 
construction as will show perfect agreement under test with Euler’s 
result. But the formula is of service in enabling other more 
practical formulae to be devised. 

Considering a long column AB (Fig. 251 (a)) of uniform cross 
section and length L.' Let both ei>ds be rounded, or pivoted, in such 
a manner that, if bending does occur, the column will assume a ^ 
curve resembling a bow (Fig.251 {/?)). 'The effect of a load P applied 
at A in producing stresses at any section D will be understood by 



Flc.. 251.— Euler’'* theory of 
long struts. 


increase without limit. 
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shitting P /roni A to 1 ) as shown by P' : th^ sortion at I) will 
evidently he under an axial load P' - P producing inulorni stress, 
together with a couple of nioinent l*r 'I'he ('ouple gi\es a bending 
moment, and llie effect of this alone is consukied in the lollowmg ; 
the .stress at D caudal by the axial load 1'' is disri'garded, as it is 
small compared with that j)ro(luced by the bending moment in the 
case of a U^ng column. 'The maximum bending moment will be 
found at the middle section at which the maximum value of r, 
viz. A (Fig. 251 (/»)), occ urs, and will be gi\c‘n by 

. Maximum bending moment M, PA. (1) 

'Faking the ecjuation for the cur\ature of a beam (p. i6b), we ha\e 
fcjr the curvature at 1) . , 


FI 

we m.iv write 


will be constant for a given load on a given c'olumn, 


It may be shown reaclil) that a c invc, plotted so that its ordinates 
y (Fig. 252) are the sines of the angles a repu'sented by its 


y y - stn a /' 

/L i 

of I n 


TT rjadians 


Fu,. ass. -Curve of siiicv. 

abscis.sae, posses.ses the same property, \i/. the curvature at any 
point is directly proportional to the ordinate >'“-sma. It may 
thus be inferred that the curve of the bent column is a curve of sines 
to some sc ale. *l he sciales of x and )’ may be stated by taking the 
origin at A (Fig. 251 (/^), when AP-F will represent tt radians, 
AF=M., will reprexsent ’tt radians; also CF-A will repre.sent 

sin-=i, and v will represent the sine of an angle AF, which will 
2 ~ • 

have a value ‘ tt. Hence, t 

^ V • TT 

• y : sin ^ tt : sin , 

L 2 

j-Asin^.v (4) 
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It can be shown* that, if a curve be given by an equation show- 
ing the relation of y and a, tlie curvature at any point may be 

obtained by finding the second differential coefficient, vi/.. pro- 

ax- 

vided that the curvature is not too great. , Application of .this 
process to equation (4) will lead to a result which may be equated 
to that of equation (2) above. Thus, 


y^A sin J a, 



TT 



dyy 


- A 


TT- 

JA 


. TT 

Sin j a 


- y,y- (from 4) (5) 

This gives the curvature at 1 ) (Fig. 251 {/')), viz. The negative 

F-i) 

sign may be disregarded, as its only significance has reference to the 
position of the centre of curvature. Ecpiating (2) and (5), we have 


It is important to note that^' (ancels, giving 

P TT-’ 

E 1 ~L-’ 
ttHA 

L- 


P = 


■{(>) 


This is Filler’s formula for a long column having both ends 
rounded. 'The meaning to be attached to the deflection v disappear- 
ing from the final result is that no deflection will occur until a 
certain load P given by (6) is applied. When the load attains 
this value, any small deflection will inerdase indefinitely with the 
consequent collapse of the column. 

A more general way of writing Eulcr’sTormula is 



where / is a function of the length L of the column. The value of I 
depends on the method of fixing the ends, a point which we now 
proceed to examine. 
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effect of fixing the ends of column^ In the case of the column 
discussed iA finding Euler’s formula, the ends wife taken as lounded 
and the column bent as a whole, d'here was no bending monuMit at 
the ends, and these may be looked upon as points of eontiallexure 
(p. 180). Fixing the ends will produee a suffer and eonsecjuently 
strefnger column, d’^iis may be taken account of in the forinula by 
writing, instead of E, the length of the (olumn, thi‘ distance I 



between the points of ('ontraflexure in the a<'lU(d ( urv(' of the 
bent column. Some cas(‘s aie noted lielow' ; refereiu e is made to 

Hg- 2 53- . , 

Cask. A. Both ends rounded, d'his is the c/ise examined above ; 

/=L. 

C\SK B. Both ends fixed and so lontrolled that the forces \\ B 
remain in the same vertical line. Here / .’E. 

Case C. One end (the lower) fixed ; the other end guided so 
that the forces B, 1' remain in the same vertic al, but tlu.‘ ( olumn is 
otherwise free ^t this *011(1 to take u[) any direction. In this case 
/-0.7E. 

Case 1 ). Both ends are fixed so that the direr tions at the ends 
of the curve of the coluijjn remain vertical, but one end is free to 
move horizontally relative to the other end, so that the forces 1 , 1 
are not in the same vertiral when the colu^in bends. Only one 
poiitTbf contraflexure will occu?in the column itself ; the position of 
the second point may be seen by producing the curve of the column 
downwards (shown dotted in Fig. 253 D). In this case /- E. 
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Case E. One end fixed,* the other end perfectly free. In ;his 
case, the free end ‘is a point of contraflexure. The sdcond point 
may be obtained by producing the curve of the column downwards. 
Here / = 2L. 

Using Euler’s formula, it will be noticed that, as / has to be 
squared, the effect of fixing both ends of the column as in Case B'^vill 
be to give the column four times the strength of the same column 
having both ends rounded. 

Curve illustrating Euler’s formula. Euler’s formula may be 
modified by writing 


where A is the sectional area of the column and k is the Jfeast radius 
of gyration of the section, i.e. k is taken w'ilh reference to that axis 
containing the centre of the area of the section 
for which I has the minimum possible value. 
It is evident that the column will bejid in a 
plane perpendicular to this axis. Two instances 
are given in Fig. 254 (fi) and (/') ; in each of 
these OX is the axis [lerjiendicular to the 
plane of bending, and k should be taken with 
respect to OX. Inserting this expression for I 
in equation (7), (p. 230), we have 

__ 

/- 



7r-EA/’“ 


Let where n is a coeflicient depending 

on the method of fixing the ends. Then 


Fi(.. 254. — PI. me of bendiiiy; 
in columns. 


//- \L/ ’ 
_^E 
;f- VL/ 


The left-hand side of this expres.ses the collapsing load / per unit 
of sectional area. Hence, qt- / 7 ^ 9 

■?■■■■' (») 


This will be in tons per square inch, jvovided the following units 
are employed : 

E = Young’s modulus, in t<ons per sijuare inch. 

/’ = the least radius of gyration, in inch units. 

L-=the length of the column, in inches. 
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In columns of a given material an 3 having a stated methtxi of 
fixing the ends, the quantity will he constant , heiu e /> may he 

calculated for different ratios of L to X*, and a curve may be plotted 
from the results. Fig. 255 
given such a curve /or mild sq in 

steel struts having both ends 
hinged. It\ this case n=i 
and E has been taken as 
13,500 tons per square inch. 

It will# be noticed from 
Fig. 255 that, for small ratios 
of L to X’, the collapsing stress 
obtained is absurd. Only 
when the ratio is large is 
a reasonable value obtained. 

This leads to the conclusion - ^ 

that agreement of Euler's for- 
mula with practical results of t k,. 2<;s Kuier 
tests should be looked for 
only in the case of struts which are very long as (ompared with the 
cross-sectional dimensions. 

Ewing’s composite formula. Sir J. A. lA\mg has sugj^c'sted a 
composite formula made up of the crushing strength of a wry short 
block together with the elastic instability load of a \eiy long column, 
both composed of the same material as the ai tual tolumn. 

Let /r - the crushing strength of a short block, in tons [ler s(iuiire 
inch. 

l\ = the crushing load, in tons, applied axially. 

A = the area over which is distributed, in sciuare inches. 

Then ; 

Let Po = the elastic instability load of a long column, in tons; 

th 9 colunin having the same sectional area A as the 

short blocl^. 2171 

Tr^ivi ( 2 ) 

Then ^ 2"^ "/i 

Combining these in accifrdance with Ewing's method gives the 
following formula for F, the collapsing load of ^le ordinary practical 

colum^^^*ihen loaded axially ; ^ 

F- — TT- V3; 


i+/cA 


tt^EI 
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This formula has the advantage of being continuous, and does’^not 
give an absurd result for a column of any practical length. If I is 
very short, the second term in the denominator becomes very small, 
and may be disregarded. 'The formula then reduces to the expression 
(i) for the crushing load of a short block. If I is very long, the 
formula reduces to Euler’s formula by neglecting the unimportant 
terms. 

Rankine’s formula for columns. This formula is the one in most 
frequent practical use. It is practically the same as Ewing’s, although 
in a slightly altered form. 'I'hus, 




fcl\ 




TT-^EI 


I -f 


/A 

/A r- 

ir-!E ' I 


Now, I may be written as I == A/’-, 

where A is the sectional area and k is the least radius of gyration. 
Hence. 

^ P 



T' 


It is aiiparent that -4^ will be constant for a given material, and 
TT^E 

may be written r, the value of which is to be determined by experi- 
ments on the collapsing strength of columns. Hence, 


P = 



{>) 


This is Rankine’s form of the formula, and gives the total collat)sing 
load on the column. The collapsing load per square unit of sectional 


area will be given by ^ 




fr 


(2) 






This will be in tons per square inch, provided fc is in tons per 
square inch and / and k are in inch units. It is assumed that the 
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column is of.uniform section and is loaded axiall); I'he least value 
of k should be chosen as in the case of the Kuler foinuila, and the 
value of / is the s^ime as in the cases given on [>. 231 for various methods 
of fixing the ends. Values of/, and care gi\en in the table below ; 
a suj^able factor of safety should be applied in order to obtain the 
safe load : • 


• FICIKNTS IN RaNKINk’s ForMUCA. 


Matei i.tl 

fc foriolb 

[>sni>; k).u! 


• 

1.1> per M] null. 

1 oils JRM v<| im ll 


Cast non 

80,000 


1 flOO 

ILinl steel - 

70,(X)0 

31 2 

AO 00 

Mild steel - 

48, OCX) 

21 4 

7 A 00 

Wrou)^ht iron 

36 ,(X)o 

16 

ooVo 

Timber (varies gre.itly) 

7,200 


7.U 


It will l)c evident on inspection of the Kankine formula that 
allowance is made both for diiect crushing and for bending. Owing 
to the radius of gyration entering into the formula, due regard 
has been paid to the distribution of the material in the section, 
i.e. the shape as ^^ell as the area of the section has been taken into 
account. 

It is useful to plot curves from equation (2) showing the collapsing 
load per sc^uaie inch of sectional area for different ratios of L to X’, 
varying the material and the method of fixing the ends. Such a 
curve for mild steel, both ends liinged, is shown in Fig. 256, the 
corresponding Euler curve being given on the same diagram. 

Another useful set of curves is given in Fig. 257 ; here the safe loads 
per scpiare inch of sec tional area for mild-steel, wrought-iron and c ast- 
iron columns have been plotted for different ratios of Ilk. 'I'he 
factor of safety ^mployed is 5. 'I'hc curves indicate that mild steel 
may always carry a hight^r stress than wrought iron ; also that, at the 
ratio of Ijk^^^o approximately, the safe stresses on mild steel and 
cast iron arc cciiial; hence ecjual c'olumns of cast iron and mild steel 
having this ratio of /jk woukl carry e([ual safe Ic^ads. Wrought iron 
and cast iron have ecpial safe stresses at a ratift of Ijk of 65 a[)proxi- 
matel^ In designing a columi^ to carry a fiven load, cast iron 
is the material calling for the smallest .sectional area for ratios of L to 

♦Note that / should be taken from the cases shown m big. 253. For values 
of k‘\ see p. 1 5 1. 
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k under 40, and inild steel demands the smallest sectional area for 
ratios of I. to k above 40. Wrought iron would require a smaller 
sectional area than cast iron for ratios of L to over 65. 


5«/e luacL 
Ton$ per m in. 



Fig. 256.— Rankine and Kuler curves for mild Fig 257.— Rankine curvcb for columns of 
steel columns, bolli ends ImujichI. dilTcrcut materials , ends hltif^ed. 


Gordon’s formula. The formula bearing Gordon’s name, and 
formerly in common use, is 

fc 


where fc and a are experimental coefficients and d is the least 
transverse dimension of the section. The formula is ol)jectionable, 
Q Q from the hict that no allowance is 

made for the distribution of the 
^22Z3^'"f material over the section. For ex- 
^ ^ ' ample, referring to liig. 258, in which 

0 i \ h ^ are shown an I section and a box 

1 y/ ^ \ '/ \ section of etpial areas, and also having 

.i. Ezz etpial over-all dimensions, Gordon’s 

,, i * formula A^ould have the same value of 

d for both sections, viz. B, and would 
givc^the same value of colIa[ii;k'^ load 
for both. Rankine’s formula would give fairer consideration to the 
box section, whit'h is obviously the stiffer and stronger, from the 
fact that the radius of gyration of the box section with reference to 
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OX .is greater than that for the I section, and heiK'e would gi\c a 
greater load Tor the box section. * 


Secondary flexure in columns. Uiofessor Lilly has pointed out 
that columns constructed of thin j)lates are liable to fail by st condary 
flexure, i.e. the column may not fail by bending as a whoh', but by 
the ftiaterial bucklin|^ over a shoit length, l.illy has made# many 
experiments in support of his views, and has ])i()})osed a formula in 
which account is taken of the latio of the thickness ot tJu‘ plate to 


the ladius of gyration. Lurthei expeiimental 
work is rcsjuired in okUt to settle the values 
of the e\{)<?riment<d faUois involved. 

Re('ent tests made at the Ihiivcisity of 
Illinois on built-up columns indicate that the 
stress distribution may be \ny ciiati<‘; 
especially in the neighboiiihood of rivet(‘d 
joints. It IS admitted that oui knowledgi' ot 
the stiength ol (olumns, struts and com- 
pression membeis geneially is far from being 
('omplete. At present, most cU'signeis rely 
on the Rankinc lormula ('ou[)led with a 
lilxaal factor of safety. 

Effect of a non-axial load. In Fig. 25() (<i) 
is shown a erdumn the axis of whuii is All, 
i.c. AR passes thiough the centres of area ol 
all horizontal sections of the ( olumn. A 
load F is applied at (' at a distance a from 



the axis. V may be moved fiom C to A 
provided a couple of numient Va is apjflied. 
We have now an axial load P' F together 
with a cou[)le Fc? which will give a uniform 
bending moment at all horizontal sections 
of the column. Let A be the area of the 
section, then F^will |♦roduce a uniformly 
distributed push stress c^^^iven by 




■(') 


The bending moment Per will ^dve a stress d^tribution similiar to 
that ctTU'beam under pure bending, which will var>' from a [)wll stress 
pi at the edge DE (Fig. 259 (/>)), to a push stress pc at the edge FG. 
Let nil and Wc be the distance of these edges respectively from OX. 
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Then, using the equation *(p. 146) 

m 

• 

we have 

mi JTic 


Whence 

Vami 

"r 

(2) 

and 

VatHc 

1 

(3) 


The stress due to the bending moment will vary unifornrly between 
these values, being zero at OX. 'I'he stress figure for the direct 
stress combined with the bending stress may be drawn as shown in 
Fig. 259(c), where HKML shows the uniformly distributed stress 
and MNRQL shows the varying stress due to the bending moment. 
I'he resultant stress figure is shaded, and shows that ihit maximum 
push stress occurs at the edge FO (Fig. 259 (/')), and is given by 

Maximum push stress T/, (4) 

In the case shown there will be no stress at S (Fig. 259(c)) ; the 
portion SK will be under push stress, and Sll will be under ])ull 
stress, the maximum value of the latter occuriing at the edge I)F 
(Fig. 259 (/O) and given by 

Maximum pull stress --pt- Pi (5) 

d'he j)resence of pull stress in a metal column is ])crmissible, but 
is objectionable in a column of stone, biick, or other construction in 
which the jointing of the blocks of material is not considered to be 
trustworthy under pull. The extreme limit of stress distiibution m 
such cases is taken usually to be zero stress at one edge and 
increasing gradually to a maximum push stress at the op[)Osile edge. 

Taking a rectangular section (Fig. 260(a)) of dimensions and 
the values of and nii will be c(jual ; hence pc and pi will also be 
equal, and the stress figuie (Fig. 260(b)) shows ti^at the condition 
of no pull stre.ss is 

A-/i = o (6) 


Also, 

and 


A hd' 


■( 7 ) 


VafUc (I bd'^ 

-- -r - 

I 2 12 


6Va 


( 8 ) 
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Hence, • 


6P,i * 

A/-’ A/ ^ 


or 




therefore follow^ that P may be applied at a distance not 


exceeding from the centre of the section 
in a directign parallel to d. Similarly 1 * 
may be api)lied at a distance not exceeding 
\l> in a direction parallel to /a We may 
thus state.that P may be applied within the 
middle third of OX and ()\' (Fig. 260 (rr)) 
without giving rise to pull stress. 

In the same way it may be shoun, for 
a column ot solid ciicular cross section of 
radius r, that the load may be applied 
anyw^here inside a circle of radius 0-25/', 
having its centre on the axis of the 
column, without the production of pull 
stress. 



Example i. A wiouglU-iion st.iiKhion of s(|uaie scrtion 2 iiuliesx2 
inches is 8 feet high, both ends aie lixed. I'lnd the safe axial lo.id, 
using a factor of safety of 5 

Here [. = 48 inches. 

12 

/» 4 * 1 

.'. = null units. 

12 12 3 

16 tons per sijuaie inch. 


900b’ 

• P 

= 36-2 tons. 

36-^ / 

Safe load= = 7 24 tons. , 

^ • 

EihkMPLE 2. A cast-iron colismn, of circular solid cross section 6 
inches diameter is bolted down firmly at its lower end and is perfectly 
free at the top. If the length is 15 feet, what axial load would cause 
rupture ? 


16x2x2 64 
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Here /= 2 L = 360 inches. 

o' 

- =- inch units. 
4 4 


/c~ 3 ^ tons per square inch. 


i6oo‘ 


trd^ 


22 36 
7 4 


198 . 

= -y- square inches. 


P=- 


36 X 


198 


1 + 


(r^>^36ox36oxq 


V 1600 
_36 xi 98 

- Yfxf 

— 27-5 tons. 

Example 3. Taking a factor of safety of 5, find the diameter of a solid 
mild-steel strut 6 feet long to carry safely a load of 3 tons. Both ends 
are rounded. 

r/=diameter of strut m inches. 


Let 

Then 


/..2 inch units. 
4 16 

/ = L = 72 inches. 

4 


y‘^=2i-4 tons per square inch. 


I 

7500’ 


Also, Collapsing load = P = 3 X 5 = 15 tons. 

Tr(P 

21-4 X 

4 


X 72 X 72 X 




\7500 
~ 1 1 *06 ’ 

or i 5 + -l“^=i6-8t</''‘, 

165-9 = 0 ; 

whence //= 1-9 inches. 

Straight-line formula. Very fair approximation to the strength of 
a strut may be obtained by use of a straight-line formula, i.e. one for 
which the graph is a i^traight line, and the calculations required in 
designing a strut to fulfil given conditions become much simpler. 
The usuaj form of such formulae is ^ 


fc 


A'-'i)' 



archf:<^‘ 
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wh(ire /e is the safe stress per scpiare inch of sectional area of the 
column, /is the xife stress lor a short block of the same material and 
<r is a coefficient depending on the material, and ranging in value from 
0-005 ‘H^d wrought iron to o ooS for cast iron and timber. 

Arches. In big. 261 (d) is shown a number of loads Wj, W„, etc., 
supi^orted by *111 arrangement of links Al>(d)I% forming part of a 
fink l)ol\gon The construe lion necessary to determine the din ctions 
of the links Is given in Pig. 261 {/>) and has been explained on p. 67. 



The thrusts in the links are d',, d’.,, etc., and may be scaled from the 
lines radiating from O. Op' - I’and N()-(^) give the for('e.s recpiired 
to maintain the links in position. Instead of links we might have 
cm[)l()yed blocks (Fig. 261 (c)), drawing the joints d/>, ai, c/ etc , per- 
pendicular to the lines of P, d'j and d'., respec-tively. d'he arrange- 
ment now gives an arch such as might be constructed in masonry or 
brickwork, d'he original link polygon is called the line of resistance 
of the arch; the forces acting at the joints of the bloi'ks will have 
the same values ^^3, d’3, d'.,, etc, as in the link polygon. 

d'he best arrangcmeilt would be jrroduced by having the line of 
resistance passing through the centre of each joint and [lerpendictiiar 
to the joint. Such would give a uniform distribution of stress over the 
joints, and there would be ^o tendency for any blo('k to slide on its 
neighbours. Generally, it is not po.ssible to .secure these conditions, 
but it is usual to endeavour to satisfy the following conditions : 

(i) The line of resistance is arranged to come within th6 middle 
third of each joint; this .secures that there will be no tendency for 
the joints to open out either at the top or the bottom (p. 239). 

D.M. Q 
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(2) The stress on the joint produced by the forces P, Tj, T2, etc., 
is limited to a value winch can be carried safely by the material. 

(3) The line of resistance should not be inclined to the normal to 
the joint at an angle greater than the limiting angle of resistance 
(see p. 363) ; this secures that there shall be no slip, independently 
of any binding effect owing to the mortar. 

Condition (2) above may be understood more ('learly by reference 
to Fig. 262, in which are shown two of the blocks in e(iuilibriiim 

under the action of Wj, Wo, P 
and T^. niay be split into 
components and 3 , normal 
and tangential res[)ectively to 
the section cf. If ' 1 ', acts at the 
centre of the joint, a uniformly 
distributed normal stress will be 
produced. Otherwise, as ex- 
plained for a column on p. 237, 
a varying normal stress will act 
on the section and may be represented by the stress figure 
'I'he maximum stress /j is limited to a safe value depending on the 



Fig. 262.— Stress at .an arch joint. 


material of the blocks. 

Reference to Fig. 261 {h) will show that the horizontal component of 
any of the forces P,, Q, 'Pj, etc , is given by OR = H. H is called 
the horizontal thrust of the arch, and is constant throughout a given 
arch carrying given vertical loads. 

It will be undenstood that the link polygon ABCDE (Fig. 261 { a )) 
may have a greater or smaller vertical height depending on the position 
chosen for the pole O in Fig. 261 { b ). The effect of this on the arch 
will be to give it a greater ri.se if O is nearer FN in Fig. 261 { l >) ; H 
will be diminished thereby. Hence, an arch of given span and 
carrying given loads will have the horizontal thrust diminished by 
increasing the ri.se. 

Metal arches. From what has been said regarding the line of 
resistance falling within the middle third of die joints, it will be clear 
that the bending moment at any section of a masonry arch is limited 
to a small (juantity only. The rule is uniy^cessary in the case of metal 
arche.s, as these are capable of withstanding large bending moments. 

Metal arches are ui three principal types : (a) arches continuous 
from abutment to abutment, and firmly anchored to the abuiments 
or springings ; {b) arches continuous throughout their length, but 
hinged at the abutments by means of pin joints ; (c) arches having 



ARCHES. 


pii; joints at the abutments, anti also a pin joint at the crown. 'I'hese 
types arc shown in outline in Fig. 263 (</), (/>) anti (c). 

In the tyj)es (a) and {/>) difhcullies arise in the soluhon by reason 
of the inability of the arch to change its shape freely in oriler to 
accommodate changes in dimensions 
du(*to elastic strains bf the metal, or to 
changes in tem[)eralure In t>pe (rr), 
both the span and the directions of 
the tangents to the arch at the abut- 
ments are unaltered when the ari'h is 
under stPain. In t)pe {/>) the direc- 
tions ol the tangents at the abutments 
may alter, but tlie span rianams con- 
stant. In t)p(^ (<) tiie anil may lise 
freely at the crown to accommodate any stiams of tlu‘ metal; hiaice 
this type is not liable to being sell-strcssi'd, nor can ( hanges in 
tem[)eiaturo produce any stresses in the meted. I’jl^e (i) alone is 
considered here. 

Three-pin arch. In log. 264(a) is shown an andi having ])ins A 
and b at the abutments, or sjiringings, and one .U the ('lown (^ A 



regarded meanw'hile. Let Ta ijnd 'I',, be the abutment reactions. 
Acting on the arch are three external forces only, vi/.. VV*, 'I'a and 
Tr, and these are in equilibrium; hence their lines must meet at a 
point. Further, there will be two forces only acting on the portion 
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AC, viz. and a reaction TV- at C coming from the right-hand 
portion of the arch ; these forces are in equilibrium, and must there- 
fore act in the same straight line AC (Fig. 264 (/')). It follows that 
the line of Ta in Fig. 264 (a) is AC, and production of AC to cut the 
line of W in I) will give the point where T,} must also intersect W; 
therefore Tj, acts in the line BI). The equilibrium of the right-hand 
portion CB is indicated in Fig. 264 (c). T^; (now reversed in sense), 

T„ and W intersect at 1 ) and are in equilibrium. Both and Tb 
may be found from the parallelogram of forces Va/^c. 

It may be noted that W (Fig. 264(a)) might be supported by means 
of straight rods, or links, Al) and Bl) jointed at A, D and B, and 
that these rods would be under thrust only. ADB is usually termed 
the linear arch. Again, if W were supported by a beam simply resting 
on supports at A and B, then ADB would be the bending-moment 
diagram for the beam to a .scale in which the bending moment at 
E is represented by DE. 

The bending moment at any section of the arch may be found in 
the following manner. Let AB (Fig. 265) be a transverse section of 
an arch, let OX be the centre line of the arch, 
i.e. the line containing the centres of area of 
all transverse sections, and let OX intersect 
AB at C. Draw DC vertically to meet the 
linear arch at D. The thrust 'h in the linear 
arch at 1) will act in the direction of the 
tangent DE to the linear arch at D, and may 
be transferred to C as shown by T' = T, 
provided a couple of moment T x CE be 
applied, CE being perpendicular to DE. 
The moment of this couple is the bending 
thrust .and shear at a section momcnt at AB ; the normal thrust and 
shearing forces at AB may be obtained by re- 
solving T' into components respectively normal and tangential to AB. 

A convenient manner of expressing the bending moment may be 
obtained : Resolve T at D into horizontal and vertical components 
H and V by means of the triangle of forces DFE (Fig. 265). The 
triangles EFD and DEC are similar ; herce 
T^DE DC. 

H~FD7CE^ 

TxCE = HxDC. 

Now, since the linear arch is also the link polygon for the given 
loads, H is constant for any point in the arch (p. 242). Hence the 
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inlerccpls DC (mcasuriHi to the same scale as Uiat used in drawing 
the arch), when multiplied by tlie constant hnri/ontal thrust H, will 
give the bciulmg moment at All. It will he noted that !)(' is the 
vertical mtertept between the arch centre line OX and the linear 
aredj ; hence the asea between these will ie[)resent the Ijending- 
moment diagram for the arch. 

'The bei^ding-momcnt di.igram for the arch in Fig. 26.} (f/) is 
shaded. H may be found by first obtaining '\\ or '1',, and then 
taking the horizontal component. It will be noted that tlie diagram 
for A(’ (jills below the aridi ('cntre liiu' Al^'C’ ; the micrenee is that 
this portion of the arch is under negative bciulmg. Reference to 
Fig. 264 (/>) wall render this point more clear ; the forces '\\ and 'In- 
tend to increase the curvature of AC. 'flu' bending-moment diagram 
for C(iB falls above the centre liiu' , ('OH is under positive bending 
and wall have its curvature diminished on .ipplication of the load. 

The fullowa’ng directions will be of service in dealing with more 
complic'ated loading; reference is made to Fig. 266, in which ACT! 
is the arc'll c'entre line. 



Fig. 266.— Bending moments .ind re.nctions for .1 thrcc-pin arch. 


Consider a simply supported beam having the same span as the arch 
and carrying tlTe samg loads. Draw’ the bending-moment diagram 
A DEB for this beam, tsing any convenient scale. 'I’he arch has 
zero bending moment at A, C and B ; hence the linear arch may be 
obtained by redrawing AD^dl so that it passes through A, (' and B. 
To do this, reduce all the ordinates of A DEB in the ratio of CF to 
EF, giving the linear arch ACAJKB. d'he sl^ided area vvill be the 
bencing-moment diagram lor tTie arch. 'I’o obtain its scale, CF 
repre.senls Mp, the bending moment at F for the simply supported 
beam ; hence the scale of the shaded area is found by equating CF 
to this bending moment. 
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pull in a/>, together with H, supports the load •(urried by the four 
suspenders passing lluough e, d and <*. 'bhe resultant of the four 
loads will intersect II at their ('entre G,, and tin* pull in a/' must 
I^ass through the s^ime point, thus determining the direction of ad. 



<^cw’ill pass through G.^, the point in which the resultant fori'c in the 
sgs[)enders c, d and e intersects the line of H. Similarly cd passes 
through G3 and de completes the half-chain. If a curve wiae diawn 
to toiK'h the lines ad^ d(\ etc., its shape would be parabohV, owing to 
the geometrical pro{)erty iinolved in the above constriu tion. 

It will he evident that adede is a link polygon ('ajiable of supporting 
the given loads. 'Fhe pull in any link may be found from the force 
diagram (Pig. 269 (//)). 

'I’he effect of a load passing along the bridge may be observed by 
inspection of Fig. 270. As both chain and roadway are flexible, the 



chain alters in shape as shown. 'I’o avoid this undesirable effect, 
the roadw’ay may be stiffened by the insertion of stiffening girders, 
d'hc best type such ^orders consists of two on eai h side of the road- 
way (Fig. 271 ((7)), com*ected at the middle (’ by a hinge ami also 
having hinges at the piers of the bridge, I) and F. Girders of this 
type are free to rise or fall at the middle of the span and thus avoid 
any complications of stress^which would result^ from any alteration in 
the length of the chain owning to changes of temperature or stretching. 

Tc> understand the effect of a lii^e load W on the chain in Fig. 271 (a), 
it should he noted that the chain will alter its curve to a very small 
extent only, owing to the action of the stiffening girders ; any 
alteration will be due to the elastic strains. Supposing the chain 
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to be parabolic initv;illy, and to remain parabolic, it follows that the 
effect of W on tlie chain must be the same as would be produced by 
equal pulls in all the suspenders, this being the condition under 
which alone will the chain assume a parabolic curve. Hence, if 

W 

there be. N suspending rods, the pull in each vviH be The foKces 

acting on the left-hand stiffening girder will be as shown in Fig. 271 (^); 
A ' B 



Fio 271 — SlifTcniiiy i;intcr') for a suspension bridge 


those acting on the right-hand girder are indicated in Fig. 271 (c). It 
will be noted that a reaction P from the left-hand abutment togethiT 
with another (J communicated through the pin at C from the right- 
hand girder are required for the cciuilibrium of the left-hand girder. 
The right-hand girder rccjuires holding down against the pulls of the 
suspending rods ; hence the reactions Q and S act downwards. 
Knowing the loads, these reactions can be calculated, and the 
diagrams of bending moments and shearing forces for the girders 
may be drawn by ap[)lication of methods already described. 

The length of parabolic chain required for a suspension bridge 
may be calculated approximately from the following formula: 

Let L = the half length of the chain, in feet. 

S = the span, in feet. 

D = the dip, in feet. 

rp, T S 4 D- 

Then 

2 3 S 

EXERCISES ON CHAPTER X. 

K 

1 . Calculate the elastic instability load by Euler’s formula for a bar of 
mild steel 10 feet longhand 0-5 incli m diameter, fixed at both ends. 
Take E — 13,500 tons per square inch. . 

2 . A fnild-steel tube i-i inches in external diameter and i-o inch 
internal diameter and 8 feet long is used as a strut, having both ends 
hinged. What would be the collapsing load by Euleds formula? 
F= 13,500 tons per square inch. 
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3 . A series of struts, having both ends rounded, ^a\c ratios of I to /: 
of 40, 60, 80, etc., up to 200. Calculate the collapsing loads per suuare 
inch of sectional area, using Euler’s formula, and plot these loads uith the 
ratios of L to A 1 .= I3jOOO tons per scpiaic inch. 

4 . Answer Question 3 if both ends arc fixed. 

5 * Find the breakn^^ load of the stiut given in Question i by ajiplica- 
tion of Rankme’s formula. Take the coefficients from the table on p. 235. 

6. A solid mild-steel strut 2 inches diameter is 6 feet high. ISc 
Rankine’s formula and find the safe axial load if both ends aie lounded. 
Factor of safety =" 5. 

7 . A wrought-iion tube is 4 inches in external diameter, and is made 
of metal 0^5 inch thick. It is used as a column 8 feet high, and has both 
ends fixed. Find the breaking load by use of Rankinc’s foimula. 

8 . A lolled I section of mild steel, fi-mges 5 indies wide, depth 
9 inches, metal 0-6 inch thick, is used as a strut to feet long, having one 
end fixed and the other end peifeclly free. Find the safe axial load by 
Rankine’s formula, taking a factor of safety of 6. 

9 . A solid stint of mild steel is 1-5 inches in diameter and has both 
ends fixed Find the length for which the bi caking loads by Rankinc 
and by Euler will be C({ual. Take E- 13,500 tons per s(juaic inch. 

10 . The column given m Question 8 caincs a load of one ton at the 
centre of area of one flange. Calculate the maximum and minimum 
stresses, and draw a stiess diagiam for a horizontal cioss section of the 
column. 

11 . lake the tube given in Question 7 and calculate at what distance 
from the axis a load may be applied without theieby jiroducmg tensile 
stress. 

12 . A semicircular arch o( 4 feet radius, hinged at the crown and 
spiingmgs, carries a unifoim load of 500 lb. pci hoiizontal foot. Diaw 
the bending-moment diagram. State from the diagram tlie maMimim 
bending moment. 

13 . The centre line of a thiec-pinned arch is a circular arc ; the 
horizontal distance fioni spimging to springing is 150 feet and the rise is 
15 feet. There is a uniformly distributed load of 0 5 ton per horizontal 
foot together with concentrated loads of 10, 15 and 5 tons at horizontal 
distances from one springing of 20, 40 and 60 feet respectively. Draw 
the bending-moment diagram and state its scale ; find the horizontal thrust 
and the reactions at the spnngings. 

14 . A suspen^n bridge is 100 feet span and the chains have a dip of 
12 feet. Suppose the uniform load on one chain to be 500 lb. per 
horizontal foot, and find tlfc maximum and minimum pulls m the chain. 

15 . Find the length of chain lequircd for the bridge in Question 14. 

Suppose the chain weic to stretch 025 inch, what will be the change in 
the dip ? ^ 

16 . A hollow cast-iron column, 12 inches m external diameter, 10 inches 

in internal diameter and 8 feet long, is subjecteefto a direct comjiiessive 
load^f 40 tons. A bracket boltecf to the side of the column supports the 
end of a girder, which transmits to the bracket a load of 5 tons. The line 
of action of this load may be assumed to be 12 inches from the axis of the 
column. Find the maximum and minimum stresses in a cross section of 
the column due to these loads. (B.E.) 
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17 . A horizontal Unk of rectangular section 4 inches deep and 2 inches 
thick is subjected to tension, the load being P tons. The line of action of 

the load is in the central plane of the thickness and 2-25 inches from the 

bottom face of the link, {a) Find the load P if the greatest tensile stress 

in tlie straight part of the link is 6 tons per square inch, {b) If the tensile 

stress on a cross section of the link varies unifprmly from 6 tons per 
square 'inch at the top to 2 tons per square inch at the bottom, find P and 
the position of its line of action. (L.U.) 

18 . A hollow cylindrical steel strut has to be 

designed for the following conditions : Length 6 feet, 
axial load 12 tons, ratio of internal to external 
diameter o-8, factor of safety 10. Determine the 
necessary external diameter of the strflt and the 
thickness of the metal if the ends of the strut are 
firmly built in. Use the Rankinc formula, taking 

/=2i tons per square inch, and a for rounded 

ends = (L.U.) 

19 . Find the radii of gyration of a column con- 
sisting of three steel rolled joists, riveted together as shown in the sketch 
(Fig. 272), their properties being 


8 ^^6 joist 
i6^6yoLst'j 


bjOLSt'x 

K 

I 

8^6 joist 


Pu.. 272. 


16 inch X 6 inch joist. 
8 inch X 6 inch joist. 


Are.n, 

L. 

b, 

Thickness of web, 

VJ. Ill 

inch mills 

inch units 

inch. 

18.22 

726-0 

27-0 

055 

10-29 

I 10-6 

17-9 

Not needed here. 


What would be the working load of such a column 24 feet long and 
with fixed ends, using the following straight-lme formula: 

/«=( 14560 -56^)11), 

where fr is the working stress in lbs. per square inch ; / is the length of 
the column m inches ; r is the least radius of gyration m inches. (I.C.E.) 



CIIAITKR XI. 

SHAFTS. SPRINC.S. 

Twisting moment on a shaft. A shall is a iisi'd for tlie 

transmission by rotation of motion and power. A moment tending 
to rotate the shaft is eommunieated at one phu'e and is transmitted, 
by stresses m the material of the sluft, to the dc'sired place, ('on- 
sidering a shaft AH (Fig. 273 {a)\ having one end A fixed rigidly, and 




Fig. 273. — 'I'wisimj’ moments on shafts. 

having an arm HC mounted at the other end. The. effect tif a force 
P applied at C ^nay be examinc'd by applying ecjiial and opposite 
forces P' and P", eachTajual and parallel to P, at H .so as to at t 
through the axis of the shaft, d'hese forces etinilibrate and ('on- 
sequently do not inteifere with P. 'Fhe .system now consists of a 
couple formed by the force# P and P", the .sole tendency of which 
will be to rotate the shaft about its axis, together with a force I*', 
the tendency of which will be t(^ bend the shaft, d'he shaft as a 
whole w’ould be equilibrated by the application of forces (not shown 
in the figure) at the rigid connection at A. 

A shaft is .said to be under pure twist when there is no tendency to 
bend it, nor to produce push or pull in the direction of its axis. The 
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shaft in Fig. 273 («) would have been under pure twist had the cduple 
formed by P and P" been applied alone. One method of securing 
this result is .shown in Fig 273 (/^), in which a double arm CIH) is 
used and tw'O forces 1 ^ P, forming a couple of moment P^7, are applied 
at its ends 'Phe moment of the cou[)lc is called the twisting moment, 
or torque, and is written T generally. Neglecting the w'eight of the 
shaft, the e(|uilibrium of the whole as in Fig. reciuircs the appli- 

cation at A of a couple having a moment equal and contrary to that 
of 'Phe condition to be fulfilled in order that a shaft may be 
under pure twist is that it must be equilibrated by two e(}ual opposing 
couples acting in planes perpendicular to the axis of the shaft. 

Shearing stresses produced by torque, ('onsider the shaft to be 
cut at any cross .section E in log. 273 (<^), tlie section being {)er[)endi- 
cular to the axis of the shaft. 'J'o equilibrate the outer portion of the 
shaft under the action of the applied coiqile P, P rctiuires an equal 
contrary couple at the .section 1% and acting in the plane of the 
section. Such a couple can be brought about in the uncut shaft 
only by the e.xistence of shearing stresses distributed in some 
manner over tlic section, d'he nature of the distribution may be 
understood by considering the straining of the shaft under the action 
of the couples. Isxperimcnt justifies the assumptions that, in a 
round shaft, sections such as that at E remain plane, f.c. uinvarped, 


g ^ w'hen the couples are applied, and that any 

pi Ip of such a section changes its direction 

t ( V \ t remains straight ; it is assumed in this 

I o / ' that the elastic limit is not exceeded. 

In log. 274, AP is a line drawn on the 
surface of the shaft {)arallel to the axis before 
^ straining. As A is fixed rigidly, it will remain 

, 1 unaltered in [losition, but the other end will 

rotate under the straining; the result is that 
^ AB will change position to*AB'. Any small 

rectangle such as^ tJDFE drawn on the 
\ surface of the shaft will change its position 

® ® and shape as shown at Cl )'F'hy. The angle 

FK...74.-Tors,on..i.str...ns. rotated in Order to 

assume the new [losj^ion (fl)' is clearly ecjual to that through which 
AB has turned. 'J'his angle, BAB', equal to 6^, is therefore the 
shear strain at all parts of the surface of the shaft. Had w^e been 
able to draw a rectangle inside the material at a radius OG, its 
circumferential movement and change of shape evidently w'ould have 


B B' 

- 'I'orsion.'xl htr.iii 
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been, proportional to its radius, 'riuis, on the outer end cross 
section, G would move to G' and H to H', and ue Pla\e 
GG':lUr.= OG;()B. 

We may therefore state that, since the shear strain at any [)oint on 
a cross section of the shaft is jiroportional to the tadius, the shear 
stress*at that point wifi also be proiiorlional to the ladiiis, pr(f\ideil 
the elastic limit is not exceeded. It will also be 
evident tliat tfie shear stress at any point on a cross 
section will lia\e a direction perpendicular to the 
radius of the point. 

Moment* of resistance to torsion. In Fig, 275 
is shown a cross section of a shaft under pure twist. 

Consider a small area a. 


Let 


Then 



and 


R ^ radius of shaft, in iiu lies : 
r= radius of n, in inc hes ; 

= intensity of stress at outer skin, in lb. or 
tons pel s(|uaie inch ; 

// = intensity of stress on a. 

pi -pi - •• K 

, r 

F'orce on n -pi^^ ' ^-pt > 


r Pf „ 

Moment of force on a about O - ,p(ar^ . ar~. 

Taking the sum of such moments all over the'seclion, we have 

0 At a 

I otal moment - ar- -- ^ 





lb.- or ton-inches. 


Fig. 276. 


This expression is called the moment of realstance 
*to toreion for a solid round shaft. 1 he case of 
a hollcj^' round shaft of external radius Kj and 
internal radius R, (Fig. 276) would be worked out 
similarly, i#ith the substitution of limits R., and Ri 


for o and R in the integration, d'hus, 


, Total moment 






A 


_/D 2 r> 


ox/Ri ih . f)r ton-inches. 
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Any question regarding the safe strength of a round shaft under 
pure twist may be^ solved by equating the given tor(iiie to the proper 
expression for the moment of resistance to torsion. It will be clear 
that a hollow shaft will have a greater strength than a solid one 
of the same weight. Apart from the practical 
consideration that the bpyring of an axi»l hole 
may lead to the detection of otherwise un- 
suspected flaws in the material, .there are the 
considerations that the intensity of shear stress, 
as well as the arm for taking moments, are 
small near the axis in a solid' shaft, so 
that material near the axis is being employed 
improfitalfly. 

Torsional rigidity of a round shaft. It is 

often ol impoitance to estimate the angle through 
which one end of a shaft will twist relatively 
to the other end— briefly the angle of torsion. 
Referring to Fig. 277, one end of the shaft 
being fixed rigidly, the other end rotates through 
a small angle BOB', denoted by a, on application of a tor([ue '1', and 
the shear strain is given by the angle BAB', equal to 0 radians. 
Taking the expres.sion for the modulus of rigidity ({). 109), viz. 

c-o <■) 

we may substitute for />t and 0 as follows : 




B B' 


Fig, 277.— .Annie of twist 
of a sh.ilt. 


Again, 


A- 

BB' 


2'!' 

irR^' 


(2) 


0, in radians ; 


AB 
BB' = AB.O. 


Also, 


BB' 

a, in radians ; 

BB' = BO.a; 

BO.a-^AB.f^; 

. n BO R 


•(3) 
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where R and L are the radius and length of t!ie shaft in inches. 
Substituting the values found in (2) and (3) in (i>gives 
2T 

ttR^ 




R 

211 


radians 


-tR<C ■ 

The result for a hollow round shaft of external radius R, and 
internal R2 may be found in a siinil.ir manner, using the expressions 
• A7r(Rd-R,b, 

2R, 


The final result is 




2'IT> 


, radians. 


(5^ 


7r{R,*- R/)(: 

By substitution from (3) in (1) an expression may be obtained 
suitable for cases where the maximum shear stress is given. I hus, 


O 


aR’ 


or radians. . ... (6) 

v^R 

This expression is applicable to both solid and hollow shafts by 
taking R as the external radiu.s. 

The torsional rigidity, or stiffness, of a shaft may be measured by 
the reciprocal of a. 

Comparison of hollow with solid shafts, i'he relative strengths 

of two shafts may be estimated by comparing the torcpies, wliir h may 

be applied without exeeedi’ng a given intensity of stress. Let two 

shafts, one hollow, the other solid, have the same external radius 

R. Let the internal radius of the hollow shaft be ;/R, where ft is a 
•. ... 
numerical coefhcieni. •Let A be the maximum intensity of shearing 

stress in each case. T'hen, for the solid shaft, 

^ H ; 

# 2 

and for the hollow shaft, 

^/>t7rR^(i 


(2) 



MATERIALS AND STRUCTURES 


For example, if the internal radius of the hollow shaft is one-third 
of the external radius, «= J, and 


Comparison may also be made of the strength of a hollow with 
a solid shaft having the same cross-sectional area, i.e. having the 
same weight per unit length. We have, for the solid shaft,' 

( 4 ) 


and for the hollow shaft, T/, = 

2K, 


Putting R., = ;/Ri, gives 


_/ii rRi*( i -«*) 

"■ 2R, 

/,7rR/(i 


Also, as the cross-sectional areas are equal, 
7rR2 = 7r(R;*-R„-); 
R'^=R,»( !-«*); 

‘ ‘ R 2 I - ?r 


/f7rR,^(l-/P) 

Tk 2 R,^ ,, 

'IT MR^ R'^‘ 


(i - ;/2)v/i - 


Ji - 
Ta 


For example, if « = g. 



SHAFTS • 


25V 


Thin tube under torsion. In the Ciue of a thin tul)e under torsion 
it may be assumed that the shearing stress is distributed uniformly, 
stress intensity, lb. per s(j iiK'h, 

K -= mean radius of tubf, inches, 

/“thickness of the tube walls, inch. 

Ooss-sectional area 2:rR/, 

'Total shearing force 

Idoment of this force ^ 27rR//(R, 

Moment of resistance to torsion “ 2:rR'V/^, lb inc hes. 

Horse power transmitted by shafting. lurrmiihu* conned ing the 
horsepower (see p 326) with the dimensions of the shaft and its 
speed are based on the' a\eiage‘ tonpie Iransmilti'd, and should there- 
fore be used with caiition. 'The maximum torcpie, on which will 
(It'perul the maximimi intensity of sheaimg stiess, may exceed tlie 
average torcpie consicletablv, Icsulmg to a rc-siili for the diameter of 
the shaft which may be* muc h too small. 

Considering a solid loiincl sh.ill iincier [Hire twist, let 
'I' torque transmitted, lb. inches; 

R - radius of shaft, inc hes ; 

/»/ -maximum shear stress, Ih pea s([. inch; 

N - revolutions pcT mm. 

Then Wdrk pei revolution j 339 ) 


Let 

'I’hen 


Now 


foot lb. 

6 




Work [)cr minute 


) 

12 


A;r‘-^R«N_ 
12 X 33,000 


40,081 


(0 


. Example. Find the horse power which may be transmitted by a 
shaft 2 inches in diameter at 180 revolutions per minute. The maximum 
shearing stress is 10,000 lb. per sqivare inch. 

_/tR**N_io,ooox 1 X 180 
40,081 ~ 40,081 

= 4£ nearly. 
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Equation (i) above may be altered so as to give the diameter o, 
shaft required for a given power, 'i'hus, 


or 


^3 _ 40,08 1 X H.P. 

— 1 % 7 > 

AN 

TYS ^ ^ 40,081 X H.P. 

“ ~W 


I) = a coefficient x 



A common value of the coefficient is about 3-3 for steel shafts. 
Principal stresses for pure torque. In I'ig. 278 is shown a shaft 



FiO. 378.— Principal stresses for pure torque. 


under pure torque. A small square akd, having its edges and 
parallel to the axis of the shaft, has been sketched on the surface. 
Each edge of the square will be subjected to shearing stresses of 
magnitude hence the-diagonals r/r and have purely normal pull 
and push stresses respectively, the magnitude being also A (p* 128). 
These diagonals are therefore principal axes of stress, and the 
stresses on them are the principal stresses for the case of the shaft 
being under pure torque. If the diagonnls he produced round the 
shaft surhice, it is evident that they will form helices having an 
inclination of 45° to the shaft axis. 

A shaft made of material weak unde» pull, and strong under both 
shear and push, would fracture along the helix of which ac forms a 
j)art. T'his fact may be illustrated by means of a stick of blackboard 
chalk ; on applying opposite couples by the fingers to the ends of 
the chalk, the fracture will be found to follow very closely a helix of 
45“ inclinatipn. Pure bending applied to the chalk will cause it to 
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fracUirc across a section at go" to the a\is ; it is therefore evident 
that bending and torque simultaneously applied tvill ('ause fracture 
to take place on some sec tion intermediate hctuecn 45" and 90*. 
A shaft made of cast iron would behave in a similar manner to the 
stick of chalk, as the stress properties are similar. 

Shftfts made of ductile material, such as mild steel, behave? in a 
different way. Fracture under pure tonpie takes place across a 
section at go^to the a\is, as the strength under pull and also under 
push is higher than that under shear. It may be shown that materials 
loaded in a com[)le\ manner have sections mutually jierpendicular 
on which rtu; stress is ()urcly normal, /.e. the stresses aie jirincipal 
stresses, d'here is also a particular section which has a shearing 
stress greater than that on any other .section, 'Fhere is strong 
evidence fcjr believing that brittle materials break down when the 
princiiial stress of tension reaches a certain value depending on 
the material; many ductile materials break down, or yield, when 
the maximum shearing stress reaches a c'crtain value. 

More general case of principal stresses. Let AH and H(' be 
two sections of a body intersecting at 90“ at H (Fig. 279(^1)). Let 



Fig. 279.— Principal stresses and axe.>i. 


AB and BC have normal stresses and respectively, and let each 
be subjected to etiual sheadng stresses Let AC represent a third 
section of the body, cuftipg AB at an angle 0 , and let the stress 
r on AC be purely normal, d'he wedge AB(> will be in eijuilibrium 
under the action of these stres.ses, and it is reipiircd to determine 
from this condition the valuef of 0 and of r. AC and r will then be 
a principal axis of stre.ss and a principal stress respectively. For 
simplicity, let the thickness of ;he wedge from front to back be 
unity. 

Due to the given stresses and /<, the faces AB and BC will 
have resultant forces acting as shown in Fig. 279(1^). The forces 
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/j.AB and will act at the centres of Ali and BC respec- 

tively. 'I'he forces /<. AB and pi. BC will act along AB and B(] 
respectively. Due to r, a normal force r . AC will act at the centre 
of AC and will have an inclination to the vertical equal to 6 . Hence 
its vertical and horizontal components will l)e r.AC.cos^^ and 
r. AC . sin B respectively. For equilibrium 6f the wedge, the sum 
of the vertical upward forces must be ecjual to the sum of the vertical 
downward forces ; also the sum of the horizontal forces acting towards 
the left must be equal to the sum of those acting towards the right. 
T'he algebraic expiessions for these conditions are : 

z'. AC. cos . AB . B(,' .. .(i) 

r. A(A sin O^p.y. B(' + pt , AH (2) 

To simplify (i), divide by A(^, giving 

^ p^.QO^d -Vpt. sin B. 

Divide this by cos B, giving 

(3) 

I^apiation (2) may be simplified in a similar manner by dniding 
first by A(' and then by sin B, giving 

r^-p.,+Pt .votO (.|) 

liquations (3) and (4) are simultaneous e(juations, from which the 
values of rand B may be obtained by the ordinaiy uiles of algebia; 
thus, as the right-hand sides are ecpial, we have 
pii-pt. tan B=~p.,+P(. col B, 
or p^ - p.y pi (cot B ~ tan 0 ) 

- 2 pi . cot 2B, 

or cot 2^==^* -^“ (5) 

Again, writing equations (3) and (4) thus, 

''-A=^/Han^,*' (6) 

r cot (7) 

and taking products, we have 

{r-p^)(r~pp=pi^ (8) 

The solution of this quadratic equation may be obtained in the 
usual nmnner, giving 

^,. A+Atv^(A-A2)- + 4A^ 


2 


(9) 
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The two roots of r in (9) iiuheate two priiu^ipal stresses ; also 
cquatioji (5) gives two \ allies of 26 differing by 180" for uhieh the 
cotangents are eijiial, and henee indii'ates t\so sections differing by 
90°. 'Che determination of which root of r acts on one section or 
the father may be obtained by inserting one of the calciilati'd values 
of r in either (6) or (7); the resulting value of tan or cot will 
indicate the [Mirtieulai section on which this value of acts. 

In the al)o\e, both /, and ha\e birn taken as jiulls ; if either 

or both be jiiishes, the sign of and p, or both should be re\ers('d 

in (5) and *(9). A positue \.ihie for r indii'ates pull and a negative 
value indie.iti's juish. If any of the given stiesses />,, p., or lie 

absent in the data, write zero where these missing \alu('s oi'ciir in 

the e( [nations found abo\e. 

For e\ami)le, taking a cube having shearing stresses only (p. 127), 


tx ---■ O' Pi 0. 

E(|uation (5) gives 


cot 2O - - o : 

^Pc 

2O 90" or 270”, 


^-M5° or i35\ 


Fapialion (9) gives 


r- ± 


\^Pil 

2 


= ±A. 

The princi[)al axes are therefore the diagonals of the cube, and 
the priiK'ipal stresses are a push and a pull each eriual to tlu‘ given 
shear stress, thus agreeing with the results already obtained in a 
different manner. 

Stress on a section inclined to the principal axes. Having deter- 
mined the [)rinci[)al axes of stress and the principal stresses, the 
stresses on other sections may be found by the following construction. 
Reference is made to Fig. 280. 

Let OAand Oil be the j)nncipal axes of stre.ss (Fig. 28o(«)), and 
let 0 A=A Oll^p.y be the stresses acting on the sections OR 
and OA respectively. To find the stress acting on any other section 
OK, carry out the hdlowing construction. With centre O and radii 
OA and OB describe circles ; draw ON perpendicular to OK, cutting 
these circles in N and Is respectively. Draw NC parallel to OB, 
and als'b ED parallel to OA and cutting NC in I). Join OD ; OD 
will represent the stress p acting on OK, 

To prove this, draw EF |)arallel to OB, and let the angle KOB, 
which is equal to the angle NOA, be called 0 . Due to p^ there will 
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be an oblique stress of magnitude /jcos^ acting on OK (p. 121). 
OC 

Now cos 6 is given by in the diagram and ON is ctpial to /j to 

scale ; hence OC represents the obli(}ue stress. Again, due to /g 
there'will be an obli(iue stress of magnitude " 6^)=/£sin 0 

EF 

acting on OK. But sin 0 is given by and OE is equal to to 

scale; hence the latter obli(|ue stress is given by EF, which is equal 
to Cl). 'The resultant of these obliciue stresses, rei)resented by OC 
and (B) respectively, will be 01), which accordingly givo^. the stress 
p on OK. 'The construction employed for finding 1 ) is a nncU known 



method of finding points on the circumference of an ellipse having 
OA and OB for its semi axes. The ellipse is shown in Fig. 28o(rt), 
and is called the ellipse of stress. 

Both principal stresses have been taken as pulls in the above con- 
struction, Had one been a push, as (Fig. 280 (/^)), and the other a 
pull, then the construction is modified by produci,ng NI) to cut the 
remote circumference of the ellipse as shown. 

Maximum shearing stress. An important fact depends on the 
noting that the angle EDN (Figs. 28o(rt)and (/^)) is 90°, and that there- 
fore I) lies always on the circumferenct of a circle having EN for its 
diameter. The radjus of this circle will be ^(ON - OE) = h (pi -po) 
for principal stresses of the same kind (Fig. 28o(«)), and will be 
J(ON -t OE) == i(/i +/.2) for unlike principal stresses (Fig. 280 (/^)). 
The stress p may be resolved into normal and shear stresses in each 
case (Fig. 281 {a) and {If)), indicated by 00 and OH respectively. It 
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both cases is represented by the radius of the circle ha\ing KN for 


diameter; hence, for like sti esses, 

Maximum shear stress (0 

and for unlike stresses, 

Maximum shear stress — \ {p\ +/:>) (^) 



These ecpiations require further examination. Both (i) and (2) 
refer to sections taken perpendicular to the papei, and give the 
maximum shearing strtssses for such sections. Fig. 282 (rz) shows a 
bar under axial fnill stress /», and transverse pull stress both 
stresses in (a) being in the iilane 
of the paper. 'I'he [irincipal 
axes of stress arc OX and OY ; 
the maximum shearing strc.ss 
for sections [lerpendicular to the 
paper m {a) will be 
ICxaminc now Fig. 282 {h), show'- 
ing a side elevation of the bar ; 

/>., acts {lerpendicular to the 
plane of the pifjx r, and it will 
be evident that the sectifcin AB, 
at 45° to the axis, has a shearing 
stress of magnitude acting 
on it (p. 124). Ilenc'e All is 
the section of the bar which cariies a sheafing stress greater in 
magnitude than that on any ot^er section. 

It will be noted therefore that with like principal stresses, e.g. the 
longitudinal and circumferential stre.sses in a boiler shell, the greater 
principal stress alone determines the value of the maximum shearing 
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stress, and the latter has a value equal to one-half of the greater 
principal stress. In the case of unlike princi{)al stresses the maximum 
shear stress must be calculated from i(/i+/.2)’ 

The points above noted are of importance in dealing with crank 
shafts and other cases where the combinations of loading give rise to 
unlike" principal stresses. The experimental work of Guest and 
others shows that elastic break-down occurs when the shearing stress 
attains a certain value in many ductile materials, as has been noted 
already, and the results above discussed enable us to determine the 
relation of the maximum shear stress to the loading. 

Shaft under combined bending and torsion. An example of this 
kind of loading will be found in any crank shaft. Considering a 
solid shaft : 

Let M = the maximum bending moment on the shaft, in Ib.-inches; 
'r = thc maximum torque, in Ib.-inches; 

R = the radius of the shaft, in inches. 

It is understood that M and T occur both at the same cross 
section. The stresses due to these may be found from : 

AttR^ ^ 4M 

■ 4 

pr- 




•(i) 

•(2) 


//TtR^ 

or, 

Reference to Fig. 283, in which a rectangle abed has been sketched 
on the shaft surface, shows that is 
absent, d'he principal stresses may be 
calculated from eejuation (9) (p. 260) : 





4A: 




■(3) 


Fic, 283.— Shaft under combined 
torque and bending. 


This result indicates pnlike princijml 
stresses, as the quatitity under the square 
root sign is greater than 

In the Ranldne hj^jothesis, the maximum 
principal stress U the criterion of hreak-down, 
and this assumption may be applied to 
brittle materials. The Ranlcinc equation 
may be obtained as follows. Taking the 


larger principal stress, viz. -g 4 ^^2 
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and* substituting from (i) and (2), we have , 


ttK' 


’.,|M + v/M- + T-), 


or --^*^^=M-t-v'M- + T- (4) 

The left hand side of this lesiilt has the same form as tlie ex- 
pression for the moment of resistance of a shaft to torsion , th(' only 
difference lies in the fact tiiat r is a push or j)ull stress, wliereas, in 
the torcjne expression, a shear stress apt)ears. It may be said that 
if a pure torcpic dV "ere ap[)lied to the shaft, of magnitude given 
by (4), a shear stress would be produced thereby ecjual in magnitude 
to the maximu-m principal stress. Hence, 


■iv=M+./M-+'e (5) 

The result is convenient for practical use, and is usually referred 
to as Rankine’s formula. 

If the maximum shear stress be taken as determining the point of 
failure, the reduction is as follows ; 

From e(]uation (3) ([). 264), remembering that one value of r is 
push and the other pull : 






P\ -v^/ i“ + 4/r) 




Also, 


Maximum shearing stress--/ 


2 


• 2 

( 6 ) 

Inserting the values of /, and A in terms of M and T, we have 
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Let 'IV be a torque which, if applied alone, would produce a shear 
stress ec^ual to q. Then 

(7) 


It wjll be noted that this expression gives an eciuivalent twisting 
moment of smaller value than that permitted by the Rankine 
equation (5). 

Springs. Springs are pieces intended to take a large amount of 
strain, and are used for minimising the effects of shocks, for storing 
energy, and for measuring forces. The load on any spring is kept well 
within the elastic limit ; hence the change of 
length, or the distortion, of the spring will be 
proportional to the load apiilied. Springs vary 
in form, (le[)ending on the purpose for which they 
are intended : a few common forms arc discussed 
below. 

Helical springs. Helical springs arc made by 
coiling a rod or wire of the material, generally 
steel, into a helix. If the spring is to be under 
pull, the coils of the unstrained spring are made 
so as to lie close together ; open-coiled helical 
springs are necessary in cases where the load is 
pull* api)lied as a push, causing the spring to 

become shorter. Reference is made to Fi^^ 284, 
which shows a close-coiled helical spring under pull, and made of 
material having a round section. It may be assumed that the effect 
of the load is to put the material of the spring under pure torsion. 
Bending is also present, and must be taken into account in open- 
coiled springs, but is small enough to be disregarded in the close- 
coiled spring under consideration. 

Let P load applied, lb. ; 

R=-the mean radius of the helix, cnches ; 

?'=^the radius of the section, inches. 

Any cross section of the wire will be sub- 
jected to a torque given by ^ 

T = l>l< Ib.-incheb. ..'...(i) 

. o 

Consider a short ‘piece of the helix lying | I 

between two cross sections AB<and CD | ' 

(Fig. 285), and imagine AB to be fixed rigidly. GLI.- 

Let F be the centre of the section CD, O* C F 6 

and take a horizontal radius which, when 




Fig. 285. 
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produced, cuts the axis of the spring at O. 'rhe.ofTect of the torque 
will be to cause CD to twist through an angle relative to AH, and 
FO will rotate into the j)osition FO', the point () undergoing a 
deflection 0()'. r>et the mean length of the jiortion ('onsKh'red 
be /; then the angle of twist may be written from the equation 
for that of a shaft (p. 255). 

2 17 2 PR/ , , 

“--(ve = (ve 

A • OO' 

Again, " i> ’ 

00'-.«K -77 k 

( TTr’ 

2PRV . , . 

( 2 «) 

Now 00' gives the extension of the spring along its axis owing to 
the straining of the small portion considered. 'The total extension 
will be the sum of the (jiiantities such as 00' for the whole length of 
material in the helix, and can be obtained by writing the total length 
of w'ire instead of / in (2^r). In the ('ase of a close ('oiled s[)ring the 
total length will be given w'ith sufficient accuracy by multipljing the 
mean circumference of the helix by the number of complete turns N. , 

l.ength of wire in helix = 27rRN (^0 

2PR^ 

Hence, d'otal extension of s[)ring- . 27rRN 



(>4 

_8P1)3N . . 

~ ‘ ( v/4 ’ 

where T) mean diameter of helix, inches ; 

7- diameter of wire, iiK'hes ; 

P = load applied, in lb. ; 

f' th(jw modulus of rigidity, lb. per sejuare inch ; 

N --numbfl'r of complete coils. 

The result shows, as had been anticipated, that the extension is 
proportional to the load apylied. 

An equation connecting the shearing stress with the extension may 
be obtained from (4). 'I’hus, * 

• ^ , • r 

Total extension of s[)nng = —^^4 

4K-N „„ 
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Now 



Hence, 

rr , 1 , • 4R-N piTTr^ 

Total extension = -7 • 

Lr^ 2 



27 rR 2 N ^ 

- 0 

'-(6) 


This result enables the niaximuni extension to be ‘found for a 
given spring when a given safe shear stress pi lb. [)er sipiare inch must 
not be exceeded. 

Beginning with no load on the s[)ring, the gradual afiplication of 
a load 1* lb., jiroducing an extension e inches, will reipiire the per- 
formance of a iiuantity of work given by (see p. 325) 

W ork done = average force x c 


= H* X €. 

Inserting the value of c given in (6), we have 


Work done = P x 
= VR 


(> 

pt 


pfirr^ ttRN 

= - - X - , , - p, 

2 tr ^ 


pp tV-RN • I It { \ 

. mch-lb (7) 

2 C 

This work is stored in the extended spring, and represents the 
energy which can be given out when the spring is recovering its 
original length, on the assumption of perfect elastic (lualities. 

The above formulae, being based on those for a shaft of round 
section, should be used only for helical springs made of round wire. 
A formula which may be used for the extension of a spring of square 
section, having sides equal to .y inches, is • 


Extension of spring = 


4£PR3 n . 


( 8 ) 


Helical spring under torsion. Heli(^al springs are loaded occa- 
sionally under torsion in the manner indicated in Fig. 286, where a 
spring AB is subjected to equal opposing cou[)les by means of forces 
applied to arms attached to the endst:)f the sj)ring. It is evideitt that 
the material of the coil is subjected to bending and that the torque 
produced by the couples is balanced at any cross section of the wire 
by the moment of resistance of that section to bending. The neutral 
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axi^ of any cross section will be parallel to the axis of the helix 
(Fig. 287). Further, the change of ciirvatuie of*the helix produced 
by the application of the tonpie will follow the same law as that for 
a beam (p. 166). 



At id. ^ p£_helix 


Fk., 286.— Helic.il spiin^ uiidtr totsion. Fi(.. 287. 

Let 'r - 1 ^? - tonpie applied, Ib.-iiH'hes ; 

R, initial mean radius o( helix, inches ; 

Ro-'hnal mean radius of helix, inc hes ; 

initial number of complete coils m h(*li\ ; 

N., -final number of com[)lele coils in helix; 

L length of wiie in helix, inches ; 

I nioinent of inertia ol sec tion of wire, inch units. 

Then Initial ( urxature J . 

^1 

T • , I 

nnal cm vat me - . 

Suppose that the tendenc'y is to inciease the number of coils, 
then R.) will be less than Rj. 

(’hangc of ciirxature produced by 'T . 

By use of the equation, 

M 

Change of curvature — (p. i66), 


. Ko Ri EIna ■ ■ 

Again, assuming that tlie coils lie fairly close together, we have 
for the length of the helix, 

^ L = zttRjNj 

==2^R,N,. 


Hepce, 
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Substituting these values in (i) gives 


27rN2 2;rNj _ T 

si. ;<» 

This expression gives the angle as a fraction of a revolution through 
which B will rotate relative to A when the torque is appljed (Fig 286). 
To obtain the angle of twist in degrees we have 

Angle of twist - 360— J--' — 


It will be noted from this result that the angle of twist is pro- 
portional to the torque, a property which leads to the use of springs 
of this ty[)e in certain cases, for example, the hair spring controlling 
the esca|)emont of a chronometer. 'I'he use of such a spring permits 
the balance wheel to alter its angle of swing somewhat without 
altering the time in which it vibrates. The same kind of spring is 
often used for controlling the movement of the drum in engine 
indicators, as its property produces a more even stretching of the 
string driving the drum, and in consequence a less erratic distortion 
of the diagram drawn on the paper surrounding the drum. 

The maximum torque which may bo applied without exceeding a 
stated stress, / may be found as in a beam (p. 146) from 

— Z T / . \ 


These results may be applied to helical springs under toision and 
made of wire having circular, square or rectangular sections. 


Piston rings. Spring rings are often used for the purpose of the 
prevention of leakage past the piston in steam, gas and oil engines. 
A common way of making spring rings of mqderate* si/.e is to turn a 
ring of uniform section, making the diam(iter somewhat larger than 
that of the cylinder. A piece is then cut out of the ring sufficient 
to allow the ring to be sprung into the cylinder, when the ends will 
come together. Cast iron is often used as the material. In this 
method of manufacture, the ring does not take a truly circular form 
when sprung to the cliamcter of the cylinder, and does not exert a 
uniform pressure all round the cylirtder wall. To secure uniformity 
in the pressure and a truly circular shape, the thickness of the ring 
must be varied. The breadth will of course be uniform, as the ring 
fits accurately a groove turned in the piston. 
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Kig. 288 (rt) shows a piston ring of, \arying thickness; the split is 
situated at C, and the ring as drawn has been sprtmg into a cylinder 
* so that the gap at ( ' is ( losed. 'J'he ring is subjected to a unilorm 
radial pressure as shown. 

//“the diameter of the cylinder, inches ; 

« / -^the pressure in lb. })er square inch of rubbing surface ; 

b = the breadth of the ring, inches ; 

/Aijw^the thickne.ss of the ring at AH, diametrically ojiposite 
(i, in inches. 



Fig. 288 — Piston rin>; giving uniform hc.inng pressure. 


The half ring on the right-hand side between A and C is under 
similar conditions of loading to those ol a boiler shell ([). 95). 
Hence, w’e may write for the resultant force on it : 

Fj = /// X b lb. 

This force will produce a bending moment on AH of amount 

The relation of the maximum stress /at AH and the thickness of 
the ring there will be given by 

* Mab““/‘ ( see p. 152), 





3/^/2 

7 ’ 



(r) 
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The relation between the thickness at any other section and .that 
at AB may be foimd from the consideration that the ring is to be 
circular both before and after springing it into the cylinder. Hence 
the change of curvature all round it will be uniform. Now, 


Change of curvature = 


M 

El' 


and, since E is constant for a given material, it follows that for 
uniform change in curvature 

M 

^ =a constant . ... (2) 


To obtain the bending moment at any .section such as DE, con- 
sider the portion of the ring lying between (' and DE (Fig. 288 (/^)). 
Join Cl), and let the angle (X)l) be a. The resultant [)ie.s.surc P., 
acting on the arc (A) may be found in the following way. A solid 
piece ot the same breadth of the ring, viz. bounded by the chord 
and arc Cl) will be in etjuilibrium it subjected to hydrostatic stress p. 
The resultant pressuie R on the choid produced by the hydrostatic 
stress is 

R =/ X CD X //, 

and this must be equal and opposite to Po. Hence, 

P.^-//^xCD-2/>/>x DF. • 

Again, M|,p P.^ x DF ---- ipb x 1 )F“. 

Also, I )F = I )0 sin ),a - |^/sin ia ; 

• At 

. . M,j,. 2pb - sin*-- 
4 2 

^ hpb^f' sm^~ (3) 

Also, 1 = ^"'''' ( 4 ) 

12 


Hence, substituting the values of (3) and (4) in (2), we have 
^pbd^ sin^~ ^ 


btu 


» = a constant, 


or, since b and d ait: constant for a given ring under a given pressure, 


2 

—1 — = a constant. 

^DE 


(5) 
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Kor the section Ali, a is 180°, and sin Ja will be unity. Hence, 

• .>^ 

sin- - . o o 

2 _sin- 90 I . 

^Dl. ^ All ^AU 

• . ,3 • .1 

• • ^ IJL ~ ^AB 2 ’ 

/ <1 \ ^ 

A.i - J (h) 

This re'»ult ena))les the thickness ol any sec tion to he calculaled 
after first having det('i mined the thickness at Aik 

Carriage spring, ('airiage springs aie constiucled of a luiinber of 
plates ol gradually diminishing length, clamped together at the 



middle and loaded as shown in Fig, 289. Generally the strips 
have the same breadth and thicknes.s. 'I'he material will be under 
bending. 

Let P=:the load in lb., applied at each end ; 

L = the distance between the loads, inches ; 

N = the number of strips ; 

/; = the breadth of each .strip, inches ; 

.Lf the thickne.ss of each strip, im hes. 

The maximum bending'inoment will occur at the middle section 
AB, and will be given by 

^ I PF Ib.-inches. 

I'his bending moment will be balanced by t^ie total moment of 
resistaijce obtained by adding together the moments of resistance 
of all the strips. Assuming that each .strip touches the'strip immedi- 
ately above it throughout its whole length, both before and after 
loading, it follows that all the strips will experience equal changes in 

I). M. s 
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curvature on the spring being loaded. Considering the curvature 
at AB, we have 

P ^ . . bending moment on strip 

Change of curvature of any strip = 2 

_ moment of resistance of strip 
_ __ 

= a constant for all the strips. 

Hence, as E and I are both constant, it follows that all the strips 
have equal moments of resistance. 

Let /= maximum stress on any strip at the section AB, 
lb. per .square inch. 

Then, Moment of resistance of each strip - 

Total moment of resistance at AB ^ N Ib.-inches. 

6 

Hence, (i) 

>PL = N^, 

“ 6 

l'=’,N/p, (2) 



The profile of the spring in the elevation may be arranged so as to 
secure that this value of the maximum stre.ss on any strip shall be 
constant throughout its length. Considering any section (d), let the 
number of strips be Ncd- 'rhen, from (i), 

Mc„ = Nco-^'', 

6 

or P.v = Nc„^-. 

0 

If / is constant, the only variables in this expression will be .r and 

N- Nco«x, (4) 

or, the number of strips and hence the depth of the spring vary as 
. the ’distance fiom the end. The 

profile in the elevation will there- 
fore be triangular (Fig. 290). 

Fig. 290. — Ideal profile of .a can iage spring. As this is an awkward shape tO 
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prodlice, the ends of the strips are shaped usually jis shown dotted 
in plan in Fig. 289, which produces practically the siime result. 

The deflection of the sjiiing may be calculated in the following 
manner : 


Change of curvature of any stri[) 


its moment of re.sistance 
FI 

t 

' FI 


2/ 

F/' 


(5) 


As / is constant throughout the length of the strip, the change of 
cuivalure throughout will he uniform. Su])posing the strips to be 
.straight at first, Ctu h strip will bend into the arc of a circle \chen the 
spring IS loaded. 'I'he conditions as regaids any one stri[) might be 
attained by subjecting that stri|) separately to a uniform bending 

moment -V ’ PL. Hence, 

N 2 


PL 


I 2 

6 PL 

■ne7'7"' 


.( 6 ) 


Now, for a beam bent into a circular arc, the deflection is given by 


PTence, 


A- .86). 

i;2 6 PL 

8 ’ NF/V'^ 

3 

“ 4 ‘ 


(7) 


In the above, the friction^ resistances of the strips rubbing on 
each other has been neglected. 'Phe effect of this will be to make 
the spring appear to be stiffer, as evidenced by a deflection smaller 
than that calculated, when the load is being increased. When the 
load is being removed, the deflection will be found to be .somewhat 
larger than that calculated. Of course, work will be absorbed by 
these frictional resistances, with the effect that any vibrations 
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communicated to^the spring by impulsive forces, or shock, will die 
out more rapidly than would be the case with a spring formed out 
of a single piece of material. 


EXERCISES ON CHAPTER XI. 

1 . A mild-steel shaft is 6 inches diameter. If the safe shcai stress 
allowed is 10,000 lb. per square inch, what torque may be applied ? 

2 . Find the diameter of a solid round shaft of mild steel to transmit a 
torque of 12,000 Ib.-inches with a safe shear stress of 9000 11). jier square 
inch. 

3 . A hollow shaft has an outside diameter of 18 inches and an inside 
diameter of 6 inches Calculate the torque fur a safe shear stiess of 4-5 
tons per scjuaie inch. 

4 . A solid shaft has the same weight and the same length as the shaft 
given in Question 3 and is made of similar mateiial. C alculate the safe 
torejue which may be applied, (iive the value of the ratio - 'roic|ue for 
the hollow shaft : torejue for the solid shaft. 

5 . What torque may be applied to a tube 3 inches m extei nal diameter, 
of metal 0-125 thick, if the stress is not to exceed 10,000 lb. pei sqiiaie 
inch ? 

6. The shaft given in Question i is 60 feet in length. What will be 
the angle of tw'ist when the maximum permissible torque is applied ? 'lake 
C= 13,000,000 lb. per square inch. 

7 . Find the angle of twist for the shaft given in (Question 3 when the 
shear stress is 4-5 tons per square inch. 'Phe shaft is 100 feet m length. 
Take C = 55oo tons per square inch. 

8 . What horse-power may be transmitted by a solid shaft 3 inches in 
diameter at 120 revolutions per minute? The shear stress is 8o(X) lb. per 
square inch. 

9 . What diameter of steel shaft is requiicd in order to transmit 
20 horse-pow'er at 250 levolutions per minute? 

10 . AB and BC are tw'o sections of a body meeting at 90'". Normal 
pull stresses of 5 and 4 tons per square inch act on AB and BC respec- 
tively. Shearing stresses of 3 tons per square inch act from A towaids B 
and from C towards B. Find the principal stresses and the pi incqial axes 
of stress. Draw a diagram showing the .ixes and stre^^ses. 

11 . Answer Question 10 if the normal stiess of 5 tons ])er squaie inch 
on AB is a push. 

12 . A mild-steel shaft 3 inches in diameter has a bending moment of 
4000 Ib.-inches together with a twistiitg moment of 6000 Ib.-inches. 
Calculate the following : (a) 'I'he equivalent torque according to Rankine ; 
{d) the equivalent tor?|ue on the maximum shear stress hypothesis ; (c) the 
maximum and minimum principal ^tresses ; (c/) the maximum , shearing 
stress. 

13 . Supposing that a constant bending moment of 4000 Ib.-inches be 
applied to a shaft 3 inches in diametei, w'hat torque may be applied if 
the maximum shear stress is limited to 10,000 lb. per square inch ? 
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141 A cylindriral hoilet is 7 feet in diameter and is made of plates 0*5 
inch thick. The steam pressure is 100 lb. per sijuate^incli. {(i) Kind the 
stresses on lonj^itudinal and circumfeiential sections ; also the stresses on 
sections at 30, 45 ,ind 60 degrees to the axis, {fi) W’hat is the maximum 
shear stiess on the pl.ite ? 

15 . A helical spring is made of round steel wiie 0 25 inch in diameter. 
The niean radius of the helix is 125 inches ; number of complete 
turns 120 ; the spring is close coiled, 'l ake i2,ocx),(XX) lb. per scpiare 
inch, and find <he pull recpiiicd to extend the spiing one inch. 

16 . A helical spring, inatcnal of ( ircular section, has to extend i inch 
with a pull of 150 lb. 'I he mean radius of the helix is 2 inches, and the 
length of {\^c helical part of the spting is one foot. Assume that the coils 
are close together, and find the diameter of the wire. C — 1 2,cX)0,ooo lb. 
per sc[uarc inch. 

17 . Suppose that the spring gnen in Question 15 is put under torsion 
by couples apjihcd at its ends. Kind the toicpic rcc|uiicd to twist the 
s]iring through one radi.in. K 30,cdoo,ooo lb. per scpiaic inch. 

18 . A helical spring is made cT steel of sciuaie section, 0 3 inch edge, 
close-coiled. 'I'lie mcMii i.idius of the helix is one inc h, and iheie are 
20 complete turns, 'fake C 12,000,000 lb. pel sc^uare me h, and find the 
])ull recjuirecl to extend the spnng one inch. 

19 . A piston ling for a cyhndei 24 inches in diameter has to give a 
uniform pressure of 2 lb. per sc]iiaie inch of rubbing suiface. J’'md the 
maximum thickness of the ring if the stress is not to exceed 6000 lb. per 
scpiare inch. Kind also the thickness at a section c^" from the split. 

20 . A carriage spring of length 30 inches is made of steel ))lates 
2*5 inches wide by 0*25 inch thic:k. Kind the number of plates 
reepnred to cany a central load of Scxilb. if the maximum stress is limited 
to 12 tons per scpiare inch Kind the deflection under this load if 
E = 30,cxx),ooo lb. per scpiaie inch. 

21 . A Ic^ad is applied to the crank fixed to a w rought-iron shaft 6 inches 

diameter ,incl 20 feet long, which twists the ends to the extent of 2® ; 
assuming the modulus of transveise elasticity (or coefficient of rigidity) to 
be 40(X) tons per scpiare inch, what is the extreme fibre-stiess ? (I.C.E.) 

22. A closely-c oiled spiral spring has 24 coils ; the mean diameter of 
the coil IS 4 inches and the diameter of the wire from whic h the spring is 
made is 0-5 inch. Determine the axial load which will elongate this 
spring 6 inches if the modulus of rigidity is I2,cxx),ooo lb. per sciuare inch. 

. (H.E.) 

23 . A hollow steel shaft' is to be used to transmit ioocd h.P. at 90 
revolutions per minute ; the internal diameter of the shaft is to be j of 
the external diameter. The maximum twisting moment exceeds the 
mean by 20 per cent. If the maximum intensity of shear stress is not to 
exceed a-t; terns per sciuare inch, find the external diameter of the shaft. 

^ * ♦ (L.U.) 

24 . At a certain point in a loaded body the principal stresses are a 
tension of 5 tons per square inch and a pressure of 3 tons per square inch, 
the latter acting in a horizontal direction. Another load is then applied 
to the body, giving rise to a second stress system, the principal com- 
ponents of which at the same point are a tension of 3 tons per square 
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inch and a pressure of 4 tons per square inch, the latter acting al an 
angle of 40“ to the' horizontal. P'ind the magnitudes and directions of 
the principal stresses of the resultant stress system. There is no stress 
at right angles to the plane of the paper. (B.E.) 
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KARTII RRESSUKK. 


Earth pressure. (^)u(.sti()ns rci^arding thr pressure of eartli cnler 
into the design of foundations and of retaining walls lor holding 
Ixu'k e«irlh. It is not possible to obtain exact .solutions owing to 
the variable |)io[)erlu‘s ol tin* material, 
and also to the fael that the pro- v 
perties are altered \c‘ry considerably 
by the presence or absenc'c of water 
mixed with the earth. 

Referring to Rig. 291, if a mass of 
earth be cut to a vertical face OV, it 
will weather down by breaking away 
of the earth until a permanent surface 
OA is attained ultimately. Let (/^ be 
the angle which OA makes with the 
hori/ontal, and consider a particle of 
earth resting on the slope at R. Its weight may be re.solvcd into 
two forces, one R per|>'jndicular to the slojie and another Q acting 
down the slojie. balance is obtained by the forc'e of friction F acting 
up the slope, V being ecpial tcj Q. Defining the coeffic'ient of friction 
/X as the ratio o 4 F and R when sliding is just on the jioint of taking 
placK (p. 353), /.<• ■ , 

/‘=R- 



the triangle of forces gi^es 

Q F 


ad 


Hence, 


= tan (f>. 

IS. X (I 

fi = tan </)... . 


.(i) 


The coefficient of friction may range from 0-25 to 10 for earth 
sliding on earth, ranging from 14 to 45 degrees. 



28 o 


AIATERIAL^ AND STRUCTURES 


Rankine’s theory of earth pressure. The effect of the weigh! W 
resting on the slope OA is to produce a stress on OA having an 
angle of obliquity equal to (p when sliding is just possible. may 
be called the natural angle of repose of the earth ; sliding will not 
occur ,if the angle of slope has any value less than <p. 

In the Rankine theory, it is asumed that the shearing eflfects at 
any section in the earth follow the ordinary Motional 4ws, and that 
the obliquity of stress on any section of the earth cannot exceed the 
natural angle of repose of the earth. 

Referring to Fig. 292, AH is the horizontal earth surface and adaf 
is a small rectangular block of earth having its top and bottom faces 

A B 

TTTmTTrnrrrrrrrrjfjrrmr 

y 


Fig 292.— stiesses, earth Flo. 293 —Conjugate stre'sses, earth 

.surface level, surface sloping. 

horizontal. Let the area of the top face be one square foot, letji' be 
the depth below the surface and let 7 V be the weight of the earth in 
lb. per cubic foot, 'fhe stress on the top face will be produced 
by the weiglit of the superincumbent column of earth, and will be 

given by lb. per square foot (2) 

The stre.ss acting on the vertical faces must be determined 
from the relation mentioned above, viz. </> must not be exceeded on 
any section of the block. 

In Fig, 293 the earth surface is sloping at an angle a to the 
horizontal, and a/^ and cd are at the same sjope, he and ad being 
vertical. The stre.s.s will be given by • 

^' = aTea ^3) 

It is evident that /i,/j acting on ab and cd respectively balance 
each other, neglecting the weight of the block ; hence /2 niust 

balance independently, and must tkerefore act in the same straight 
line. It therefore follows that must be parallel to ab, parallel to 
be and parallel to ab are called conjugate stresses. is determined 
by the same consideration as before, viz. </> must not be exceeded. 
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’94 — Maximum of ol)li(|uily of stress. 


Ih Fig, 294, OA and OB represent principal stresses /j and 
respectively, and the construction is shown for obtaining the stress p 
on a section OK (p. 261). ON 
is perpendicular to OK, NP and 
MP are parallel respectively to 
the principal axes of stress Oli 
and OA, anj PO is the stress 
on OK. P lies alwa}s on the 
circumfereiK'e of the (fn'le de- 
scribed («i MN as diameter. 

The angle of f)bli(juity of / as 
shown is PON ; the maximum 
angle of oblicpiity will (xxmr 
when OP is tangential to the 
circle NPiM as shown l)y O P. 

'I'he angle (X)'!' will correspond 
with the value of </) in earthwork problems. From Fig. 294, we have 

rr 
'oc 

JAPx -A) 
i(A+7>) 

P\ 

Pressure on retaining walls by Rankine’s theory, d'he foregoing 
principles may be applied to give a simple grajrhif'al solution for the 
Y earth pressure on retaining 

walls. In log. 295 XY is 
the vertical earth face of a 
retaining wall, the earth sur- 
face being horizontal and level 
with the top of the wall. 
Produce the horizontal ba.se 
of the wall and select a 
point O on it. Draw OA 
vertically and make it equal 


sin </) 


(4) 



Fig. 295.— Earth pres<;ure on a wall, earth surface tO p^ — lvYi lb. per Square 

• '«vd,WKank.„A.h.<.ry. . Draw O'F, making the 

angle (f> with OA. Find, by trial, a circle having its centre C 
in OA, to pass through A and to touch OT. 'Phis circle will cut 
OA in B, and will correspond to the circle NPM in Fig. 294. 
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Make OD equal to OB, and 1)0 will represent the other princ^ipal 
stress /o* ^ he stress /2 will be transmitted horizontally through the 

earth along OX, and an equal stress will be produced on the 
wall at X. Make XE equal to and join YE. The stress diagram 
for thf face of the wall will be YXE. The average stress will be 
5 foot length of wall be taken, the total pressure P 

P = r;/jHlb. 

P will act at a point from the foot of the wall. 

Fig. 296 illustrates the procedure if the earth surface is surcharged, 
or inclined to the horizontal, at an angle «. Draw XO V‘ii'jdlel to 

the earth surface. Draw 
OA vertically, and make 
OA ecpial to p^ — 7 v\\ cos a 
(p. 280). Draw OM per- 
pendicular to XO, and 
draw also O'T, making the 
angle </> with OM. Find, 
by trial, a ('ircle having its 
centre C in OM, to pass 
through A and to touch 
OT'. 'This circle cuts OM 
in M and B, and will 
correspond to the circle 
NPM in Fig. 294. Join 
MA and BA : these will 
correspond with NP and PM in Idg. 294 ; hence the principal 
axes of stress will be parallel to MA and BA respectively, and the 
principal stresses will be represented by OM and OB respectively. 
Draw 01) and OE parallel respectively to BA and AM; make 
OD equal to OM and OIs equal to OB. The ellipse of stress 
passes through I) and E, and cuts XO produced i^i F. Hence FO 
is the value of p^. The quarter DFfs alone* of the ellipse need be 



Fig. 296. -E.Trth pres‘;iire on .t wall, earth burface sur- 
charged, by Rankine’s theory. 


drawn. 

Draw' the stress diagram for the wall by making XG equal to 
and joining GY. The average stress will be -j/j? i^Fid for one foot 
length of wall we ha\e p ^ 


P acts parallel to the earth surface, and is at a height JH* above 
the foot ‘of the' wall. 

If the earth surface be not surcharged, a simple formula may be 
obtained for the stress on the wall at any depth : 
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l!et — earth pressure on a horizontal foot at a 

depth h feet. 

p.^ - the pressure on the wall at the same depth. 


Then, from equation (4), p. 281, 


And 


sin t/> 


A -A 
A +A* 


I + sin ./) ^ 2/, ^ p^ 
i-sintf) 2 /», p/ 



I -f sm </> 


If the earth surface is surcharged at an angle to the horizontal 
e(|ual to A then ?e// ( os «/», and it m.iy be shown that the other 
conjugate stress, is ecjual to /, and aits on the wall at an angk* </> 
to the horizontal. 

If the angle of surdiarge is a, the following eijiiation may be used 
in ordei to tind the value ol />., : 


p, = 7Vk COS a 


j COS a - vAos-a - eos“'/>) 
\cos a + v^eos^a *- eos“(/) j 


Wedge theory of earth pressure. Let All (Fig. 297) be the 
vertical face of a retaining wall, and let AC be the surface of the 
earth ; also let H(' be a plane 
making the angle (p wath the 
horizontal. Considering the 
wedge of earth 11A(', imagine 
that its particles are cemented 
together so as to form a solid 
body. Under this condition, 
the wedge w'oiffd jus| rest 
without slipping on the •in- 
clined plane BC if the wall 
were removed ; in other 
words, so far as the w'edge 
BAC is concerned, there is 
no pi^.ssurc on the w^a 1 l. Agiiin, considering an indefinitely thin 
wedge ABA', at rest betw'een the jilane BA' and the wall, as its 
weight is negligible, there will be no pressure on the wall. Hence 
the pressure on the wall, being zero for the inclined planes BC 
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and BA', will attain a maximum value for some plane such as'^BD 
lying between BC and 1T\'. If the wall were removed, the earth 
would break away at once along the section BI) and the wedge ABT) 
would fall, subsequently weathering would remove the wedge DBG. 
BI) called the plane of rupture; the force acting on the wall may 
be obtained by considering the weight of ABI) and the reaction 
of the earth lying under the section BI). . 

The force P which the earth communicates to the wall may be 
assumed to be horizontal, thus ignoring any friction between the 

C 



vertical face of the wall and the earth ; also P may be assumed to act 
at ;\H from the base of the wall (Fig. 298). \V is the weight of the 
wedge ABI), and is calculated by taking account of one foot length 
of the wall. The reaction Q of the earth underneath BI) acts at 
the angle </> to the normal OE to the .section BI). These three forces 
meet at 0 and are in equilibrium. If 0 is the angle DBG, the angle 
between the lines of W produced and Q will be eq^ial to 0. abc is 
the triangle of forces for W, P, and Q, from which we have 



or P=: W tan r (i) 

Draw DK and AI^, each perpendicular to BG. Then, if w is the 
weight of the earth in lb. per cubic foot, 

W = area >BI) X • 

= (area BAG - area BnG)?^' 

= (pC.AL-.iBG.I)K)w 
= >,BG(AL- DK). 
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Pet DK be called x 'I'lien 

W^-h^dK:(AL-.r). ...* (2) 

Ai ^ 1)K a* 

Also, ‘“"^“liK^iiC-KC^ 

and , KC ^ I )K ('ot (</> - a) • 

a (‘Ot (</> - a). 

• V 

Hence, (3) 

Substitute the values of (2) and {^\} in (1), giving 

I' '.a/. ISC. 'V (4) 

ISC ") 

T'h(' whole of th(‘ (|uantities in\olv(sl in this expiession, with the 
exception of .v, aie ('onstanl lor a given wall, the caith having a 
known value for </> and a given slope* at the suiface. 'The inaxiinuin 
value of V may be found by differentiating the right-hand side and 
e([uating the result to zero, 'i'hus, 

(/ ( _ AL.a - .V ’ I 
(Iv [HC' -- a cot (</> -- a) I 

(AL - 2a) ( B(^ - a cot (</> a)) -t- (AL .a - a'-’) col (</> 

{lU'-a(ot{</>-a)j‘^ 

'I'his will be zero when the numerator is zero. Hence, 

AL . HC - AL . a cot (</> - a) - 2a . IR' + 2a- cot (</> - a) 

- A I . . a (-'Ot (</> - «) + a- I'ot {<fi - a), 
AL . I>C - 2a . PC - - A" cot (</> - a), 

A[. . PC - xnC - a . IK: - A“ cot (</> - a) 
a (PC'- a cot (</> “ «) ) . 

Py reference to Fig 2(;8, it will be noticed that this may be written 
AL.PC-a.POa.PK, 
or 2AA1K:- 2/.Pl)C=2/\I)KIh 

or • a 1 >A]) = a 1 )KP (5) 

'The condition for the maximum value of P is therelore that the area 
of the triangle iLAl) should be ecjual to the area ol the triangle DKP. 

From (i), 4 *-Wtan^? 

.A liAl). tani (3 
^ =^ 7 £ .A PKI) . tan 0 

^-- 7 v . .*PK .a. ^ 


( 6 ) 
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Orapliical solutions by the wedge theory. The following geo- 
metrical constructions may be used for the determination of .r : 

Case i. — E arth surface level with the top of the wall. Reference is 
made to Fig. 299. Draw BC making the angle with the horizontal. 
Draw BE perpendicular to BC and cutting the earth surface produced 



Fig. 2Q9.— Graphical solution, wedge theory, earth surrace level. 

in E. Make EF equal to EA. T'hen BF is equal to .r. Draw FD 
parallel to B(' and join BI); BI) will be the plane of rupture. V will 
be found by measuring BF== a: to the same scale as that used in draw- 
ing the wall and inserting the value in (6). Apply P horizontally at 
-JH from the base. 

Case 2. — Earth surface surcharged at an angle a. Draw PC] (Eig. 300) 
making the angle (/> with the horizontal. Draw l^E [)er[)endicular to 



Fig. 300. — Graphical solution, wedge tl^'ory, earth surcharged. 

BC and cutting the eirth surface produced in E. On BE describe a 
semicircle, and draw AF perpendicular to BE. Make EG eqjial to 
EF ; thch BG Is equal to x. Draw GD parallel to BC and join DB ; 
DB will be the plane of rupture. .Calculate the value of P and apply 
it as in Case i. 
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G^SE 3. — Earth surface surcharged at the angle </>. In Fig. 301, draw 
BE i)erpendicular to the earth surface and 
cutting it produced in E. d'lien is 
equal to .r. P is calculated and ap[)lied 
as before. 

Ca*SE 4. — Earth surface surcharged at an 
angle a and fj^ction between the earth and 
the wall considered. Draw lU' (Fig. 302) 
at the angle </> to the horizontal to cut 
the earthy surface in (\ On B(' as 
diameter describe a semieircle. Make 
Al) equal to AB, and diaw I)h^ ()cr- 
[)endicular to B(\ Make Bl*' eijual to BI% and draw lAI parallel to 
Al ). Make FK ecjual to Id J. Join B(i. 'I'lien the jiressuri; I* on one 
foot length of the wall is e(|ual to the weight of the prism of earth 



Fk., 301. - Kiirth Mirf.ice surcharged 
.It </), wrdgc llltuiy. 


c 



Fig. 302,— Wedge theory; solution when friction of e.'irth on w.ill is t.iken account of. 

having an area igi stiuarc feet etpial to the area FfiR and a length of 
one foot. P will act a^ yi from the base of the wall, and will be 
inclined at an angle f/> to the horizontal. T'he plane of riqiture is BG. 

It is assumed in the last case that the value of is the same for 
earth sliding upon earth and«for earth sliding upon masonry. 

Distribution of normal pressure on the base the wall. Having 
found^P by application of one the above methods, the resultant 
pressure on the base of the wall may be found in the Tnanner shown 
in Fig. 303. W is the weight of one foot length of the wall, acting 
vertically through its centre of gravity G. P and W intersect at 0 , 
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and R is their resultant. For stability, R should pass withirr the 
middle third DE 6f the base of the wall (p. 239). 



base. 



Fig, 304. — Dislnbtitioi) of normal 
stress on tbe wall base. 


In Fig. 304, F is the point in which R intersects the base of the 
wall, and 0 is tlie middle of the base. R may be resolved into two 
forces, Rv and Rh ; the latter produces shearing stress on the base, 
having a .somewhat indefinite distribution ; tiie former produces 
normal stress. Fo determine the latter, shift Ky from F to 0 , and 
apply a compensating couple RvxFO = M. Ry acting at 0 will 
produce a uniform normal stress /j of value given by 
R R 

= . lb. per S(iuarc foot. 

^ ‘ area ot wall base IK. ^ 


M will produce a stre.ss which will vary from a push at C to an 
equal [)ull at B. 'These may be found from 

m 

where ni is -JBC and I is the moment of inertia of i foot length 
of the wall base taken with reference to the axis through O 

and perpendicular to the plane of the pap^T. * 

^ r X B(? 

12 


Hence, 


^ Ry X FO 
A 


^ JK, 

“iBC* 12 6 ^ 

^Rv.FO 


A stress diagram CBEl) is drawn in Fig. 304, in which 

Cl)=/i+/2 "A- 
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Rankine’s theory applied to foundations. In Fig. 305 is shown a 
wall the weight of which is supported by a vertical reaction coming 
from the earth on which it rests. Consider one foot Icngtli of the 
wall, and find its weight VV lb. The vertical stress /, on tlie earth 
will be \V 

* area ol base AB 

= lb. per square foot. 

AB 

I'he horizontal stress /._> acting on the \crtical fac es of a small 
rectangula? block of earth immediately under the foot of the wall 
will be found from the con- 
sideration that the angle </> 
must not be exceeded by 
the oblicputy of the stress. 

Make C)(' to rei)resent /, ; 
draw O'r making the angle 
</) with OC , find by trial a 
circle C'l'F having its centre 
E in 0(k passing through (' 
and touching Od' ; make GO 
equal to OF; dien GO is 
ecjual to />.2. Bart of the 
ellipse of stress has l)een 
drawn, although this is not 
required in the construction, d'he stress is transmitted horizon- 
tally thiough the earth, and will act on the vertical faces of a small 
rectangular block of earth at K. 'Bhcre will be a stress acting on 
the horizontal faces of this block and caused by the weight of the 
column of earth resting on the top face of the block, is found 
by a second application of the same construction. Make KH equal 
to p.^', draw KL making the angle </> with KH ; the circle HEM has 
its centre in KH, {)asses through H and touches KL. Make KN 
equal to KM, when NK will be eciual to/3. 

Let I) be the depth of the foot of the wall below the earth surface, 
and let w be the weight of tl^ earth in lb. per cubic foot. I hen 
p.^ = 7v\) lb. per square ^oot ; 

7V • 

This result gives the minimum depth of the foundation, and 
represents the case of the earth surrounding the wall being just on 
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the point of heaving up. The actual depth of the foundation inay 
be obtained by application of a factor of safety. 

D may be found by calculation from ecjuation (4), p. 281. Thus, 


Also, 


Again, 


siri (f) = 


A- A. 

i+A' 


. I -:-sin 2/j 

I - sin </) 2/2 A 



sin = ; 



7V 7V\l+h]n^j)/ 

_ W /i-smifiV 
7 V. AB \i +sin (/>/ * 


(0 


A) 


(3) 


(4) 


Example. A wall carries a weight of 800 tons. Tlie area of the foot 
of the wall is 200 square feet. Kind the minimum depth of foundation if 
the weight of the earth is 120 lb. pci cubic foot and if </) is 30”. 

, 8(K) ^ 

—4 tons per square foot. 



71 / 


/ 1 - sm (f/y 
\ I + sm (fi) 


4 X 2240 
120 



— 8-3 feet. 


EXERCISES ON CHAPTER XII. 

1 . Given principal stresses of 6 tons and 3 tons per square foot, both 
pushes, find the angle of greatest obliquity of stress. 

2 . A retaining wal. for earth, 12 feet high, has its earth face vertical. 
The surface of the earth is horizontal and is level with the top of the wall. 
Find the total force per foot length on* the wall by Rankine’s theory, taking 
the weight of the earth as 1 10 lb. per cubic foot and <l> as 40'’. 

3 . Answer Question 2 if the earth surface is surcharged at 20° to the 
horizontal. 
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4 *. Answ er Question 2 by applieation of the wcil^’c theoiy. 

5 . Answer Question 3 l)y application of the wc(ii>c thcoiy. 

6. Answer Question 3 by the wedj^e theoiy, takm^^ aerount of tlie 
friction bciw’ccn the eaitli and the wall. It may be assumed that </> 
has the same \alue foi eaith sliding on eaith aiul for eaith sliding on 
masonry. 

7. A masoniy letainm.g wall for eaith has its eaith fare \ei(iral, and 
the earth is s^'charged at an angle of 30" to the hoii/onlal. The wall 
is 9 feet high, j feet bioad at the top, and 5 feet bioad .it the b;ise. 'The 
earth weighs 1 10 lb pei ( ubic foot .md </> is 30', l-'ind the total eaith 
piessuic on the wall by the wedge theory. 

8. In Question 7, the masoni y weighs 1 20 lb. per < uhir foot. Imd the 
lesult.uU piessuieon the hon/ont.d b.ise of the wall. Does it pass within 
the middle thiul of the base ^ hind the masiimim and minimum noimal 
sliesses on the base, .ind diaw a diagiam showing the distiibuiion of 
noimal sticss. 

9 . A w.dl and the load which it laiiies piodme a stiess of 3 tmis per 
square foot on the eaith underneath the w.dl It the weight of iMith is 
no 11) per cubir foot and if </> is 35'', lind the minimum depth o( the 
foundation below the sin fire of the eaith. 

10 . A buck wall 25 feet high, of unifoirn thu kness and weighing i2olb. 

per cubic foot, has to withstand a wind piessuie of 56 lb. ]>ei squaie foot. 
What must be the thickness ot the wall m oidei to s.itisfy the (ondition 
that theic shall be no tension in any joint of the bi i< kwoik ? ( l.C .hb) 

11 . (a)n(iet(‘ exerts on eaith at the bottom of a treiuh .1 dowinvaid 

pressuie of 2 tons per s(|n,iie foot ; the eaith weighs 130 lb. j)ci ( ubir foot 
and Its angle of leposc (in Kankme’s theory) is 30"; wli.it is the least s.ife 
depth below' the eaith’s natuial surfu e of the bottom of the (onncti*? 
Why are we unable to make much piactual use of the theoiy of eaith 
piessure''' (H.E.) 

12 . A (oncrete letainmg wall is tiape/oid.d m cioss section, 24 feet 

high ; thickness at top, 3 feet ; at base, 10 feet ; the back fee, which is 
subjected to eaith pressuie, being vcitir.al. 'I'he wall is not suichaiged. 
If the concrete weighs 140 lb. per cubic foot, the caith-lilling behind the 
wall 125 lb. per cubic foot, and if the angle of repose of the eaith is 
22 degtecs, ini estigate the st.ibility of the wall. (H.E.) 

13 . Gi\e the assumptions upon which Rankine’s theory of eaith pics- 
sure IS based, Sliow that the intensity of hori/ontal piessuie on a 
retaining wall at a depth d fcjt below the hoiizontal eaith suifarc is 

I ' sin </> , 

- — 'lod, 

1 q-sin </) 

where w is tlie weight of i < iB)ic foot of earth and •/> is the angle of 
repose of the earth. A practical rule takes the pressure as equivalent 
to that given by a fluid weighing 20 lb. per cu])ic foot. Find the angle of 
repose corresponding to this, assumijjg w equals ico lb. per cu))ic foot. 
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Wires under pull. A simple apparatus is illustrated in Fig. 306 
and will enable the elastic properties of wires under pull to be studied. 

Two wire.s, A and P, are hung from the same 
support, which should be fixed to the wall as high 
as po.ssible in order that long wires may be used. 
One wire, P, is permanent and carries a fixed load 
Wj, in order to keep it taut. The other wire, A, 
is that under test, and may be changed readily for 
another of different material. 'Fhe test wire may 
be loaded with gradually increasing weights W. 
'Fhe extension is measured by means of a vernier 
1), clamped to the test wire and moving over a 
scale E, which is clamped to the permanent wire. 
The arrangement of two wires prevents any droop- 
ing of the support being measured as an extension 
W.rr**~Tl of the wire. 

Expt. 15. — Elastic stretching of wires. See that 
the wires are free from kinks. Measure the 
Fig. 306 -Apparatus for length L in inclies from C to the vernier. Measure 
tensile tests on wires, diameter of the wire. State the material of 

the wire and also whatever is known of its treatment before it came 
into your hands. Apply gradually increasing loads to the wire A, 
and read the vernier after the apjfiication of each load. Stop the 
test when it becomes evident that the extensions are increasing more 
rapidly than the loads. Tabulate the readings thus : 

Tension Test on/ a Wike. 


Load, lb. 


Vernier reading 


Extension, inches. 
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IMot the loads in colunui i as ordinates and the corresjK>nding 
extensions in eolunin 3 as abscissae (Fig. 307). Tt will be found that 
a straight line will ])ass through most 
of the points between () and a i)oint 
A, after which tlie line turns towards 
the yght. 'I'he point i\ indicates the t 

break-down of Flooke’s law. j 

Let Wj load in lb. at A in Fig. 307. yv 

d ~ tile diameter of the wire in 1 

iiK'hes. 1 

Then, • ^ 

Stress at elastic break-down 





lb. per s(|uare inch. 


Kkj. 307, -Oniph if a 


nsilf test 


Selei'l a point V on the straight line OA (Fig. 307), and measure 
^\^ and € from the diagram. 

Let W.^ ~load in lb. at I’, 

extension in inches at P, 

L- length of test wire in inchc.s. 

Then, Young s modulus Is - 

strain [Tra- e 





Fir.. 308.— Apparatus 
for testing wires to 
rupture. 


Several wires of different material should be 
tested m a similar manner. 

In F'lg. 308 is shown in outline a simple form 
of mat'hine for testing wires to breaking; the 
machine is fitted with an arrangement where!))' an 
autogiaphic diagram is produced, /.^. a diagram is 
drawn by the ajiparatus showing the loads and 
corresponding extensions. 

AH is the test w'ire, fixed at A and carrying a 
rcce{)la('le H at its lower end. d'he load is 
appljed by means of lead shot, stored in another 
receptacle (', which is fitted with an orifice and 
a control shutter at its low'er end ; I ) is a shoot 
for guidii^^ the shot into H. C is hung from a 
helical spring E, whic h is extended when C is full 
and shortens uniformly as the weight is removed 
by the shot gunning out of C. A cord F is 
attached to E, passes round a guide pulley and 
also two or three times round a drum G, and 
has a small w'eight H attached in order to keep 
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it tight. A piece of paper is wrapped round G, and circumferential 
movements of this paper will be proportional to the load removed 
from C and applied to the test wire. A small guided frame carrying 
a pencil is attached to the test wire at P ; vertical movements of the 
pencil- will indicate the extensions of the portion of test wire between 
A and P. In^action, a curve is drawn on the pa[)cr which .shows 
loads horizontally and extensions vertically. , 


bond 


Ex PI’. i6. — Tensile test to rupture. Arrange the apparatus and 
fit the test wire; .see that all the arrangements are working properly. 

Draw the lines of zero extension and zero 
load by rotating the drum for the first 
and by moving the pencil frame vertically 
for the second. Measure the diameter of 
the test wire and the length from A to P. 
Allow the shot to run into P until the 
test wire breaks. T\) obtain the breaking 
load, weigh the receptacle B together with 
its contents. 

I,et W = breaking load in lb., 

diameter of the wire in inches. 



Exten 5 u?n 

Fig. 309.— Autotjrapliic record of 
a test on cop|)cr wne. 


\v 


Then, Breaking stre.ss= ^ , lb. per s(juare inch of original cross- 

sectional area. 


In Fig. 309 is given a reproduction of a 
diagram after removal from a machine of this 
kind. The scale of loads may be found by 
placing different weights in C and observing the 
resulting movements of the paper on the drum. 
The diagram shown is for copper wire, and the 
point of elastic break-down may be stated 
roughly from it. 

Experiments should be made on several 
wires of different materials, such as copper, 
brass and iron. 

Wires under torsion. Ap[)aratus by itieans 
of which may be measured the angle of twist 
produced in a wire by a given torque is illus- 
trated in Fig. 3 TO. AB is a test wire, firmly 
fixed at A to a rigid clamp and carrying a heavy 
cylinder at B. The cylinder serves, to keep the 
wire tight, and also provides means of apply- 
ing the torque. The torque must be applied 
as a couple in order to avoid bending, and is 



Fic. ^lo.—Apparatus for 
lorbion te.sl 5 on wirei. 
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produced by means of cords wound round B ; these cords pass over 
guide piille>s, and carry equal weights \\\ and W., at the ends. 
Pointers C and 1 ) are clamped to the wire, and move as the wire 
twists over fixed graduated scales Is and F. d'he angle of twist 

produced in the portion CD of the wire is thus indic ated, 

• 

Expt. 17. — Torsion test on wires. Arrange the apparatus as shown. 
State the material of the wire; measure its diameter ^/‘and tlu' length 
L between the [lointers (' and 1 ), both in inches. Mcxisiirc* also the 
diameter I) of the cylinder P, in inches. A()|)lv gradii.illy incie.ismg 
loads, ancj read the sc:ales E and F after each loacl is applied. 'Tabu- 
latc the readings. 

I'vXPKKIMKN r ON d’wi.sTINO. 


l,o..<l, 

1 or(|Uc, 

uf tuist, 

11) 

\V,I), ll>-mchrs 

ilc^rfes. 





Plot the torcpies in column 2 as oidinates and the ('orresponding 
angles of twist as abscissae. A ty[)ic:al diagram is given in Fig. 31 1, 
from which it will he observed that the graph is practically a 
straight line, indicating that the angle c;f 

twist is prc)[)ortional to the torcjue. Select J — 

a point 1’ on the straight line, and measure _| / 

the tOKjuc 'r Ib.-inches and the angle a ^ ~7\ 

from the diagram. If the diagram is \ / | 

plotted in degrees, convert a to radians. ^ / ; 

The value of the modulus of rigidity of , / ; 

the material may be calculated. / 1 

Let i / ' 

T-the torcpie, in Ib.-inc'hes ; .i-iZ 1 — -J 

]. = the length of the wire, in inches ; ^ H Anuria 

R - the radius of the wire, in inches ; F'f- test 

a -angle c^T twist, jn radians ; 

C^the modulus of rigidity, in lb. per square inch. 

Then, from equation {4), p. 255, we have 


or 


• a=: 


9’ 


2TL 

ttrh:’ 

2'rL 

uttR^* 




Several wires of bra.s.s, copper and steel should be tested. In each 
case, any information regarding the previous history ol the wire 
should be noted. 
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Helical springs under pulL The extensions of a helical spring 
un(^er pull may be investigated by use of the apparatus illustrated in 
Fig. 312. A is the spring under test; it is hung from a hook at the 
top of a stand. A graduated scale B is hung 
from the spring, and carries a hook on which 
loads W may be placed. T'hc vertical move- 
ments of the scale indicate the ^'xtensions of 
the spring, and are read by means of a telescope 
at C. 

Expt. 18. — Extensions of helical springs. 
Make a hclii'al spring by coiling round a round 
bar, or mandril, some wire for which you 
have found (' previously, as directed on p. 295. 
'rest this spring under gradually increasing 
loads, noting the extension i)roduced by each 
load. Plot loads and extensions ; these should 
give a straight line if the extensions arc pro- 
portional to the loads. Select a point on the 
plotted line, and read the load W lb. and 
the corresponding extension e inches. 

Let 

J)=^lhc mean diameter of the helix, inches ; 
^/"ihe diameter of the wire, inches ; 

N ^ the number of complete turns in the 
helix. 

Then, from eejuation (5), p. 267, 

_8VVT)3N 

8WI)^N 

C = — — lb. per square inch. 



Calculate the value of C from this ecpiation, and compare it with 
the value of C found by the direct method of a{)plying tonjue. 

Other springs made of wire of circular section are Supplied. Make 
similar experiments, and find the value off/, for each spring. 

Springs of mati^rial having a sejuare section are also sut)plied. If 
the side of the sejuare is .y in inches, find the numerical values of the 
coefficient c for each .spring by inserting experimental values in the 
following equation : ^ WD^N 

€ = C — : — . 

Maxwell’s needle. A useful piece of apparatus for making vibra- 
tional experiments on wires is the Maxwell’s needle shown in 
Fig. 313 (a). The wire AB is fixed firmly at A and is clamped at B 
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to a brass tube C Four inner tubes 1 ), F and G of etjiial lengths 
can be pushed into G; the total length of the huir tubes is equal to 
the length of C. Two of the short tubes are einj)ty, and the other two 
are closed at the ends and are 
loaded with lead shot. Experi- 
ments are mad(^ by first having the 
loaded tube« at I) and G and the 
em[)ty ones at and F. A f(‘w 
degrees of twist are given to the 
wire, and the needle is then allowed 
to oscillate hori/ijiilally. 'Fhe time 
taken to execute, say 100 vibra- 
tions, is observed, and heiK'o the 
time of one vibration is obtained. 

The tubes are then c\( hanged by 
placing the loaded pair at hi and F 
and the empty pair at 1) and (i, 
and the experiment repeated in 
order to find the time of om^ vibration, d'he distribution of mass in 
the systian has been altered without altering the actual (iiianlity of 
matter, and the second time will be found to be sIh liter than the first. 



Fi(.. 313.- Maxwcll’b needle. 


Let 


Then 


/j^-the time in seconds to execute a \ibration, tin; needle 
starting from the end ol a swing and coming back 
again to the same jiosition , lo.ided tubes at 1 ) and ( ). 
Grille coi responding time in .seconds when the loaded 
tubes are at E and F. 

^ the mass in pounds of one loaded tube. 
w> = the mass in jiounds of one eiiqity lube. 
a ~ the half length of (i in feet. 

I^^the length of the lest wire, in inches, 
r/shthe diameter of the test wire, in inches. 

.i,'-=lhe accVli^ration due to gravity - 32*2 feet per second 
per second, 

C == modulus of rigidity of material of wire, lb. per s(j. inch. 

1*5 /Wj - 


E]?pt. 19. — Determination of tJ by Maxwell’s needle. Test several 
wires of different materials by this method, and calculate (’ for each. 
If wires of the same material have been tested for the values of C 
by other methods, compare the results. 
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Torsional oscillations of a helical spring. Maxwell’s needle may 
be used for determining the value of Young’s modulus for a wire of 
given mateiial. The wire is first wound into a helical spring and 
arranged as shown in Fig. 313 (/d, where C is the Maxwell’s needle. 
Take trhe same symbols as before, with the addition of the follovying : 

R the mean radius of the helix, in inches. 

N ^ the number of complete turns in the heliA. 

E = Young’s modulus, in lb. per square inch. 

6 1 R NT’ - m^\ 

E. 

I'^XPT. 20. — Determination of E by torsional oscillations of a spring. 
Twist the needle through a small horizontal angle, taking care not 
to raise or lower it while doing so. On being released, it will 
execute torsional oscillations. Ascertain the times as before for the 
loaded tubes in the outer position and also in the inner position. 
Measure the dimensions re(}uired, and calculate K from the above 
equation. No correction is rerpiired for the mass of the spring in 
this experiment. 

Longitudinal vibrations of a helical spring. Using the same 
apparatus, illustrated in Fig. 313 (/^), the value of the modulus of 
rigidity may be found for the material of the spring, d'he spring, 
loaded with the needle, is pulled downwards a little and released ; 
it will then execute vibrations vertically. 

/==time in seconds to execute one vibration from the 
lowest position and back to the starting-point. 

M = the mass of the needle, or other load, hung on + one- 
third the mass of the spring, in pounds. 

N -the number of complete turns in the helix. 

R = the mean radius of the helix, in inches. 

T^the diameter of the wire, in inches. 

C = the modulus of rigidity, lb. per s(piare^inch. 

64 7r'“’MNR\ ■ 

Expt. 21. — Determination of C by longitudinal vibrations of a spring. 

Use a si)ring made of wire which has been tested already for the 
value of C by the direct method of torque (p. 295), and also by the 
method of torsional oscillations (p. 297). Find C for the material 
by application of the method desciibed above, and compare the 
results by the three methods. 

The direct determination of Poisson’s ratio, — , and also of the 

m 


Let 


Then 
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bulk modulus K for a material presents considerable difficulty. 
These may be calculated easily from the known experimental values 
of E and C by use of the following relations : 

. , . I Is - 2C 

Toisson s ratio • 

• m 2L 

• bulk modulus K - 7 It—,,:- 

Take the lesults for Is and (' which you have obtained for wiies of 
the same material, and calculate ^ and K for each maleri.il. 

Exam PI. K. A series of tests on steel wiics ^:i\e averaj^e values as 
follows : 13,500 and C^55oo tons per square inch. Find the values 

of Poisson’s ratio and of the bulk modulus. 

I ^K- 2 C 

ri 2C 

_ 13,500- 1 1,000 _ r 
“ 11,000 ~”£4 

EC 

3 ( 3 C-K) 

= — * 3 » 5 ^^. 55 ^ - =^o tons per sq. inch. 
3(3x5500-13,500) — ^ 

Elastic bending of beams. The apparatus shown in h'ig. 314 is 
capable of giving very accurate experimental results on the elastic 


Fig. 314 — Apparjjtus for elaMic bending of beams. 

bending of beams. 'I'he test beam A rests on steel knife-edges 
supporied by blocks B, B. The Ijlocks m.ay be bolted at any distance 
apart on a lathe bed C. The load W is applied by means of a 
shackle D having a steel knife-edge which rests on the beam. I he 
piece E, carried by the shackle, is pierced by a hole which is covered 





300 


MATERIA^/S AND STRUCTURES 


by a piece of transparent celluloid having a fine line ruled on it. 
This line is observed through a micrometer microscope F, and will 
travel over the eyepiece scale as the beam deflects. The value of a 
scale division of the eyepiece scale may be ascertained by use of a 
scale# engraved on the vertical pillar of the microscope; a rack and 
pinion nKJvement permits of vertical movement of the microscope up 
or down the pillar. , 

For testing beams fixed at the ends, the knife-edges at B, B are 
removed ; these are merely dropj)ed into V grooves on the to[) of the 
blocks. The test beam now rests on the top of the blocks.(Fig. 315), 
and is held down firmly at each end by a strong cast-iron cap and 
four studs. 

The angle of sk^pe at any position of the beam may be measured 
by means of the arrangement shown in Fig. 316. A is a small three- 


W- 
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Fig. 315.— Test beam fixed at ends. 





Fig 316 — App.aiatvis for measuring 
the slope of a beam. 


legged stool carrying a mirror and rests on the test beam. B is a 
reading telescojie having a hair line in the eyepiece, and is used to 
observe the reading of a scale C reflected to the telescope by the 
aid of the mirror at A. 

The apparatus may be used fora large number of experiments; 
the following indicates some of the more simple. 

E.xpt. 22 . Take a bar of mild steel of rectangular section about 
2 inches x i inch and about 3-5 feet in length. Arrange it as a beam 
simply supported on a span of 3 feet and loaded at the centre of the 
span. Apply gradually increasing loads, and measure the deflection 
at the centre of the span after the applicatifin of eifl'h load. Verify 
these readings by removing the loads, oije at a time, and observing 
the deflections after the removal of each load. T’abulate these 
readings, and plot loads and deflections. If the resulting diagram is 
a straight line, then the deflections of /he beam are proportional to 
the load. Select a point on the plotted line, and note the load ^V lb. 
and corresponding deflection A inches ; also let L be the span in 
inches Calculate the value of Young’s modulus for the n|aterial, 
using the equation given on p. i69,*viz. : 

48E1 
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For the given section, breadth B and depth I), both in inches, 

I^BI)^ 




\VI.3 

%KHD3’ 

WRS 

Expt. 23. Use the same piece of material (a) as a cantilever, (/>) 
as a beam fixed at both ends. In each case measure the dt‘tlec lions 
for loads Vadually increased and gradually diminished. Blot the 
results and determine Young's modulus, making use of the following 
equation for case (a ) : 

'^“31'i (i>- 

\VI ^ 

F'or case (/^) use '^""■192 FI 

(.ompare the values of JC obtained by the three methods cmj)loycd. 

lixPT. 2.p Arrange a test bar as a cantilever (Fig. 317). J.et the 
load be applied at B, and arrange the three-legged minor stool at (", 



a scale divided decimally in inches at D, and a reading telescope at E. 
On loading the cantilever a certain angle of slope will occur at B ; 
as there is no load, and consequently no bending moment between 
B and C, whate^r slope exists at B will occur uniformly between B 
and C. Hence the .slope measured at C will be the slope at the 
point of application of B. ’d he slope at B may be calculated from 

WL“ 

= radians (p. 168). 

If the piece of material used in the previous*l)ending experiments 
is employed in this experiment, E is known, and hence t’n may be 
calculifted for any given load. "Bo verify the calculation, ob.servc the 
scale readings for gradually increasing and gradually dinlinishing 
loads ; plot the results, and select from the diagram the value of I'u 
corresponding to the value of W used in the calculation. 
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In reducing the scale readings to radians, it must be noted thUt if 
the mirror at C tilts through an angle /, the ray of light CD will 
travel through an angle of magnitude 2/. Let a be the change of 
scale reading due to an increment of load, and let b be the distance 
from the mirror to the scale, both in inches. The angle turned 
through by the ray Cl) will be 

DCD' = ^^ radian ; 
b 

. (I 

radian. 

2 b 

Ten-ton testing machine. In Fig. 318 is shown in outline the 
principal parts of a testing machine constructed by Messrs, Joshua 



Buckton to the design of Mr. J. H. Wdckstced. A 5 illustrated, the 
machine is arranged for ap[)lying puU. IXio test piece, AB, is held 
by grips in two crossheads C and D; I) is guided by the main column 
of the machine, and may be drawn downwards by means of a screw 
F and a wheel G ; the latter serves as a* nut for F, and is prevented 
from moving verticallj^. The rotation of G is effected by gearing and 
belt drive from some source of power; open and crossed belts permit 
of either direction of rotation being given to G. The belts are under 
the control of the operator by means of striking gear. The upper 
crosshead C is hung from a knife-edge H fixed in the beam K. The 
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beam is supported by a knife-ed|;e L lesting on the top of the 
column E. Its movement in a vertical j)lane is limited by spring- 
buffer stops M and N. A counter-poise P can be mo\cd along the 
beam by means of a screw and hand-wheel under the control of the 
operator until the jHill transmitted through the test jiiece to tlu; beam 
is e(]tiilibrated. 'hhc magnitude of the {)ull is shown by the position 
of the counterpoise in relation to a scale of pounds whu h is attaihed 
to the beam. 

For applying pufh to the test j)iec(‘, the machine is modified as 
shown in^hig. 3*9* ^ specimen AB is placed biHweeii ( lossheads 



Q and R, the former being connected to the screw F and the latter 
being hung from the beam. 

In carrying mit bending tests, arrangements are made as shown in 
Fig. 320. The test beaiii AB rests on sup[)orts ' 1 ', V, which in turn 
are carried by a beam S secured to the crosshead R. d'he weighing 
beam on the machine thus supports the beam under test. A central 
load is applied by means oP a ram attached to the crosshead Q and 
drawn downwards by means of the screw F. • 

Simple shearing tests are carried out by means of the appliance 
illustrated in Fig. 321. The pi^cc X may slide insieje W ; the test 
piece AB is pushed into cylindrical steel dies carried by W ; X has 
another steel die which bears on the central portion of the test piece. 
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The machine is arranged for pull as in Fig. 318 ; W is attached to C 
and X to I). On operating the machine, the test piece is put under 
double shear under much the same conditions as a rivet in a 
double-strapped butt-joint (p. 102). 

Fig. 322 shows an appliance which may be used for 
punching: teats. The upper block a can move vertK:ally 
relative to the lower block and is guided by pins c 
and d. a carries a punch Y and b has a die Z. 
A 15 is the test piece. The machine is arranged for 
compression as shown in k'ig. 319, and the j)unching 
a[)pliance is placed between the crossheads Q and R. 

U The same machine may be used for torsion tests, 
but it will be found more convenient to have a 
^ separate torsion machine. One such is described on 
P- 3i^>- 

A flat bar tension test piece is shown in Fig. 323. 
'I'he enlarged ends ensure that fracture shall not take place in 
the gri[)s. Fig. 324 shows the pair of steel wedge gri[)s used for 
holding each end of this test piece. The grips have serrated 
faces for gripping securely the specimen. Round test i)ieces may 
be gripped in a similar manner, but a better plan is to have each 


Fig. 323.— Flat 
test piece 



end of the specimen A screwed into a holder B (Fig. 325) ; the 
holder has a nut C resting in a si)herical seat formed in D, and 
permits of better alignment of the specimen in the machine than is 
possible with wedge grips. Both pattern? of grip are used for ductile 
materials. * 

For holding hard non-ductile materials like cast iron, the holder 
shown ir\ Fig. 326 is employed. TFie .specimen A is round, and has 
each end enlarged as shown at B. A split nut C screwed into the 
holder D supports A. 
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The arrai^gement shown in Fig. 327 ^\ill be found to give satis- 
ictory working in compression tests. The ends of the specimen AB 
re screwed into holders C and 1 ). Hard 
teel balls are placed at E and F in conical 
lepressions, and enable the load to be applied 
ery\iearly axially. 

Columns ^uade of cycle tubes provide a 
irge range of useful tests, d'he arrangc'ment 
dien both ends are rounded is shown in 
Mg. 3 2 8a C'onical hard steel plugs C and 
) are inserted in the ends of the tube AB 
,nd bear on hard steel seats IC and F. It 
nil be found useful to carry out a series of 
ests on specimens having a range of ratios 
)f L to k. 'The breaking loads ior the.se 
hould be [ilotted in the manner described 
)n p. 235. Great care should be taken in 
irder to secure initial straightness, and the 
oad should be applied as smoothly as possible 
n order to avoid shocks which w'ould pre- 
:ipitate rupture. 

Autographic recorder. The autographic 
ecorder fitted to the machine in the laboratory at West Ham was 
iesigned by Professor Barr of Gla.sgow University, and is shown in 
I outline in Fig. 329. AB is the test piece under pull, 

and has two clamps 1 ) and E attached to it at a 
measured distance ajiart. A cord F is attached to I), 
passes over a pulley at E and thence to a drum C. 
Any extension of the test piece between 1 ) and E 
will be shown by rotation of the drum, d’he drum C 
has a paper wrapped round it on which the diagram 
*of (oac^s and extensions is drawui by a j)encil G. 
Horizontal distances on this paper will represent 
extensions of the portion I)E of the test piece. 

The pencil G is given vertical movements propor- 
tional to the load on the specimen by means of 
v(/j//////r following mechanism. The counterpoise of the 

Fig. 328^-Tubuiar machine is driven along the beam by means of the 
test column. Operating wheel H and gearing connecteck to the 

ipindle K. The same spindle is connected also by gear wheels L to 
i screwed spindle M, on which is threaded a guided frame N carrying 

D.M. U 


Ki(’. 327.— Test piece arranRcd 
for compiessioii. 
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the pencil G. Vertical movements of the pencil will therefore’ be 
reduced copies of horizontal movements of the counterpoise, and 
thus will represent to scale the load on the specimen. 

In testing ductile materials there are generally two points where 
the piece stretches so rapidly that the beam of the machine is certain 
to drop on to the lower buffer-stop ; these are the yield poinU and 
the part of the test where local contraction is occurring preparatory to 
fracture. Should the beam drop on the buffer-stop, a portion of the 



diagram will be lost, as the load on the specimen is no longer re- 
presented by the position of the counterpoise on the beam. To 
obtain the complete diagram, a special spring Q is suspended from 
the end column of the machine (Fig. 329). Adjustable lock nuts 
are provided at R, and a bracket S is fixed to the end of the machine 
beam P. 

As the beam descends, S will come into contact with R and 
the spring Q will extend, thus removing some of the load from 
the test piece. The movement of the beam while extending Q is 
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Utilised for lowering the pencil G by an amount proportional to the 
load removed from the test specimen. 'I'he screwed s[)indle M is 
capable of vertical mo\ement, and is held up in normal circum- 
stances by means of a le\er 'E and balance weight W, the collar U 
thus being pressed against the fixed lirackct V. A lod X is con- 
nectW to the lever 'E, and has its end hooked to engage a pin Y 
fixed to a lever Z which is secured to the mac'hine bi;am E. As the 
beam descends, S comes into contact with R and V aiiiM's at the 
hooked end of X simultaneously. E'urther movement of the beam 
will extend Q and lower M, and so will lower the pencil by an 
amount proportional to the load taken off the specimen by the spring. 

It will be evident that the apparatus can be used toi the [iroduc- 
tioii of an autographic record of any of the tests made in the machine; 
the cord which rotates the drum is connected in an h case io the 
part the movements of which are to be lecoided as horizontal dis- 
tances on the paper, 

Extensometers. In tension tests which do not exc eed the elastic 
limit, it is necessary to attach some form of extensometer to the 
specimen for the [lurposes of detec^ting and measuring the very small 
extensions which occur. 'Ehc instrument devised by Sir J. A. lAving 
is probably the most useful in general practice, and is shown in outline 
in Eb’g. 330, The test piece AB has clamj)ed to it two bloc ks or levers 
C and E), by means of [lairs of pointed i)inching screws at K and 1 ". 
C and D are connected by a bar G which is pivoted to 1 ) at II and 
is pulled against C at its ujiper end by means of a spring M ; the 
end of G has a ball K formed on it whic'h beds in a conic al recess in 
the end of the micrometer screw L. At the other end of C is sus- 
pended a rod N having a ball at its iipjier end ; this ball is pulled 
upwvards into a conical recess by means of a light spiing O. 'Ehe lower 
end of N is guided by pins on 1 ) and carries a fine hair line at P. 
This hair line is observed through a micrometer microsc'oi)e Q. 

Suppose that*che test piece extends under pull and that the rod G 
remains unaltered in length. The hair line P will be displaced up- 
wards relative to the microscope, and so will appear to travel over 
the eyepiece scale. Each scale division represents approximately one 
five-thousandth of an inch, and it is easy with a little ex[)erience to 
subdivide each division into ten parts, thus enabling readings to be 
taken^to the nearest fifty-thousandth of an inch. 

The precise value of a scale division of the microscope is Ascertained 
as follows : After focussing the instrument and reading the scale, the 
micrometer L is given one complete turn. As its pitch is 0*02 inch, 
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the effect is to change the length of G by this amount. The arm’s of 
the lever C on either side of the specimen are equal ; hence P will be 
moved relative to the microscope by 0*02 inch. The microscope 
scale is read again, and the difference between this and the original 
reading corresponds to a movement of P of 0*02 inch. Now 
in use, G remains unaltered in length, and the movement offP is 
produced by the extension of the specimen ; the effect of the levers 
is to produce a movement at P equal to double the extension of the 
specimen. Accordingly o-oi inch extension of the specimen will 
produce a movement of 0-02 inch at P. Hence the scale divisions 



movement in the microscope found as directed above correspond to 
0-0 1 inch extension. Once focussed and calibrated, the instrument 
requires no further adjustment during the test unless the extension is 
sufficiently large to run the risk of moving the hair line beyond the 
limit of the microscope scale. In this event, it may be brought to a 
working position again by giving the micrometer L one turn, when 
the test will proceed as before. The loads are applied best in equal 
increments, and the reading of the microscope taken after application 
of each increnlent. The following record of a tensile test may assist 
in indicating the methods of noting the observations and of reducing 
the results : 
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Tensile Test on a Mild-Steel Specimen. 
laboratory No. A, M.S., 14. 10. 10. 

torm of test piece; round, with .swelled ends; ends rough turned 
to 0-75 inch diameter; body turned and polished. A lei;gth of 
10 inches of the body was marked off at i inch intervals by light 
centre punch dots. 

Diameter of specimen, 0 445 inch. 

Area of cross .section, 0*1556 inch. 

Elastic test with Ewing’s extensometer. 

("XLIHRA'IION ()!• I N.S'I RUMENT. 


Micrometer screw 

M 

Oiigin.tl 

ici os( ope sc.> 

l< IM.il 

c. 

DifTcrcmc 

I turn 


77*2 

47-2 

I tllll\ 


972 

47*2 

I tuin 

40 

«7 2 

47-2 


47*2 microscope scale divisions arc equivalent to an extension of 
0-0 1 inch. 

. . I microscope scale division = ^ = 0 0002 1 18 inch. 

The load was applied in increments of 100 lb. A number of these 
readings arc omitted in the following table in order to economise 
s[)ace. None of the omitted readings depart from the plotted curve 

(Fig. 331). 

Loc, OF Test. 


Load, lb. 

Microscope scale 

L(..id, 11 ). 

Microscope sc.ale. 

100 

30*0 

4700 

65-3 

500 

33-0 

4800 

66*1 

I log^ 

37-9 

4900 

67.1 

1600 

• 41 9 

5000 

68*0 

2000 

44-8 

5100 

68-8 

2500 

48-3 

5200 

69-3 

3000 

5-'. 

5300 

70*2 

3500 

56*0 

5400 

. 7 m 

4000 

59*8 

5500 

72*1 

4500 

63.8 

5600 

73-0 

4600 

646 • 

5700 

74-5 

creeping to 

83-5 
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The loads and scale readings are shown plotted in Fig. 331. It 
will be observed that the line ceases to be straight at A, which point 
accordingly indicates the break-down of Hooke’s law. 

Load at elastic break-down, 4700 lb. 

Stress at elastic break-down = „ 

0-1556x2240 

= 13-48 tons per scj. inch. 

I^ad at which creeping started = 5700 lb. 


Stress 


5 7QQ 

0-1556 X 2240 

= 16-35 


The creeping of the hair line in the instrument marks the com- 
mencement of a stage in which the beam of the testing machine 
would exhibit a tendency to descend slowly towards the lower buffer- 



30 40 50 60 70 80 90 

Microscope scale 


Fig. 331.— EK-istic limit tensile test ; mild steel. 

Stop while a constant load is maintained on the specimen. When 
this stage is developed fully, the material is said to be in a plastic 
state, and the point is called the yield pcv'nt. The autographic record 
(Fig. 332) shows the ;vield point clearly. 

To determine Young’s modulus : 

From the diagram (Fig. 331), a load of 4000 lb. produced ^n ex- 
tension corresponding to 29 microscope scale divisions. 

Extension of specimen = 29 x 0-0002118 
= 0-00614 inch. 
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Gauge points of extensometer are 8 inches apart. 


Strain = 


0006 1 4 


0-000768. 


Stress = 


4000 


= 25,700 lb. per sq. inch. 


Young\ modulus = 


2 570Q 

•000768 


= 33,500,000 11). per sq. inch. 
= 14,900 tons per scj. inch. 


Test to maximum load. The extensometer being removed, the 
autograpliic recorder w;ls connected to the specimen at 10 inch 
gauge points, and the load was increased from zero until the t(5st 
piece began to form a neck [)rc[)aratory to breaking. The resulting 
diagram is shown in Fig. 332, and gives the yield load as 6600 lb. 
From this we calculate 

, 6600 

Yield stre.ss = — , = 18-03 tons per s(]. iiu'h. 

0-1556x2240 ^ ^ 


The maximum load which the s[)ecimen could carry was 9600 lb. 
Hence, 


Breaking stress 


9600 


0-1556 X 2240 


= 27-5 tons per s(j. iia h. 


The autographic record (Fig. 332) shows an interesting point 
regarding the effects of overstiain {i.e. straining beyond the yield 
point) on the elastic properties of 
the material. After the specimen 
had been stretched 1-2 inches on 
a length of 10 inches, the load 
was removed. Rea[)plication of 
the load caused the diagram to 
rise from zero along a jiractically 
straight line until the former 
curve was reached again at a 
load of about 9500 lb. Yielding 
along the cur^ then continued 
as before. The overstraining had 
hardened the material an^ raised 
the yield load from 6600 lb. to 
about 9500 lb., I.e. only slightly 
below the ultimate load. * 

The test piece was removed from the machhie and the lengths of 
the intervals between the centre punch dots were measured ; also the 
diameters at each dot. From •these the curves in Fig. 333 were 
plotted. It will be noted that both extensions and ’diamcners vary 
considerably, and illustrate the necessity for stating the distance 
between the gauge points as well as the percentage extension of a 



Fig. 332 — Autogra])hic record ; mild steel 
under tension. 
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test piece. A good method is to measure the total extension on a 
length of 10 inches, also the extension on the 2 inches interval 

Inches 



Fig. 333.— Dimensions of a mild steel specimen :ifler a tension test 


which includes the fracture ; the difference between these will be 
the general extension on the lemaining 8 inches of the spet'imen. 

'These extensions, expressed as per- 
I'h centages, give useful information re- 

garding the ductility of the material. 
Another measure of the ductility may 
be obtained by mcasuiing the cross- 
sectional area of the fracture. The 
loss in area may be found from this 
measurement, and may be ex[)ressed 
as a percentage of the original sectional 
area. 

Fig, 334, copied from the autographic 
record of a specimen of Delta metal 
under pull, 'is given as illustrating 
totally different characteristics from the 
mild-steel diagram shown in Fig. 332. 
■ In particular, the absence of any yield 

0 0 5 10 \b ‘inches point will be noticed. 

Fig. 334.-AutoRraphic record ; Delta Bending tests. The rccords <nven 

metal under tension. , ® ^ 

. ' in Figs. 335 and 336 illustrate an 

instructive test made on a mild-steel bar having a span of 36 
inches, breadth 2-01 inches and depth 2-015 inches. The bar was 


120004 


0000 
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arranged as shown in Fig. 320 and bent by application of a central 
load until the deflection was 2*6 inches. 'I'he record (Fig. 335) 
shows that yielding was reached at about 7200 lb. 'I'he test was 
arrested at about 2-1 inch deflection, and the load brought to zero 
and then reapplied ; the diagram shows that the new yield load is 
abouf 9000 lb. 

Then the .load was removed entirely and the bar turned over ; 
central loading was applied again so as to straighten the bar. 'I'he 
diagram given in Fig. 336 shows the result. 'Fhere is practically no 
part of this test where the elastic law is followed, a fact which will 
be understood readily when it is reali.sed that the bar came out of 
the former test badly overstrained both on its compression side and 

U lb 



on its tensile side, and, in the effort to recover some of the deflection 
imposed on it, the material became self-stressed throughout. 'I'he 
second test began therefore with the material in a complicated state 
of stress. This test was also arrested at about 2-2 inch deflection. 
On reapphcati(?n of the load, a yield load of about 10,000 lb. will be 
observed in the diagram. • Had the bar been annealed after straighten- 
ing, it is probable that a diagram somewhat resembling Fig. 335 for 
the first test would be obtained. The tendency of the annealing is 
to remove self-stressing from the material. 

Fig. 337 has been copied from the autographic record obtained in 
testing a cast-iron bar under bending. The bar was rectangular in 
section, 2 inches wide and i .J.j inches deep, span 20 inches. . Rupture 
occurred with a central load of 3200 lb., the maximum deflection 
recorded being 0*2 inch. It wall be noted that the load and 
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deflection remain approximately proportional up to fracture. *The 
contrast of the ductile and brittle materials is rendered clear by 
inspection of Figs. 335 and 337. The mild-steel bar could not be 
broken by bending ; the cast-iron bar could take a very small 
deflection only. 

The usual test for timber is by bending under similar conditions 
to those noted above. The specimens should be of. as large size 
as is possible, then the eflect of any local flaws such as shakes and 
knots will not be emphasised, as would be the case with a smaller 
specimen containing the same flaws. In Fig. 338 are given copies of 


Lb. 


4000 H 



0 0-2 0 4 Inch 

Fig. 317.— Cast-iron test bar under bending 


W lb 



records of bending tests on yellow deal, teak and oak. I'he yellow 
deal specimen was arranged with the annual rings nearly horizontal, 
and failed by shearing horizontally along the fibres and round the 
annual rings. The dimensions and results are given in the following 
table : 

Bending Test.s on Three Timber Spec. mens. 


Materi.-il. 

Span X breadth x depth, 
inch units. 

Central breaking* 
load, lb. 

Deflection at 
centre, inch. 

Yellow deal - 

24x2-9 X3.4 

12,600 

0-8 

T eak - 

^60 X 3-14 X 4-26 

6,720 

0-92 

Oak - 

24 X 1-35 X 2-25 

3 i 5 oo 

— 


In reducing. the results of te.sts on cast-iron and timber specimens, 
it is usual to state the value of the coefficient of rupture. This 
coeflficient represents the value which the maximum stress at rupture 
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due to bending would have if Hooke’s elastic law were followed 
throughout. For a beam of rectangular section supported at the 
ends and having the load applied at the middle of the s[)an, the 
calculation will be as follows ; 

Let ^ W maximum load, in lbs. 

L = the s[)an, in inches. 

* />» = the breadth, in uuhes. 

d = the depth, in inches. 

Then • M -^.I, 

m 


and 


WL / /un f/nP 
■^4 U ' 12 ^ 6 ’ 

^ )VL 

('oefficient of rupture^- ^ 


Shearing tests. Autograjihic records of two sheaiing tests carried 


out in the a[)[)aratus de- 
scribed on p. 303 are given 
in Figs. 339 and 340. 'I'lie 
former is for a mild-steel 
specimen and the latter is 
for a specimen of gun- 
metal. It should be noted 
that pure shear is not ob 
tained with this ap[)aratus, 
the specimen being under 
bending as well as shearing. 
In Older to minimi.se the 
bending effect, the speci- 
mens should be turned to 
fit the bored holes in the 
dies. The results of J.he 
tests are given below. • 



Fig. 3^9. — Mild steel under Fig. 340.— Ciun-metal 
shearing. under shearing. 


Shearing Tests. 


Material. 

Diameter, 

inch. 

Cross-seciional area, 
square mcli. 

Actu.-!!. I Under shear 

Shearing load, 
lb. 

Shearing strength, 
tons per sq. inch. 

Mild steel ■ 
Gun-metal 

6 6 

I''!' 

6 6 

0-388 

0-392 

16,400 

10,190 

i8*-9 

I 1-6 




» MATERIA/^S AND STRUCTURES 


316 


il 


Punching tests, in punching a hole in a piece of material, 
the action of the punch is first to increase the pressure on the 
material until the plastic stage is reached ; 
in this stage, some of the metal flows from 
under the punch into the surrounding plate, 
the plate immediately under the punch be- 
coming thinner. This effect continues until, 
partly by the increasing force on the punch 
and partly by the diminishing thickness of 
the plate, the ru[)turing shear stress on the 
material is attained and a wad is pushed out. 
TTe following results of a punching test may 
be of interest; the autographic record is 
given in Fig. 341. 

PUNCHINO TL-ST on A WkOUOHT-IrON 
Plate. 

'I'hiekness of the plate = 0-265 
Diameter of the wad punched out = 0-38 


Lb. 

teooo-l 


taooo 


6000] 


400 CH 


0 0 I 02 Inch 


Fig. 341 —Punching test on 
wrought iron 


inch. 


Area under shear stress = = tt x 0-38 x 0-265 

= 0-317 square inch. 

Maximum load on the punch = 15,750 lb. 


Maximum shearing stress = — -- - -- — =22-2 tons per sq. inch. 

0-317 X 2240 ^ ^ 

Thickness of the plate round the hole after punching = 0-268 inch. 
Thickness of the wad = 0-257 inch. 

Loss of thickness of material in the wad = 0-008 inch. 

Gain of thickness of material round the hole = 0-003 inch. 

Total work done in punching the hole, represented by the area of 
the autographic record, is about 810 inch lb. 


Avery torsion ma/Chine. An outline diagram of this machine is 
given in Fig. 342, where AB is the test piece. The end B is con- 
nected to a worm wheel C, which may Be rotated by means of a 
worm 1 ) and hand wheel E. The wheel C has 90 teeth ; hence each 
(quarter turn of the hand wheel twist^s the specimen through one 
degree. The torque is measured by means of a system of levers 
FG, MK and NP, connected to the end A of the specimen. NP 
carries a counterpoise Q, which may be run along the lever b)> means 
of a screw aftd hand wheel, and shows the torque by its position 
relative to a scale attached to the lever. The scale reads from zero 
to 1000 Ib.-inches; to obtain higher torque the counterpoise is run 
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back *10 zero, and a load R is suspended from the end of the lever 
and is sufficient to give a tonpie of 1000 Ib.-inches. 'I'hc test then 
proceeds to 2000 Ib.-inches by traversing the counterpoise. T'his 
process repeated enables 5000 Ib.-inches torque to be obtained, the 
lever MK resting on the knife-edge M during this stage. 'To increase 
the torque further, the knife-edge M is lowered and L is raised 



simultaneously by means of a lever; the effect of this is to double 
the value of the scale divisions on the lever NP. The effects of the 
loads at R also are doubled. To reset the tonjue at 5000 Ib.-inches, 
hang two weights at R (ecpiivalent now to 4000 Ib.-inches) and set 
the counterpoise at 500 (equivalent to 1000 lb. -inches). 1 he test 
then proceeds as before, the capacity of the machine being now 
10,000 Ib.-inches. 

In testing a pl^ce to destruction, readings are taken of the torques 
and of the corresponding liiigles of twist by counting the number of 
teeth passed by the worm-wheel ; each tooth represents 4 degrees of 
twist. Plotting these readings will give a curve such as is illustrated 
in Fig. 343. The principal results of this test are given below. • • 

Torsion Test on a Mild-Steel Specimen. 

Labeftatory No. 6, M.S., 22.3. i(i. 

Original diameter, 0-756 inch. 

Original length, 5-625 inches. 

Diameter after fracture, 0-754 inch. 
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Length after fracture, 5-750 inches. 

Yield torque, estimated by the dropping of the beam, 2000 
Ib.-inches. 

Breaking torque, 6400 Ib.-inches. 

Angle of twist at yield, 3-5 degrees on 5-75 inches length. 

Angle of twist at breaking, 1896 degrees on 5-75 inches length. 
Mean torijue, from diagram, 5650 Ib.-inches. ’ 

Total work done in fracturing specnmen, 187,000 inch-lb. 

Work done per cubic inch of material, 74,200 inch-lb. 

Lb-iaches 



The form of the test specimen is indicated at AR in Fig. 344 ; the 
same diagram also illustrates an appliance whereby angles of twist 



Fig. 2 ^/. — Apparatus for measuring w.gles of twist within the elastic limit.* 

within the elastic limit may be measured. C and D are two pieces 
of wrought-iron steam tube turned and bored at L to an easy fit. 
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Thrfee steel pinching screws nip the specimen at E and other three 
screws engage it at F. The angle of twist is measured on the length 
of the specimen between E and F. C carries a micrometer micro- 
scope G, balanced by means of a weight K, and I) carries a rod 
having a small piece of transparent celluloid at II. A radial line is 
scrate4ied on the celluloid, and is sighted through the microscope. 


Lb -inches 



'Fhe circumferential movement of the line is given by the S('ale 
readings of the maroscope; the.se reduced to inches, and divided by 
the radius of the mark sighted on the scratched line, will give angles of 
twist in radians. These numbers may be plotted as shown in Eig. 345, 
which illustrates the results obtained in testing the following specimen. 


Ela.stic Torsion Tk.st on a Mii.d-Steel Spf.cimen. 

Laboratory No. 2, M.S., 17.2. 10. 

Diameter, 0-753 inch. 

Gauge point.s, 7-5 inche.s. 

Value of one scale division of the microscope, 0-000377 radian. 

Hooke’s law broke down at 1750 Ib.-inches of torc^ue (point A in 
Fig- 345)- 

Angle of twist at break-down of Hooke’s law, 0-0358 radian. 

Maximum stress at break down of Hooke’s law, 9-3 tons per 
square iffeh. 

From the diagram, torqiic T= 1650 Ib.-inche.s, when the angle of 
twist a is 0-0336 radian. 

Hence, 

Modulus of rigidity = C * = 5200 tons J3er square inch. ' • 

“Creeping” of the specimen was noticed first distinctly when the 
torque^w'as 2000 Ib.-inches, t.e. al^this load the machine beam would 
begin to show an inclination gradually to droop underM steady load. 
The point is marked B in Fig. 345, and, as will be seen, occurs a 
considerable interval beyond the point A of elastic break-down. 
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1 he total work done up to the elastic limit will be found by taking 
the product of the mean torque and the angle of twist, and is 30-3 
inch-lb. 

lo obtain the resilience, t.e. the work done per cubic inch of 
material, divide the total work by the volume of the specimen 
between the gauge points. 'I'he result is 9-3 inch-lb. 

* 

Cement testing. Portland cement is nkide by mixing chalk and 
fine clay in certain proportions, burning the mixture at a clinkering 
temperature, and finely grinding the resulting product. Cement of 
this kind is much used for making concrete for constructional pur- 
poses. Concrete consists of an aggregate of clean broken stones, 
etc., to which sufficient clean .sand is added to fill completely the 
voids between the stones. A quantity of Portland cement is inti- 
mately mixed with these, sufficient to coat the surface of every stone 
and every particle of .sand with cement. W^ater is added, and the 
whole is mixed thoroughly in order to produce a plastic mass, which is 
rammed into moulds prepared to give the re(juired structural shape. 

The qualities which Portland cement should i)os.sess have been 
laid down by the Engineering Standards Committee, and the tests 
should be carried out in accordance with the terms of their specifica- 
tion,^ a copy of which should be in the hands of the experimenter. 

'Phe fineness to which the cement has been ground is of great 
importance, and is tested by means of sieves, one having 5776 holes 
per square inch and another having 32,400 holes per square inch. 
These sieves are made in a special way of wire having standard 
diameters in terms of the specification. The residue left on the first 
sieve should not exceed 3 per cent., and on the latter 18 per cent. 

The specific gravity of the cement is taken now in place of 
weighing the cement in bulk. I’his may be ascertained by u.se of a 
specific gravity bottle having a graduated stem and containing a 
measured quantity of turpentine (cement will not set in turpentine). 
A measured weight W of cement is introduced into the bottle, 
and its volume V may be observed from the rise in level of the 
turpentine in the stem of the bottle. Then 
W = V 7 £'/), 

where w is the weight of a cubic unit ^)f water and p is the specific 
gravity of the cemenf. The specific gravity should be not less than 
3-15 for cement freshly burned and ground. 3-10 is permitted at a 
period not les§ than four weeks after grinding. 

^ British Standard Speafitation for Portland Cement^ Crosby, Lockwood Son. 
Revised 1910. 
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The strength of cement is determined usually by means of tensile 
tests, although cement in practice is generally under compression. 
Tensile tests may be carried out in a comparatively small machine, 
while compression tests recjuire a machine capable of exerting great 
pressure. When compression tests arc made, the test briquettes are 
genei?llly cubical ; bri(|uettes for tensile tests are prepared in moulds 
having a shspe in accordance with that laid down in the standaid 
specification, ('onsiderable e\])erience is re(|uired in order satisfac- 
torily to gauge or mix the c.-ment inteiulcd for lest brupiettes. 'I'he 
(]uantity«of water to be used depends on the kind of cement, and 
gieatly influeiK es the stienglh of the c('ment. 'The student can 
test this easily by pr(q)aiing scveial bnqiu'ltes having water per- 
C('ntages of from i8 to 25, and testing these for tensile stienglh. 

'The moulds should lest on an non ])late while being filled ; no 
severe me('hani<al lamming should be lu'cessar)' if the correct i)er- 
centage of water has been used. During the first 24 hours after 
filling, a dam{) (loth shoiikl be phux'd over the moulds. 'I'he 
bricjuettes aix; renun ed from the moulds then and plai ed in clean 
weater until the strength test is earned out. 'I'lu' tempeialure 
throughout should lx* near 60° Fall. 'The tensile strength of neat 
cement bricjiiettes (/.c. bri(piettes made of cement alone, without sand 
or other material) at 7 days iiom gauging should not be less than 
400 lb. per scjuare inch. Jirujiiettes cof.sisting of one ])art by weight 
of cement to three [laits by weight of l.eighton bu/zard sand, prepared 
in accordance with the teims of the standaid specification, should 
have a tensile slrengtii of 150 lb. [ler sejuare inch at 7 days after 
gauging. 

The setting time is tested by mc'ans of a standard needle having a 
flat point one millimetre .square and having a total w'eight of 300 
grams. 'I'lu' cenu'ut is taken as .set w-iien the apjilication of the 
needle fails to make an impre.ssion. 

d'he soundr 7 ("ss of the cement is tested by the be Cdiatelicr method. 
A cylindri('al mould havnng an axial split and lurnished with tw'o 
long pointers is filled with (ement, as directed in the standard 
specification. This is kept in water for 24 hours, and then the 
distance between the ends of the pointers is measured. I'he mould 
and cement are then boiled for 6 hours and Allowed to cool, 'fhe 
distance is measured again, and the increase should not exceed a 
stated amount. 

Cubical cement and concrete blocks, bricks and stones are tested 
under compression. It is best to prepare the top and bottom 
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surfaces by smoothly coating them with plaster of Paris in order to 
give level parallel surfaces for the testing machine plates to bear 
upon. Generally, the fracture is by shearing on planes roughly at 
45° to the horizontal. Broken cement compression briquettes 
generally resemble two square based pyramids standing apex on apex. 

EXERCISES ON CHAPTER XIII. ' 

1 . The following is the experimental record of a test on a specimen of 
cast iron. The object of the experiment was to determine the compres- 
sion value of K for the material : Ewing’s extensometer was ‘employed. 
The specimen was turned and polished. 

Diameter of specimen, 0-474 >rich ; gauge points, 8 inches ; calibration 
of extensometer, i scale division = ^ inch. 


Load, Ih. 

200 

300 

400 

500 

600 

700 

800 

900 

1000 

1 100 

Scale readings, \ 
load increasing / 

500 

48 2 

467 

450 

43 5 

41 9 

401 

3S6 

37 2 

36- 1 

Scale readings, \ 
load decreasing ) 

500 

00 

470 

456 

44 ol 

i 

42 0 

40- 1 

385 

372 

36 I 


Find the value of E. 


2 . Tensile tests were carried out on a turned and polished specimen of 
gun-metal. The following observations were made : Diameter of speci- 
men, 0-534 inch ; gauge points, 8 inches ; calibration of Ewing’s exten- 
someter, I scale division = 4 inch. The extensometer leadings are 
given below : 


Lo.id, ll>. 

0 

100 

200 

300 

400 

500 

600 

Scale readings 

400 

42 0 

43 4 

448 

46 2 

48 0 

49 I 

Load, lb. 

700 

800 

900 

1000 

1 100 

1200 

1300 

Scale readings 

508 

520 

53 5 

550 

563 

581 

60 I 

Load, lb. 

1400 

1500 

1600 

1700 

1750 

1800 

0 

Scale readings 

6i-8 

633 

660 

683 

693 

1 

710 

44 5 


Creeping was first observed at 1600 lb. lo.ad. 

Find the value of E. What is the stress when Hooke’s law breaks 
down for this material How much permanent set was given ? 

3 . The gun-metal specimen given in Question 2 was tested to breaking 
under tension after five weeks rest. The following observations were 
made : 

Breaking load, 5480 lb. ; load at which the beam of the machine 
dropped, 3600 lb. ; stretch on a length of 8 inches, 0-85 inch ; stretch on 
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a Itfngtli of 2 inches, including the fracture, 0-3 inch ; diameter at fractuie, 
0*479 inch. Reduce these obsei vations, lollowing the piocedure indicated 
on p. 31 1. 

4 . A mild-stcel bar of square section 2 inches x 2 inches was arranged 
as a beam of 60 inclies sp.m, simply supported ; the load was applied at 
the middle of the span, and the deflections at the load were rneasificd by 
meanf of a micrometer microscojie, the calibration of which gave one 
eyepiece-scalc division =^0065 mm. The following obscivations were 
taken : 


Load, Ih. 

500 

ioa 3 

1500 

2000 

2500 

3000 

3500 

V 

Eyepiece scale ) 

dlVISKJMS J 

0 

29 

51 

72 8 

95 

117 5 

'39 7 

Load, 11 ). j 

3700 

3800 

3900 

4000 

4100 

42CO 


E}op!eco-scale 'I | 
di\ isioiis J 1 

149 

'53 5 


1635 

169 2 

'75 5 



Find the value of K for the mateiial, also the m.i.ximum stiess in the 
bar when Hooke’s law broke down. 

5 . A mild-steel bar 1*478 inches broad xo*o<;i inch deep was atranged 
as a cantilever, the load being 16*3 inches from the support. Deflection 
and slope at the load were measuied by means of the ajiparatus illustrated 
in Figs. 314 and 317. 'I’he calibration of the micrometer micioscope used 
for observing the deflections gave one eyepiece-scale division = o*6 mm. 
In the slofie obscivations a scale of millimetres was used ; distance from 
the miiror to the scale -566 mm. 'I'he following observations were 
taken 


Load, lb. 

0 


4 

6 

8 

10 

12 

14 

Deflection scale 

7 93 

763 

73 

70 

67 

64 

6 I 

5 « 

Slope scale 

'03 2 

'02 5 

'01 9 1 

101 I 1 

1004 

99^5 

990 

1 982 ^ 


The beam theory gives for the latioof deflection to slope of a cantilever 
carrying a load its free end ; 


A \VU 2EI 

^ X ; 

/ 3EI WL- 


--L. 

3 


Compare the experimental ratio of A : / with that calculated. 


6. A cast-iron test bar w£A tested under bending ; span 36 inches, 
simply supported ; breadth i 02 inches ; depth 2 c^, inches. The obser- 
vations gave the central breaking load =4120 lb. and the maximum 
centraljdeflection = o*5 inch. Find the coefficient of rupture. 

■ 7 . The following particulars r^ate to tests on a model reinforced 
concrete column. Height of column 24 inches ; section square, of 
3 inches edge ; main reinforcement, four mild-steel bars, each 0*31 inch 
diameter, arranged at the coi ners of a se|uare of f } J inche^ edge ; secondary 
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reinforcement, thirteen horizontal lacin^^s of iron wire, 0-067 inch diameter, 
about 2 inches pitch. Concrete mixture, cement 7 lb., granite chips 14 lb., 
water 3 lb. The column was made m a wooden mould, removed live days 
after making and tested fourteen days after making ; it was kept damp 
throughout this time. 

Observations taken • Hooke’s law broke down sensibly at 9000 lb. load ; 
8000 lb. load shortened the column to the e.xtent of 00154 inch; the 
column ruptured when the load reached 20,670 lb. 

Taking m—i^y find the stress in the steel and in the concrete when 
Hooke’s law broke down. Assuming the elastic laws to hold up to 
rupture, find these stresses at rupture. What is the value of E for the 
complete column ? 

8. The following obscivations were made dining a toisioiTtest on a 
mild-steel specimen : Diameter of specimen, 0-714 inch ; gauge points of 
strain indicator, 7-81 mi lies ; calibiation of mdicatoi, one scale division 
= 0 04 dcgiee twist. 


Toicjue, 11) 

•inches 

0 

:oa 

^lOO 

()00 

800 

1000 

•Scale divisions 

' 

576 

560 

562 

554 

5 lh 

53S 

d'oepie, 11). 

-1 IK lies 

1 100 

1200 1 

I ^00 1 

1400 j 

1450 

1500 

Scale divisions 

534 

530 

526 

520 

517 

1.^'^ . 


Find the value of C.; also the stiess at brc.ik-down of Hooke’s law' and 
the resilience in inch-lb. per cubic inch of mateiial. 

9 . A test w'as made m order to determine C foi a coppei wiie by the 
torsional os('illalion method, using Maxwell’s needle. Employing the 
symbols explained on j). 297, the following observations were taken 


W| , poiihcis 

nil, pounds 

a, 

inch 

I., inches 

9 . sec 

9 , SC( 

0457 

0 053 

05 

0048 

25 

j 43 

273 


Find the value of C for this material. 

10 . Using the same Maxwell’s needle, paiticulars of vvhicli are given in 

Question 9, the follow'ing observations weie made dining a test for the 
detei mination of E for steel wne by the torsional oscilln,iions of a helical 
spring. J^iameter of wire, 0-081 inch ; mean ladiiis of helix, 0-4945 inch ; 
numbei of complete turns in helix, 133 ; — 4-21 seconds; A==2-666 

seconds. Find the value of E. 

11 . The spring given m Question 10 was tested by the longitudinal 
vib-aition method in oider to determine' ^. Mass of load hung from 
spring, I ’575 pounds ;fmass of spring, 0-6048 pound ; time of one complete 
vibration, 0-631 second, f'md the value of C. 

12 . Use the results obtained in Questions 10 and ii, and calculate the 
value of the bulk modulus K for the material of the spring ; find also 
the value of Poisson’s ratio. 
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CHAPTER XIV. 


WORK, ENKR(;V, ROWER, SIMPLE MACHINES 

Work. Work is said to he done by a force when it acts through a 
distance. If a body A (Fig. 346) is at rest uikLt the ai’tion of two 
cciual foiTes P and R, no work is being done; l)y either fon'e ; if tlie 
body is moving with ('onstant speed towards the light, work is being 
done by P against the resistance R. Work is measurial by the pro- 
duct of the magnitude of the force and the dislaiK'e through whii'h it 
acts, the latter being measured along, or parallel to, the line of the 
force. In the aise of a car travelling along a level road (Fig. 347) no 



Fig. 346. 


Fig. 347. 



■W 


Fig. 348. 


work is donei'y the weight W, nor by the leactions of the ground, as 
none of the.se forces adva^icc through any distance in the directions of 
their lines of action. Work is done by the weight of the car in 
descending an incline (Fig. 348). If the total height of descent is H, 
then the work done by W*will be WH. Or, the solution m^be 
obtained by resolving W into components V and Q respectively, 
parallel and at right angles to the incline. Q does no work while the 
car i^ descending ; P does work«to the amount P x AB. 

The unit of work in general u.se in this country is* the foot-pound, 
and is performed w'hen a force of one pound weight acts through a 
distance of one foot. 'Phe foot-ton, inch jKnind, and inch ton are 
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used occasionally. Metric units of work are the gram-centimetre, 
the kilogram-centimetre and the kilogram-metre. 

Energy. I^uiergy means capability of doing work, and is measured 
by stating the units of work arpable of being pei formed. There are 
many different forms of energy, such as potential energy, said to be 
possessed by a raised body in virtue of the fact that its weight may 
perform work while the body is descending ; kinetic energy, which a 
body possesses when in motion and gives uj) while coming to rest; 
elastic energy, possessed by a body under strain and givtai out while 
coming back to its original form or dimensions ; heat energy ,.»whi('h a 
body may give u[) in cooling to a loiver tempeiature , chemical energy, 
which may be present in a substance oiMug to its constituents being 
capable of combining in such a way as to liberate energy in the form 
of heat ; electrical energy, possessed by a body by virtue of its 
electric potential being higher than that of surrounding bodies. 

Conservation of energy. 'I'he experience of all observers shows 
that the following general law is true : Energy cannot be created nor 
destroyed, but can be converted from one form into another form. 'I bis law 
is known as the conservation of energy. If no waste of energy were to 
occur during the conversion, a given (luantity of energy in one form 
could be converted into an e(]ual ([uantity in a different form. Exact 
ectuality never is obtained in jiractice ; there is ahvays wasti', some- 
times to a very large extent. Eor example, in converting the energy 
available in coal into mechanu'al work by means of a steam boiler 
and engine, it is common to find wasted 90 per cent, of the energy 
available, only 10 per cent. a[)pearing in the desired form. 

In measuring heat energy, the ih'itish thermal unit may be used, 
one such unit being the (tuantity of heat required L; raise the tem- 
perature of one [)ound of wxxt(a through one degree Eahrenheit. 'i'he 
pound-calorie unit is likely to be used more extensively in future, 
and is the (|uantily of heat recpiircd to laise the temperature of one 
pound of water through one degree ('entigrade. 'I'he exiieriments of 
l)r. Joule and others show that an e\|)end 1 ture of 778 foot-pounds 
of energy will produce one Ihitish thermal unit ; 1400 foot-pounds is 
the energy equivalent to a pound-caloi ie unit. Mechanical energy 
maylxe converted in^o heat without very laige waste occurring (for 
examiile, in me(’hanically stirring water), but the reverse operation is 
always accompanied with great waste. 

Power. Power means rate of doing work, 'i'he British unit of 
pow'er is the horse-power, and is developed when woik is being done 
at the rate of 33,000 foot-pounds tier minute. 'I'he horse power in 
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Me(‘hani('al horse pow i‘r 


any given case may be calculated by dividing by 33,000 the work 
done per minute in foot-pounds. 

d'he electrical power unit is the watt, and is tlic rate of working 
when an electiic current of one ampere flows from one jioint of 
a conductor to another, the potential diffeiencc' between tlie. {loints 
being one volt, d'he product of amperes and \olts gives watts. 
746 w’atts ivc equivalent to the meehanical hoisispower. W’lien the 
amperes and volts :irc stated, we have 

amperes x volts 
746 

The board of 'Trade unit of electrical energy is one kilowatt main- 
tained for one hour. One horse^powiT maintained for one hour 
would produce 33,000x60 or 1,980,000 foot-[)ounds. 'The kilowatt- 
hour would therefore produce energy given by 
Ivnergy-- 1,980,000 x b'Y’/- 

— 2,6 54,0 00 foot-[)ounds. 

Machines. A machine is an arrangement designed loi the pin pose 
of taking in energy in some definite form, modifying it, and delivering 
it in a foim moie suitable for the purpose 
in view. ]Vfa('hines for raising weights are 
arranged conveniently in most mechanical 
laboratories, and ex[)criments on siu h are 
very instructive. Fig. 349 shows, in outline, 
a small crab which may be taken as a type 
of such machines. A load W lb. is suspended 
from a cord wrapped round a drum, and is 
raised by the action of another load lb. 
attached to a cord coiled round an o[)erating 
wheel. 'I'he wheel and drum aie connected 
by means of toothed wheeks, so that F de.scends as \V ascends. 

The velocity ratio of such a machine is defined as tlie ratio of the 
distance mov^d by P while \V a.scends a measured distance. I^et H 
and h be the.se distance.f res{)eclively in inches (Fig. 349) : they may 
be measured direct in the machine. 'Tlien 

Vel(M'ity ratio - ^ ’ ) 

\ 

Let P be so adjusted that it will descend with steady speed on 
being started by hand, thus raising a load W. The mechanical 
advantage of the machine is defined I)y 

* Mechanical advantage -- p . • • (2) 



Outline (li.ii;Mm of 
|Ki iincni.il craln 
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By the princi[)le of the conservation of energy, if no waste* of 
energy occurs in the machine, the work done by P would be equal 
to the work done on the load. Suppose, in these circumstances, 
that the same working force P is employed, a larger load Wj lb. could 
be raised than would be the case in the actual machine. may be 
calculated as follows : • 

Work done by P^work done on W^, . 

PH=W//, 

W, = 1> V = I’V 
* h * 

= P X the velocity ratio (3) 

The effect of frictional and other sources of waste in the actual 

machine has been to diminish the load from to Hence, 

Effect of friction = F = - W 

= PV-W (4) 

EABiciency of machines. 'Phe energy supplied to the machine is 

PH inch-lb. (hig. 349)) energy actually given out by the machine 

is W/i inch-lb. 'Fhe efficiency of the machine is defined by 

Efficiency = out 

energy supplied 
_W/^_W I 

PH P'^V 


mechanical advantage 
velocity ratio 


The efficiency thus stated will be always less than unity. ITficiency 
is often given as a percentage, obtained by miiltiiilying the result 
given in (5) by 100. 100 per cent, efficiency could bL obtained only 

under the condition of no energy being wasted in the machine, a 
condition impossible to attain in practice. 

From equation (3), we have 


10 

A result which sh6vvs that the mechanical advantage of an ideal 
machine having no waste qf energy is equal to the velocity ratio. 

For machines of the type de-scribod above, the following equation 


may be stated : 


Energy supplied - energy given out -f energy wasted in the machine. 




Occasionally machines have to be considered in which there are 
internal springs or other devices for storing energy. In such cases 
the equation becomes : 

Energy supplied energy given out + energy stored in the machine 

+ energy wasted in the nicfchine. 

A machine is said to be running light when no eneigy is being 
given out. If no energy is being stored in a machine running light, 
then the energy supplied must be sufficient to make good the energy 
wasted in overcoming the resistances in the madnne. 

Reversal of machines. A machine in which the fiictional re- 
sistances are small m<iy reverse if T is removed. 'I'o investigate this 
point, consider the mai'hme when W is being raised (h'lg. 349) : 

Energy supplied 

Idiergy given out = \V//, 

Energy wasted - PH - \\ 7 / (7) 

Now let P be removed and let the conditions be such that W is 
just able to reveise the machine. Let W desi'end thiough a height //. 
1 hen luicrgy siqiplied and wasted in the machine - \\ 7 / (tS) 

Assuming that this waste has the same 
value as when \7 is being raised, we 
have, from (7) and (*S), 

PH- W//--W//, 

PH = 2 \\/l 

Or, Efficiency ^ 2 

Hence, when^W is being raised, the 
efficiency will be 50 [ter cent, for reversal 
to be possible if P is removed. Any 
value of the efficiency exceeding 50 per 

cent, would Tc accompanied by the Fk.. 350.- a Mnaii lifting crab, 
same effect. * 

The following record of tests on a lifting crab wall serve as a 
model for carrying out experiments on laboratory machines. 

1 

Experiment on a Smai.l Liitino Crap. 

« Date of test, loth February, 1911. 

The machine u.scd was con.structcd by students in the workshops 
of the ^Vest Ham technical Institute. Its general arrangement in 
“ single gear ” is shown in Fig. 350. A weight W is suspended from 
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a cord wrapped round a drum A. Motion is communicated to A by 
means of toothed wheels B and C ; these are of gun-metal with 
machine-cut teeth. Energy is supplied by a descending weight P, 
which is attached to a cord wrapped round a wheel 1). 

The object of the experiments was the determination of the 
mechanical advantage and efficiency for various loads. 

By direct measurement of the distances moved by P and W, the 
velocity ratio was found to be V 8-78. • 

'I'he weight of the hook from which W was susjiendcd is 1-75 lb. 
The weight of the scale pan in which were [)laced the weights 
making up P is 0-665 lb. 

The machine having been first oiled, the weights W and P were 
adjusted so as to secure descent of P with steady speed. The 
results obtained are given below. 


Rkcori) ok Expkriments and Results. 


(0 

_ W lb , 
inLliuliiii; 
wei^bt of hook 

(2) 

. 

including 
weight of 
scale pan. 

(1) 

Load W] if no 
frictional 
resistanc es, 
Wi=PV 11 ). 

(4) 

Effect of 
friction, 

^• = (W,-W)lb 

(5) 

Mechanical 

advantage, 

W 

R‘ 

( 6 ) 

Efficiency, 
per cent , 

V ^*oo. 

qc 

1-785 

157 

695 

4-9 

55-8 

1575 

2 665 

23-4 

7-65 

5-9 

67-3 

22-75 

3565 

31-3 

8-55 

6-38 

72-6 

2975 

4-405 

38-7 

8-95 

6-74 

76-6 

3 f>- 7 S 

5-335 

46-8 

10-05 

6-89 

78-5 

4375 

6-2 1 5 

54-6 

10-85 

704 

8 o-o 

5075 

7-115 

62.5 

11 75 

7-14 

81-2 

5775 

8-065 

70-8 

1305 

716 

81-6 

6475 

8-915 

78-4 

‘ 3^5 

7-26 

82-7 

7175 

9-815 

86-2 

14-45 

7-30 

83-2 

7875 

10-705 

94-1 

15-35 

7 - 3 b 

83-7 

8575 

11-59 

IOI-8 

16 05 

7-46 

84-3 

9275 

12.515 

1 10 

17-25 

741 

84-4 

9975 

13-405 

118 

18-25 

7-43 

84-6 

106-75 

14-285 

125-4 

18-65 

7-47 ^ 

85-0 

1 1375 

15-205 

133-8 

20-05^ 

7-48 

85-2 

120-75 

16-065 

141 

20-25 

7-51 

85-5 

12775 

16-965 

149 

21-25 

7-53 

85-7 


"Curves are plotted in Fig. 351 showmg the relation of P and W 
and also that of F and W. It will be noted that these give straight 
lines. Curves of mechanical advantage and of efficiency in relation 
to W are shown in Fig. 352. It v ill be noted that both irferease 
rapidly when the values of W are small and tend to become constant 
when the value of W is about 120 lb. The* efficiency tends to 
attain a constant value of 86 per cent. 



MACHINES , • 331 



W 


Kio. 351.— Graphs of F and W, and P and W, for .i sinail crab. 

EFFICIENCY MECHANICAL 



Fig. 352.— Graphs of cfllciciKf’ and mechanical advantage for a small crab. 


As both of the curves sliowing the relation of V and of F with W 
are straight lines, it follows that the following e(|uations will represent 
these relations : 1- = «\V + A . . . r ... .. (0 

F-aV + r/, (2) 

where a, c and d are constants to be determined.^ 
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$ 


( 3 ) 


20 lb. 


nri 


Fig. 3S3.— Pulley 
blocks. 


( 4 ) 


Select two points on the PW graph, and read the corresporlding 
values of P and W. 

3'5 1^)- when AV= 22-7 lb. 

P= i6-o lb. when W = 120-0 lb. 

Hence, from (i), 3.5 = 22- 7a + 

16= I20<2 + <^. • 

Solving the.se simultaneous equations, vve obtain 
a 0-128, 

/» = 0-64 ; 

P — o- 1 28\V + 0-64. 

Similarly, 

When F = 8 lb., ^V^ 

When F= 18 lb., W= 100 lb. 

Hence, from (2), 8= 20c -t-r/, 

18=1 oo<r + d, 

The solution of these gives 
r-0-125, 

"'= 5 ' 5 - 

Hence, = o-i 25W + 5-5. 

Suppose the mac'hine to be running light, then 
W-o, and the corresponding values of P and F obtained from 
(3) and (4) are P--=o-64 lb., 

F- 5-5 lb. 

The interpretation is that a force of 0-64 lb. is required to work 
the machine when running light, and that, if there , 

were no frictional waste, a load ot 5-5 lb, could be ; 

raised by this force. 

Hoisting tackle. The fact that the mechanical* 
advantage of a machine, neglecting friction, is equal ^ 
to the velocity ratio, enaliles the latter to be cal- 
culated easily in cases of hoisting tackle. A few 
such a[)pliance.s, which may be found ^in most 
laboratories, are here given. 

In the pulley-block arrangement shown in Fig. 353, 
kk be the number of ropes leadii^ from the 
lower to the uppe» block. Neglecting friction, 

I 

each of these ropes will support - of W, and this 
will also be the value of P. Hence, 

* ~ p ~ ~ ^ —Weston’s 

^ difTcrenlial blocks. 
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A* set of Weston’s differential blocks is shown in outline in I'ig. 354 ; 
the upper block has two pulleys of different diameters, and a chain, 
shown dotted, is used. 'I'he links of the chain passing round these 
pulleys engage with recesses which prevent slipping. Neglecting 
friction, each of the chains A and 11 will support duking 

momctits about the centie (" of the uj)per pulleys, and calling tlie 
radii R and r respectively, we have 

i\Vx(:i)=.(PxCK) + (.;\Vx('E), 
d\V(R-/')--=l’R; 


Instead of R and the numb(‘i of links whicli c an be fitted loiind 



Fio. 355. — Wtiecl nnd diflcrcntial axle 


356 - lf« Heal blocks. 


the circumfef^ces of the pulleys may be used : evidently the.se will 
be numbers proportional k) R and r. 

d'he wheel and differential axle (Fig. 355) is a similar contrivance, 
but has a separate pulley A for receiving the hoisting rope. Taking 
moments as before, we have* . 

PRx + iWRB=.JWRc, ’ 

. l'R* = iw(Rc-RB); 

• V ^ • . 

" P Rc-R„‘ 

A set of blocks i,s shown in outline in Fig. 356. A is 
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operated by hand by means of a hanging endless chain and rotates 
a worm B, which in turn advances the worm wheel C one tooth for 
each revolution of A. If there be tic, teeth on C, then A will rotate 
tic times for one revolution of C, and P will advance a distance 
;/cLa^ which is equal to times the length of the number of links 
of the hanging chain which will pass once round A. The* chain 
sustaining the load \V is fixed at E to the upper block, passes round 
F, and then is led round 1), which has recesses fitting the links in 
order to prevent slipping. Let be the length of the number 
of links which will pass once round I). Then in one revolution of 
D, VV will be raised through a height equal to ~ Lj^. Hence, 

Hvd Ly 

Exfts. 33 to 37. Experiments on the hoisting appliances de- 
scribed above should be carried out and the results reduced by 
methods similar to those explained for a small crab on [). 329. 

Diagram of work. Since work is measured by the product of 
force and distance, it follows that the area of a diagram in which 
ordinates represent force and abscissae represent distances will 



Fig. 357.- -Diagram of work Fig. 358 —Diagram of work 

done by .a uniform force. done by a varying force 


represent the work done. A uniform force P pounds acting through 
a distance 1) feet does work which may be represented by the area 
of a rectangle (Fig. 357). To obtain the .scale of the diagram : 

Let I inch height represent / lb. ; 

I inch length represent d feet. * 

Then one square inch of area will rei)«esent pd foot-pounds of 
work. If the area of the rectangle is A square inches, then 
Work done=/i:/A foot-lb. 

*fTi the case of a ^varying force, the work diagram is drawn by 
setting off ordinates to represent the magnitude of the force at 
different intervals of the distance acted through (Fig. 358). A fair 
curve dr^iwn through the tops of tSe ordinates will enable the force 
to be measured at any stage of the distance. The work done is the 
product of the average force and the distance, and as the average 
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forc^ is given, to scale, by the a\erage height of the diagram, and 
the distance, to scale, by the length of the diagram, we have, as 
before, the work done represented by the area of the diagram. 
Using the same symbols as before, one square inch of area represents 
pd foot-pounds of work, and the total work done will be given by 

W'ork done"/^/i\. foot-lb. 

'I'he area A may be measured by means of a })lanimeter, or by use 
of any convenient mensuration rule (p. 6). 

I'he ca.se of hoisting at steady sj)ecd a load from a deep pit is of 
interest (Fig. 359). Let lb. be the ^\eight of the cage and load, 
and let lb. be the total weight of the vertical rope when the cage 
is at the bottom, a depth of H feet. At first the pull L lb, reciuired 
at the top of the rope will be (\Vj -h \V^) lb. V will diminish gradually 




as the cage ascends, and will become equal to when the cage 
is at the top. , The work diagram for hoisting the cage and load alone 
is a rectangle ABC!), BC and AB representing Wj and H respec- 
tively; the diagram for hofsting the rope alone is DCE, in which 
W2 is represented by CE. From the diagrams, we have 

Total work done = (W^ + \\V^) H , foot-lb. 

Work done in elevating a body. It will be shown now that the 
work done in raising vertically a given body may be calculated by 
concentrating the total weight at ihe centre of gravity. Referring to 
Fig. 360, etc., be the w^eights of the small particles of 

which the body is composed, and let //p etc., be their initial 
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heights above ground level, and let etc., be their final 

heights. Then 

Work done on 7V^ 

and Work done on = etc. 

Hcmcc, 

Total work done = {7v^h( + zvJlI + etc.) - + ett.) 

= '^Lwh - '^wh. 



Fig. 361.— Thomson in^'icator. 


Let G and G' be the initial and final j)ositions of the centre of 
gravity of the body, situated respectively at heights H and H', and 
let W b^ the fptal weight of the body. Then 

WH' = 27£/// (p. 49) 

WH = 2z£/^ 


and 
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’Hence, 


Total work done = WH' - WH 

Therefore the total work done in raising a body may be calculated 
by taking the product of the weight of the body and thfe vertical 
heig^it through which the centre of gravity has been raised. 'I'his 
method is equivalent to concentrating the t{)tal weiglit at the centre 
of gravity. 

Indicated work and horse power. An indicator is an instrument 
used jn obtaining a diagram of work done in the cylinder of an 
engine. 'I'he essential parts of an indicator aie shown in Fig. 361. 
A small cylinder A is fitted with a jiiston B, which is controlled by a 
helical spring C. ('onnection is made at I) to the engine cylinder; 

is a stop tXK'k. T’he piston B is connected by means of a [)iston 
rod to a lever system having a i)encil fixed at V ; the function of the 
lever system is to guide P in a stiaight vertical line, and to give it an 
enlarged copy of the motion of the piston B. As the spring follows 
Hooke’s law, it follows that the movement of P w'lll represent a 
definite [)ressure in pounds per scjuare inch for each inch of vertical 
travel. T'he pencil moves over a jiiece of jxtper wrap[)cd round a 
drum F. T'he drum is rotated in one direction by means of a cord 
G, and is brought back again by means of an internal spring. The 
cord G is actuated by some re('ij)rocat- 
ing patt of the engine whief) gives it 
a reduced copy of the motion of the 
engine piston. Hence a diagram will l:»e 
drawn on the pa[)er showing pressures 
in the engine^cyhnder by its ordinates, 
and distances travelled by the engine 
piston by its abscissae (Fig. 362). T he 
curve (j/fi: u for tbc foiwvard travel of the })iston, actuated by the 
steam or other pressiiie, and the curve a/f is for the backward travel, 
and shows the exhaust/ 

The work done during the stroke may be found by first obtaining 
the average height of the^diagram inclosed by the curves in inches 
and multiplying this by the scale of pressuie ; the result gives the 
average pressure on the piston in pounds per square inch. 



foiwaid .stroke. 


I*et 


Then 

D.M. 


A = the effective area of the piston, in .square inche.s. 
Lf=the length of th^ stroke, in feet, • 
the .average pressure, in lb. per square inch. 
Work done per stroke fcfet-lb, 

• Y 
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In the case of a double-acting steam engine, the diagram of work 
for the other side of the piston will resemble Fig. 363. The effective 

area of one side of the piston (Fig. 364) will be , and of Lhe other 
^ 4 

side (1)“-^/-^). Let be the average pressure for the latter side 
4 

of the piston. Then 

a/' -(/■’)] Lft.-ib. 

4 4 ! 

d'he work done per minute will be obtained by multiplying by N, 
the revolutions per minute, and the indicated horse-power, written i.h.p., 
by dividing the result by 33,000. 

Rough calculations are made often by neglecting the piston rod ; 

thus A will be assumed as for each side of the })iston. A mean 
4 

pressure p is taken as \{pm^-p\>y) and used for both sides of the 


Work done [)er revolution - 



Fifj. 363 - Work (lone during the 
ret HI 11 stroke 


— — 




b 



L 

1 

1 



1 

1 

_i ! 



r 


Fit.. 364 — Doiihle-.'ictiii^; steam 
enpiiie cylinder. 


piston. 'Lhe calculation for indicated horse power will be given 
approximately by n 

I.H.P. - 

33000 

where N, as before, is the revolutions per minute. 

In the case of a gas or oil engine, in which one side only of the 
piston is used, the other side being open to the atip' phere, the 
indicator diagram (Fig. 365) is used in the same manner to obtain 
the mean pressure. The work done during the cycle will be given 

Work done = /AL. 

Let N,, = number of explosions per minute. 

; .p, /ALNp 

1 hen I.H.P. = — 

33000 

The indicaied horse-power may be taken as a measure of the 
energy given to the engine piston during a stated time. A fraction 
only of this can be given out by the engine, the difference represent- 
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ing horse power expended in dii\ing the engine itself and overeoining 
the frietional resistani'es of its ineehanisin. 



Brake horse-power. Pro\ ideal the engine is not too large, the 
horse-power whiih the engine is (apable giving out in doing 

useful work may be measured by means of a brake 'The result is 
called the brake horse-power, written ii.H.p. It is evident that the 
efficiency of the engine mechanism will be given by 


Mechanu'al elli( ieiK'y 


|)ower given out 
power su[)plied 


a.ii.p. 

* i.n.p. ’ 

this may be expressed as a pcicentage by multii)lying by lOo. 

I he horse [X)W'er expended in ovcK'oming the frictional resistances 
of the mechanism wall be 

®ii.r, wasted in the engine- i.h p. - n.ii.p. 

Work done by a couple. Let ccjual forces [\ and P., lb., forming 
a couple (log. 366), act cn a body free to rotate about an axis at O 
and let tlTe body make one revolution. As P, does not advance 
through any distance* it does no woik. W, 
advances througli a distance 27rr/ feet, where r/ 
is the arm of the coiqile in feet. Hence, • 

Work done by the couple per revolution • 

= P.j X 2Trd 
^ -- P ,d X 27r 

- moment of couple x angle of rotation Fig. ^66.-ws,rk done 
in radian.s. * 

1 he units of this'result will be foot-lb. if the moment of the couple 
is stated in Ib.-feet units. It is evident that^any axis of rotation 




340 


‘ MACHINES, AND HYDRAULICS 


perpendicular to the plane of the couple may be chosen without 
altering the numerical result, hec'ause a coujde has the same moment 
about any point in its plane (p. 59). Since the work done will be 
proporlic^nal to the angle of rotation, we have 

Work done = (moment of couple in Ib.-feet x a) foot-lb., 
where a is the total angle turned through in radians. 

I.et N ^ revolutions [)er minute, 

= moment of cou[)le, in Ib.-feet. 

Then Angle of rotation 27 rN radians per minute ; 

Work done per minute 'I' x 27rN foot. -lb. 

Advantage is taken of this result in estimating the brake horse- 
power of an engine. 

Brakes. In the more usual form of brakes, frictional resistance is 
applied to the flywheel of the engine by means of a band. Rotation 
of the band is [irevented by means of pulls applied by dead weights, 
or by spring balances. From the observed values of the iiulls, the 
moment of the applied couple may be calculated, d'his, together 
with the revolutions per minute, enables the work done per minute 
and the horse-power to be calculated. 

As the work done against the frictional resistance of the band is 
transformed into heat, and thus -will cause the temperature of the 
wheel to rise, it is often necessary to adopt .some means of cooling 
the wheel. 

Rope brakes. A simple form of brake is shown in Fig. 367, and 
consists of two ropes passed round the wheel and })i evented from 
slipping off sideways by means of wooden brake blocks, four of which 
are shown. A dead weight W is applied to one end of the ropes 
and a sjiring balance ajjplics a foice P to the other end ^ d'he net 
resistance to rotation will be (W - P), and this constitutes one force 
of the cou[)le. 'J'he other e(pial force is Q, and arises from a pressure 
applied to the wheel shaft by its bearings, 'The forces W and P are 
applFJ at a radius R, measured to the centre of the ro])e. Flence, 
the moment of the coiipVe applied is (W - P)R. 

Let W = dead load, in lb. 

. P = spring balance pull, in lb. 

R = radius to the rope centre in feet. 

N ==‘Ievolutions per min. 
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Then ^Vork done per revolution ^ (W - 1 ’) R . 2n- foot-ll). 

„ „ min. - (W' - P)2rRN foot-lb. 

T, , , (\V-P) 27 rRN 

nrake horse-power^^ - 


In using a brake of thi.', pattern, it is advisable to have A\' attached 
by a lo(^»se roj)e to an eyebolt fixed to the floor. 'Phis dcMce will 
prevent any accident should the brake jam or sei/e. 




In ('ascs when the jiower is small, it may be better to pass the 
ropes lound lialf the cir('umferen('e ol the whei'l only (Fig. 3h<S), 
using a spring balaiu'e at (S'U'h end. d'he brake horse power may be 
calculated from 


33000 

This plan has an advantage in the fact that 
both spring balances are assisting to sustain the 
weight of the wheel, ^nd thus partially relieve 
the shaft bearings of pressure. Hence there 
will be lower frictional resi.stances in the engine 
and a slightly improved* mechanical effici(;ncy. 
A leather strap may be substituted for if)pes 
in this kind of brake. 



3 Loolmg of the wheel may be effected by 369. -Arrangement for 
1 • • • r 1 1 •* /T-- \ , t-ooling the brake wheel. 

having Its nm of channel section (Fig 369) and 

running cold watej- in through a pipe A having a regulating valve. 

Centrifugal action maintains the water in the^rim recess, provided 
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the speed of rotation be sufficient, d'he heated water is removed 
gradually by means of a scoop pipe 15 having a sharpened edge, 
and thus a continuous water circulation is maintained. 

Band brake. An excellent form of brake has been designed by 
Professor 'Mellanby of the Royal technical College, Glasgow. An 
application of this brake to the flywheel of a steam engine of about 15 
horse power in the author’s laboiatorv is shown in Fig. 370. A number 
of wooden blocks A are arranged round the circumference o 1 the wheel, 



and are held in position by hoop iron bands } 5 , B. The brake bands 
are in halves, connected at C by means of long adjusting bolts fitted 
with lock nuts, and at I) by means of toggle joints, by use of which 
the ten.sion of the bands may be adjusted. .. A dead load ^\’ is hung 
from a pin E, which is atcached t6 the brake hoo[)s by four rods. A 
spring balance applies a pull P through a similar arrangement on 
the other side of the brake, 'bhere is a short column G fixed to die 
floor and .slotted at its top end so as to restrict the movements of the 
pin F. Details of the toggle joint are showp separately. Two 
blocks Kj and Ko connected by four links II and pins to the 
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bvake bands B. 'The blocks K, and K._, may be made th approach one 
another and thus shorten the brake bands by means of the long bolt 
and the hand wheel M ; a feathei key in K, prevents rotation of the 
bolt. Helical springs N, N assist the adjustment. 

In use, P and W are adjustetl \cry easily so as to be eijiiaf. Hence 
a p«re coii[)le is applied to the wheel, and the shaft bearings ate 
relieved* of carrying any of the dead load W'. 'I'he toggle joint 
adjustment is very good, and enables the fnction.d resistaiKa* ol this 
particular biake to be adjusted within \('iy fine limits. In the ori- 
ginal* large form, a dash pot is introduced at (1 to subiliu' oscillations 
of the brake. 'I'lns has not been found lusa'ssary in the smaller 
brake used by the author. 

It will be noted that both V and W offer rtsistani'c to lotation. 

Let horizontal distance between 1* and W in feet. 

\\V. 2:rN IV. 27rN 

1 hen n.n.i' ^ - - , 

3:;ooo 

provided V and \\' aie adjusted so as to be esjual. If they are not 
exactly ciiual, tluai their mean, P), should be taken, giving 

I(W+ P)27r./N 

15.11. I*. - --- 

33000 

(W-fP)_7r^ 

33000 



of rotation. The brake wheel consists of a flanged wheel mounted 
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on the second motion shaft of a De I^ival steam turbine, and rurts 
at 3750 revolutions per minute. The brake blocks A, A are made of 
wood, and are pressed to the wheel by means of two bolts 11, B fitted 
with wing nuts and helical springs C, C, the latter rendering it easy 
to adjust and maintain the desired pressure. A steel band I) is fixed 
to the brake blocks, and serves to keep the parts together when 
the brake is removed and also for the ap[)lication of the loads AVj 
and Wg. d'he whole contrivance is balanced when and are 
removed (leaving the suspending rods F, F in [losition); hence the 
effective force is (W^ - Wo) lb. at a radius R feet. 

(W, - Wo)2;rRN 
33000 


Other methods of estimating effective horse-power. Hydraulic 
brakes have been used for fairly high powers. The principle of 
such brakes is to fit a badly designed centrifugal pump to the 
engine shaft. 'I'he pump wheel and casing arc so constructed as 
to set up violent eddies in the water, with the result that there is 
considerable resistance opi)osed to rotation of the wheel. The pump 
casing is capable of rotating with the wheel, but is j)revented from so 
doing by an attached lever and dead weight. The moment of this 
weight gives the couple required for the estimatioi^ of the energy 
absorbed. Brakes of this type were introduced by Professor Osborne 
Reynolds, and in his hands served not only for determining the horse- 
power of the engine, but also for the determination of the mechanical 
equivalent of heat. 'I'he latter experiment was carried out by 
observing the (piantity and rise of temperature of the water passed 
through the brake in a given time. 

The brake or effective horse-power of very large engines cannot be 
determined experimentally by use of a brake. If electrical generators 
are being driven, a clo.se estimation may be made from the electrical 
energy delivered from the generator, making allowance fcA’- electrical 
and mechanical waste in the machine. 0 

In electrical installations driven by steam turbines, the electrical 
horse-power alone can be measured, as no indicator diagrams can be 
obtaitwd from turbines. , 

Sliait horse-power. "Udiere turbines arc adopted on board ships 
for driving the propellers, the shaft horse-power is measured, and corre- 
sponds to the brake horse power. The method consists in measuring 
the angle*of twbt in a test length of the propeller shafting by means 
of a torsion-meter. The test length is calibrated carefully before 
being placed on board, and should be re-calibrated at intervals, so 



that a curve is available showing the moment of the couple required 
to produce a given angle of twist. The turning moment on the shaft 
is obtained from the angle of twist indicated by the torsion-meter. 


Let 

T = turning moment, in Ib.-feet. 


N ^ revolutions per min. 

Then* 

.Shaft horse-power = 


33000 


Shaft calibration In Fig. 372 is shown the method cm[)loyed 
at th^ Thames Iron \Vorks engine de[)artmcnt for calibrating the 



test length of shaft ; the view is a plan. The shaft AB has 

flanged ^mds solid with the shaft, and is bolted at A to a 
very rigid bracket a bearing at I) supports the other end. A 
beam EF is bolted to the end B of the shaft, and couples may 
be applied by means of the u{)ward pull of a 5 -ton Denison 

weigher at ,E, and the ^qual downward force applied b)V[slacing 
weights in a skip hung from F. GH, Kf. and MN are balanced 
arms fixed to the shaft, and have verniers and scales at the ends 
L and N which serve to measure the angle of twist inde- 
pendently of. the torsion-meter. The arm GH ifi bolted to the 

flange at A, and iindicates any yielding of the bracket C or of the fix- 
ing of the shaft to the bracket. The diffcrenc* of the readings at L 
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and N will give the angle of twist of the shaft between the arms Kl, 
and MN, and will not he affected by any yielding of the bracket or 
other fixings. 

The torsion-meter is fixed to the shaft at OP, and is of the 
Hopkinson-d'hnng type ; the lam[) and scale are situated at (). In 
P'lg. 373 is shown the arrangement of the torsiiai-meter. C is a 
sleeve made in halves and clam[)ed to the shaft AB, w hich if grips at 
its left-hand end. 1) is a collar, also made in halves, and clamped to 
the shaft. 'Phe angle through which C twists relative to 1) is 
measured by means of a small mirror at Is. 'I'he mirror may fotate 
slightly about a radial axis on the collar 1), and is controlled by a 

short rod attached to the sleeve 
C at L. A ray of light from the 
lamp 1 1 is rcfleded and ('hanged 
in direction hori/ontally by the 
niiiror. 'Two miirois are used 
at Is, placed back to back, and 
the ray is reflected to the scaile 
I I I when Is arines at the top and 

also when it is at the bottom; 
when at the top, the ray is re- 
fi(‘cted to the left part of the 
sc'ale, and is reflected to the 
right })art when E arrives at the 

F,c.37j.-HopU„«„Thrin6.o,MOn.m.,or (^villg tO thc nipid 

rotation of the shaft, these inter- 
mittent rays produce practically a continuous light on the scale. A 
sepaiate fixed mirror (not shown in the illustration) is attached to the 
sleeve and serves as a zero pointer on the scale. 'Phe scale and lamp 
are earned on trunnions to facilitate the {ireliminary adjustment 
rec^uired in order to secure that both zero mirror and movii,f>le mirror 
give the same scale reading when there is no toj-ciue on the shaft. 

The following records were obtained by Mr. C. H. Cheltnam 
during a calibration test with the apparatus described above : 

('alibr.xtiun of a Pkoi'Ki.lkk Shaft. 

External diameters of the shaft between the vernier arms : 

12*25 inches for a length of 6 inches; 

IT-375 for length of 24*75 inches; 

11*25 inches for a length of 134 inches. 

Diameter of the hole in the shaft, 6*75 inches. 
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Distance l:)et\veen the clain[)ing planes of the \ernier .mns, 164-75 
inches. 

Radius of the vernier arms, 114-6 indies. 

(Since one radian -57-3 degrees, a movenu'iU of 2 inches at the 
vernier represents one degree twist on a length ol shaft of 164-75 
inches.) 

External di.imeter of the sliaft at the torsion meter, 1 1-25 inches. 
Diameter of the shaft hole at the torsion metei, 6-75 inches. 
Distance between the damping planc-s of the meter, 33-625 iik lies 
One division on the torsion-meti,‘r scale coi responds to an angle of 
• twist of degrees. 


1 ornnr, 

11. fco 

\ Cl DILI ICadlMUS, HU In s I 

_No , 

Nu .■ ' 

16,800 

0 07 5 

i 

0 ^00 


0-150 

0 610 

50,400 

0-225 

0915 

67,200 

0-300 

1-225 

84,000 

C 

0 

•• 5.)5 

r 00, 800 

o-.j 6 o 

1-850 

1 17,600 

0545 

2 -i 6 o 

134,400 

0 620 

2-480 


Aiij.;lr of tu i.st, ilrRrrt . 
I)y \ctm( IS 


'I'he tonjiics and angles of twist obtained from the vernier readings 
are plotted in Fig. 374; in Fig. 375 the torsion-meter readings and 
torques have been plotted ; both give straight lines. 


■■■I 


Fio. 374 — Gr.nph of the vernier re.-idinys. 


icaUimdujt 

(Sraph of the torbion-meler readings. 
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To check the meter readings, the modulus of rigidity is calculated 
{a) from the vernier readings, {If) from the meter readings. 

{a) The torque at No. 6 is 100800 x 12 — 1,209,600 Ib.-inches, and 
gives an angle of twist of 0-6950 degree = 0-012 13 radian. Using 
equation»(5) (p. 255) for the angle of twi.st of a hollow shaft, viz. 


2TL 

““7r(R/-R,/)C 


radians, 


•(0 


and modifying it to suit the case of a shaft of tliree different external 
radii R^, Rt, R<-, and corresponding lengths U,, Li>, L^., the same 
torque being applied throughout, we have 


2 'rLrt 2'riv/, 2d'L<. 

" TT ( r;,- - R.-) C JT ( R,,- - R,-) C ^ JT ( R„- - R,') C ’ 


p_2l U(’ 

^ ~ Tra [ - R./ R^^ ~ R,^ IV - 1^ 


2x1209600 6 ^ ^d’75 L34 

77 X 0-0I2I3 6-125' - 3 * 875 ‘ " 3'375' 5‘<^^25‘ - 3-375'. 


=. T 1,774,000 lb. per sipiare inch. 

{b) d'he tor(}uc at No. 6 is 1,209,600 Ib.-inches, and gives a scale 
reading on the meter of 92-5. Hence, 


T 



X 92-5 X - - 

^ ^ 57-3 


= 0-00253 radian. 


From (i), 


2 I 

"tt/R,'- R,').! 

2 X 1209600 X 33-625 
~5r(5 625'- 3-375-) X 0-0025,5 
= T 1,742,000 lb per square inch. 


The agreement of these values of C is close enough t^-i'dmony to 
the accuracy of the meter. To obtain the shaft horse-power constant, 

we have , 

01 r 1 lx 27 rN 

Shaft horse power = , 

34000 

where T is the torque in*lb.-feet and N is the revolutions per minute. 

At No. 6, the torque is 100,800 Ib.-fect and the meter reading is 
92-5 scale divisions. Hence, 

* Torque for one scale division = • 

92,5 

= 1090 Ib.-fect. 
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Let the meter reading be n scale divisions, d'hen 
1090;/ lb. -feet. 

1090;/ X 27rN 
33000 

I 


Hence, 


Shaft horse-power ^ 


4-cS2 


;/N. 


Example. At the steam trial of the vessel towhuh this shaft was 
fitted, the mean metei le.idmg was 98 scale diMsions at 3aj re\ohitions 
per nihuite. Kind the sliaft hoise-jiowei. 

Shaft 1)01 se j)ow'ci = * //N 
4-82 

98 X 300 
= 6100. 

Transmission dynamometers are .sometimes used for estimating 
the horse-[)Ower recpiired to drive a given machine, d'he princi[)le of 
the Froude or 'rhorneycrolt dynamometer is show'n 
in Fig 376. A is a pulley on the line shaft; B is 
a pulley on a shaft connected to the machine to be 
driven. A dri\es B by means of a belt [lassmg 
round pulleys C and D which are mounted on a 
frame pivoted at F. When power is being tians- 
mitted, the pulls 'I',, T, of the belt are greater than 
T,>, d'., ; hence a foice B applied to the frame at (1 
is necessary m order to [>reserve e(}iiilibrium. 'Taking 
moments al)out F, we h<ue 

p xT:F=(2'r, xH')-(2'r,,xKi)). 

'The arms FC and FI) are usually eiiual. Hence, 

^ BxOF:=iF(:('T,-'T.,), 

OF 
FC* 

R^the ladius of pulley B in feet. 

N - revs. {)er min. of pulley B. 

'J'.,)2:rRN 

[.p. = - - 

33000 

• . . 

'The more usual method now adopted is to drive the* machine 
direct by means oT an electro motor and measure the electrical 
horse-power consumed. 





Fk. (76— Fioudcor 
'J hoini-^i ruft dyna- 
inuiiit'ler 


Let 


Then 
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EXERCISES ON CHAPTER XIV. 

1 . Calculate what useful work is done in pumping looo gallons of 

water to a height of 6o feet. If this work is done in 25 minutes, what 
horse-power is being developed? Suppose that the efficiency of the 
pumping arrangements is 55 per cent., and find what horse-power must be 
supplied. • 

2 . A load of 4000 11 ). IS raised at steady speed from the bottom of a 
shaft 360 feet deep by means of a rope weigiimg 10 lb. per yard. Calcu- 
late the total w’ork done, and draw a diagram of work. 

3 . A loaded truck has a total weight of 15 tons. 'I’he frictional 
resistances amount to 12 lb. per ton. Calculate the work done in liauling 
it a distance of half a mile {<i) on a level track, {i>) up an incline of 
I in 80. 

4 . Find the price in pence per 1000 foot-Ib. of energy purchased in 
the follow'ing cases : 

{(i) Coal, of heating value 15,000 Biitish thermal units per pound, at 
16 shillings per ton. 

(/)) Petroleum, of healing value 19,500 Biitish thermal units per pound, 
at icxi. per gallon weighing 8-2 lb 

(c) Cias, of he<iting value 520 Biitish thermal units per cubic ffiot, at 
2-25 shillings j)cr 1000 cubic feet. 

{({) Electricity, at 1-5^/. per Board of Trade unit. 

5 . In a machine used for hoisting a load the velocity ratio is 45, and 
it is found that a load of 180 lb. can be raised ste^idily by application of a 
force of 12 lb. Find the mechanical advantage, effect of fiiction and the 
efficiency. Would thcie be any danger of reversal if the force of 12 lb. 
were removed ? 

6. A load of 1200 lb. is raised by means of a rope provided with an 
arrangement for indicating the pull at any instant. The following obser- 
vations w'ere made : 


Height above ground, 1 
feet J 

0 

10 

I 

20 

35 

50 - 

• ^^5 

80 

Pull in rope, 11 ), 

2000^ 

1950 

1880 

1800 

1750 

1650 

1500 


Find approximately the woik done on the load. 

7 . 'I'hc cylinder of a steam engine is 30 inches m diameter, and the 
stroke of the piston is 4 feet. The piston rod is 5 inches m diameter. 
Suppose the mean pressure for both sides of the piston to be 65 lb. per 
square^nch, w'hat will be klie horse-power at revolutions j.er minute? 

8 . A rope brake is fitted to a flywheel 3 feet in diameter to the rope 

centre and running at 220 revolutions per minute. It is desired to absorb 
7 brake horse-power. What should be the difference m the pulls at 4 he 
two ends of the rope ? • 

9 . A shaft 6 inches in diameter runs at 180 revolutions per minute 
and transmits 900 horse-power. Assume the torcju6 to be uniform, and 
calculate its value. * 
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10 . In Question 9 a toision-metci is fitted to a sliaft at points 6 feet 

apart. Takinj^ C to be 55 ^ square inch, wliat an^le of i\Mst, in 

degrees, will be indicated by the instrument? 

11 . In calibrating a propeller shaft by use of the app.iratus illustrated 
in Pig. 372, the following observations were made . PXtnn.d an^I internal 
diameters of the hollow shaft, 7 inches and 4017 iik lies res|)e('ti\ely ; 
disbij^ce between the clamping pl.ines of the vernier arms, 51 inches; 
distam c between the cl.im|)ing planes of the lorsion-metei , 25 s inches ; 
radius of the vernier aims, 105 im hes. 24,000 divisions on the metei scale 
correspond to an angle of twist of i radian. 


• 


1 llllcif IK C 

Vn^le of i\c 1st 


.Vngleof tw ist 


1 "iijiie, 

II) -iiithes 

on .1 Ic infill of 

1 orsion meter 
readings 

on .1 length of 

Test No 

111 \ friiier 

T' .uliiius, 

51 indies, 

as s inchei, 



inches 

1)> vTriiieis, 
i.-icli.u) 

hy meter, 
r.iiluii. 

I 

0 

0 0000 


0 


2 

80,640 

0-1725 


19-85 


3 

108,864 

0 2 300 


26 75 


4 

181,440 

0-3875 


44 f )0 


5 

254,016 

05425 


62 65 


6 

338,688 

0 7200 


8275 


7 

43 b 4:?4 

09250 


105.50 



P^ill in the blink columns. Plot (d) tonpie and angle of twist by 
vernieis, (d) torque and angle of twist by metei. Find and compare the 
torques required to pioduce o-ooi ladian twist on a length of 51 inches, 
(r) by verniers, (ff' by meter , (c) find the modulus of rigidity fiom the 
vernier readings ; (/) find the shaft hoise-povver constant fioni the meter 
readings. On steam trials the mean toi sion-mcter ic.iding was 98-5 and 
the revolutions [ler minute 665 ; (o) find the shaft horse-power. 

12 . Estimate in ton-inches the maximum torsion of a shaft driven by 

an engine of 500 t.H.l’. at a speed of 200 revolutions per minute, allowing 
an effuiency of 85 per cent, and a latio of maximum to mean turning 
effort of 1-25, (I.C.E.) 

13 . A destroyer has a solid circular propeller shaft, gh indies in 

diameter, which makes 400 revolutions per minute. A torsion-meter, 
fi.xed to the shaft, shows that the angle of twist ovei a length of 20 indies 
is die modulus of rigidity is 5000 tons per squaie inch, find the 

horse-pmver transmitted through this shaft. (B.E.) 

14 . E.xplain how the* work done iiy a varying force can lie measured by 

means of an indicator diagram. The pressuic on a piston P working in 
a cylinder AB of length 3 feet is pioportional to its distance fioni A. If 
the pressure on the pistoii^at B is 150 lb. weight, draw a diagrany showing 
the pressure m any position, and find the wor^ done as the piston moves 
from B to A. (L.U.) 

^5. Describe a differential pulley block. The diameters of the two 
grooves are 12 and 11-5 inches, what is the velocity ratio? Experiments 
are made on Bus pulley block vvhen a load W is lifted by €n effort E. 
When W was 600 lb. P 2 was 26 lb , and when W was 300 lb. E was 1 8 lb. : 
what IS E probably when W is 800 lb.? What is the efficiency vvhen W 
is 800 lb.? ' (B.E.) 
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16 , An electrometer lifts 8o tons of grain loo feet high ; the electric 
energy costs 40 pence at the rate of 2 pence per unit. How much electric 
energy is used.^ What is the efficiency of the lifting arrangements ? 

(B.E.) 



CHAPTER XV. 

FRICTION. 


Definitions. When two bodies are pressed together it will be 
found that there is a resistance offered to the sliding of one upon the 
other. 'I'his resistance is called the force of Motion. 'I'he force which 
friction offers always acts contrary to the direction of motion of the 
body, or, if the body is at rest, the force tends to prevent motion. 

Let two bodies A and B (Fig. 377 («)) be pressed together .so that 
the mutual pressure perpendicular to the surfaces in contact is R. Let 
B be fixed, and let a force P, 
parallel to the surfaces in 
contact, be applied. If P is 
not large enough to produce 
sliding, or, if sliding with 
steady speed takes place, B 
will apply to A a frictional 
force F equal and opposite to P (Fig. 377 (^)). 


VTTTT. 

tR 


T T/r/m/x 
B 



>.R 



A 

rrm-rrrrrrrr'n 

u 


fa; 

Fig. 377.- 


(W 

Force of friction. 


The force F may 
have any value lower than a certain maximum, which depends on the 
magnitude ot R and on the nature and condition of the surfaces in 
contact. If P is less than the maximum value of F, sliding will 
pot occur ; sliding will be on the point of occurring when P is 
equal to the maximum possible value of F. It is found that the 
frictional resistance ofrered after steady sliding conditions have been 
attained is less than that offered when the body is on the point 
of sliding. 

Let = frictional resistance in lb. when the body is on the 

point of sliding. 

Fjb = frictional resistance in lb. when steady sliding has 
been attained , 

R = perpendicular pressure in lb. betwe^en the surfaces 
in contact. 
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Then 




H-k 


R’ 

n 

R’ 


are called respectively the static and kinetic coefficients of Motion. 

Friction of dry surfaces. For dry clean surfaces, expcri»^ents 
show that the following laws are complied with a{)proximately : 

The force of friction is practically proportional to the perpendicular 
pressure between the surfaces in contact, and is independent of the extent 
of such surfaces and of the speed of rubbing, if moderate. Another way 
of expressing the same laws is to say that for two given bodies, the 
kinetic coefficient of friction is practically constant for moderate pressures 
and speeds. It is very difficult to secure any consistent experimental 
results on the static coefficient of fiiction; it is roughly constant for 
two given bodies. 

The value of the coefficient of friction in any given case depends 
on the nature of the materials, especially on the hardness and ability 
to take on a smooth regular surface, and on the state of the rubbing 
surfaces as regards cleanliness. Rubbing sui faces are made usually 
of fair shape and are well fitted to one another. If ( lean and dry, a 
film of air may be present between the surfaces and prevent actual 
contact. Pressure and working may s(]ueeze this film out, and the 
bodies will then adhere strongly together, or seue. Seizing takes 
place more rapidly with bodies of the same than with those of 
different materials. 

Considerable increase in the speed of rubbing and also heating of 
the bodies tend to lower the value of the coefficient of friction. For 
this reason, the frictional force produced by the appl^jatirjn of the 
brakes to the wheels of a locomotive running at high speed is higher 
during the first few seconds than is ultimately the case after the 
temperature has risen owing to the conversion of mechariu:al work 
into heat. Phe coefficient rises again when tbe speed becomes very 
slow, and may become sufficiently high to cause the wheels to skid 
just before stopping, d'he coefficient of friction for light pressures 
on large areas is a little greater than for heavy pressures on small 
areas. • 

The value of the coefficient of friction to be expected in any given 
case cannot be predicted with accuracy on account of the erratic 
nature of the conditions. The following table gives average values 
only; experimental results will often show considerable variance 
with the tabular valuer. 
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Coefficients of Friction. 


AVERAGE VALUES. 


Metal on metal, dry, 

0-2; 

oiled continuously, 0-05. 

Metal on wood, dry, 

0-6; 

greasy. 

. 0-2. 

Wood on wood, dry, 

0-2 to 0*5 ; 

greasy, 

or. 

Wemp ro[)es on metal, dry. 

0 ’ 25 ; 

greasy, 

0-15. 

Leather belts on iron pulleys, 

0-3 to 0-5. 



Leather on wood. 

10 

6 

6 



Stone on stone, 

0 - 7 . 



A^ood on stone, 

0-6. 



Metal on stone. 

0 - 5 * 



Fluid friction. For li(|uids such as water and 

oils flowing in a 


pipe, the following laws are followed approximately : 

The frictional resistance is independent of the pressure to which the 
liquid is subjected, and is proportional to the extent of the surface wetted 
by the liquid. 

The resistance is very small at slow speeds ; below a certain critical speed 
the motion of the liquid is steady and the resistance is proportional to the 
speed ; at speeds above this, the liquid breaks up into eddies, and the 
resistance is proportional approximately to the square of the speed. 

The critical speed depends on the nature of the liquid and on its tem- 
perature. Rise of temperature of the liquid diminishes the resistance. 
The resistance is independent of the material of which the pipe or channel 
is made, but the wetted surface should be smooth ; rough surfaces increase 
the resistance. 

Friction in machine bearings. The frictional laws for lubricated 
machine bearings are intermediate between those for licjuids and for 
dry surfaces. 'I'he ideal bearing would have a film of oil of uniform 
thickness, and w^ould run at constant temperature. 'I'here would be 
no metallic contact anywhere, and the resistance would be that of 
metal rubbing on oil. In sucli a bearing, the laws of liquid friction 
would l^e followed, and the resistance would be independent of the 
load and proportionaHo the speed of rubbing. In ordinary bearings 
the resistances experienced depend on the success which is achieved 
in getting the oil into the bearing and in jireserving the oil film ; 
the working load is kept^sufficiently low to^avoid the dangdt of the 
film being squeezed out and seizing occurring. 

Friction of journals. The value of the coefficient of friction to 
be* expected in any given case depends largely on the method of 
lubrication. Jn Beauchamp Power’s'*' experiments, one method 
of lubrication adapted was to have an oil bath under the journal 
* Pi oc. Inst. Mechanical Engineers^ and 1884. 



37 ^)' Remarkably steady condition? were obtained, and it was 
bund that the coefficient of friction could be expressed by 



vhere r is a coefficient the value of which depends on the kind of 
ubricant used, v is the speed of rubbing in feet per second, p is the 
Dressure [)er square inch of projected area of the journal. 



Fig. 378.— Oil Iwith lubrication. Fig. 379. — Projected area of a journal. 

Let P = the total load on the bearing, in lb. 
diameter of bearing, in inches. 

L = length of bearing, in inches (Fig. 379). 

Then Projected area of bearing = ^L, 

p 

/ = -— lb. per sq. inch (2) 

The following table gives some of Tower’s results : 


JouRN.\L Friction, Oil-Bath Lubrication. 


Lubricant. 

lb. per sq. inch. 

feet per see 

! ^ 

c, 

mean value for range 
of loads and speeds given. 

Olive oil - 

f 520 

2-6[ 

00008 1 


\ too 

7-85 

0-0089 i 

0-29 • 

Lard oil - 

/520 

2-3 i 

0-0009! 

0 

to 

00 

C/l 


1 100 

0 

7-85 

0-009 J 

Mineral grease 

(625 

U 53 

2'6i 

7-85 

0-0083 J 

0-425 

Sperm oil 

/310 

lioo 

2'6i 

7-85 

0-001 0 
0-0064) 

0-205 

Rape oil - . 

/4I5 

■' U 53 

2-6i 

785 

0-0009! 
0-004 / 

0-215 

Mineral oil - 

(310 

Itoo 

2-6i 

6-99 

o-ooi4\ 
0-0073 j 

0-27 
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It will be noted in (i) above that the coefficient of friction is 
inversely proportional to /, and heno| is independent of the total 
pressure P on the bearing with oil-bath lubrication. It also follows 
that the frictional resistance of the bearing will be constant for all 
working loads, and will vary as the square root of the speed. T'hus, 
referring to Fig. 380 : 

Let F = the frictional resistance of the bearing, lb. 

P = the load on the bearing, lb. 

Jhen, from (1) and (2) above 

_F_ P' _c\lv ^ 

V = cdLslv; ; (3) 

an expression which is independent of P. 

With less perfect systems of lubrication, there is a tendency for the 
oil film to be broken partially, and higher coefficients of friction are 
obtained. In some cases the coefficient may 
reach values from 0-03 to o-o8. 

Heating of journals. Work is done against 
the frictional resistance and is converted into 
heat. Referring to P 1 g. 380, in which I) is the 
diameter of the journal in feet, we have 
F = /iP lb. 

Work done in one revolution = /xP7rI) foot-lb. 

i\XT r .. lU 380. — Friclion of .1 

„ per minute ^/ilbrDN foot-lb., journal. 

where N is the number of revolutions per minute. 

Heat produced = British thermal units per minute. 

This heat is dissipated by conduction and radiation, but the 
temperature of the bearing will ri.se during the early period of 
running At higher tempeiatures the oil posscs.ses lower viBooBity, 
i.e. it flows more ec:<ily and offers less resistance to rubbing; hence 
less work will be done, and conscijucntly less heat will be produced 
as the temperature rises, d'hc tendency is therefore to attain a steady 
temperature, in which c^mdition the heat jleveloped will exactly 
balanced by the heat carried away by conduction and radiation. It 
must be noted, however, that the lower viscosity posse.ssed by the 
oif at the higher temperatures^ increases its liability to be squeezed 
out ; hence, if steady conditions are to be attained, The load must not 
be too great and the oil must be of suitable quality. ioo° Fahrenheit 
may be regarded as a safe limit of temperature under full working 
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load. Occasionally the bearings are made hollow, and a water 
circulation is provided in order to keep the temperature low. Bearing 
pressures up to 3000 lb. per square inch are u.sed, depending on the 
nature of the materials, method of lubrication, means of cooling, 
speed of rubbing, and on the consideration of whether the load 
always pushes on one side of the bearing or is alternately push atid 
pull. Forced lubrication is often used, the oil being supplied under 
pressure to the bearings by means of a pump.* 

Friction of a flat pivot. The case of a flat pivot or foot-step 
bearing (Fig. 381) may be worked on the assumption that the 
coefficient of friction /x is constant for all parts of the rubbing surface; 
the resultant frictional force F will then be found from 

lb. 

If it is assumed that the distribution of bearing pressure is uniform, 
we have . p 

Load per unit area = -|^.y 



Fif.. 381. — Flat pivot bearing. Fio. 382. 


Consider a narrow ring (Fig. 382) having a radius /-and a breadth 
Area of the ring== 

P 2? 

Load on the ring = . 27 rr. Br= . r. 

7rK“ K“ 


Frictional force on the ring 


2P/X 


. r. Br. 


Moment of this force 

To obtain the total moment, this expre.ssion should be integrated 
over the whole rubbing surface ; thus : 

Total frictional moment 


2 P/x 

• — 

R^ 3 


= |R-mP (i) 

.= FxjR (V) 


* An excellent discussion of the theory of lubrication and design of machine I>ear- 
ings will be found in Machine Design^ Part I., by Prof. W. C. b’nwin. Longmans, 
1909. 
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It is seen thus that the resultant frictional resistance F may be 
taken to act at a radius equal to two thirds the radius of the bearing. 

The frictional moment of a flat pivot may also be solved on the 
assumption that the wear is uniform and is proportional to the 
product pi\ where p is the bearing pressure in lb. pcr«s(|uare inch 
and V is the speed of rubbing at any given pait of the lubbing 
surfaces. 1 hus, = a constant. 

Also the velocity v at any point varies as the radius r. Hence, 
pr^ii constant -- a say ; 


Considering the narrow ring (Fig. 382) : 

Load on the ring 27rr.^r ^ 2Tra .<V. 

Friction on the ring iirfui .^r. 

Integrating over the wliole rubbing surface, we have 

Total frictional resistance -- F - - 2Trfia . f dr 

Jo 

- 27 r/ 4 ^^R. (2) 

Again, 

Moment of the friction on the ring 2;r/x^r .;'.<V. 

T'he total moment will be obtained by integration of this exi)ressi()n 
over the whole nibbing surface , thus : 

fK \{2 

Total moment of friction - 27 rna . I r.dr - nriia . 


Jo ^ 

— TTnaR- 

-Fx.lR (from (2)) (3) 

(3O 


It is probable that the actual value of the moment of friction will 
fall betw^'ci^the limits expre.ssed in (C) and (3). 

In the ('ase of a collar (Fig. 383), no great error will be made by 
assuming that F acts at the mean radius .!(R| + R.^). Hence, 

Moment of F" - + R.^) lb. inches (4) 

Tovar’s expel iments on collar friction show that fi is independent 
both of speed and f)r*cssure unless the pressure 
is very small. 'J'he average value of /x found 
was 0-036. The bearing pressure should not 
exceed 50 ib. per sqiiareinch. • 

Tower also experimented wath a flat pivot 
bearing 3 inches in diameter. If 'J'ow'er’s 
re4.ults obtained tor the moments of friction 
be reduced from equation (i),*thus: 

/X =■ meftnent of F x 

2I K. • Fig. 383.— Collar bearings. 
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Schiele pivot. 



values of /x are found which vary from about 0-015 5° revolutions 

per minute and 40 lb. per square inch, bearing pressure to about 
o-oo6 at 350 revolutions per minute and 100 lb. per square inch 
bearing pressure. 

In the Schiele pivot (Fig. 384), the bearing is 
curved so as to secure uni- 
form axial wear all over the 
surface. There is thus less 
likelihood of the oil film 
being squeezed out. 

Supposing the bearing to 
wear so that the point F 
descends ultimately to E, 
then EF is the axial wear, 
and is constant for any point 
on the bearing. EG is normal 
to the surface at E and FG 
is parallel to the tangent EH 
at E. The normal wear is 
EG, and may be assumed to 
be proportional to the speed 
of rubbing. The intensity of 
normal pressure at E is / ; it 
is assumed that p is constant for all points on the surface. The 
velocity of rubbing v feet per second at any point evidently will be 
proportional to the radius r. Hence, 

EG cc V oz r; 

EG-/r, 

where is a constant. The triangles EFG and HEK are similar. 
Hence, p_M_h:H. 

EG~EK~ r ’ 

EGxEH_/&r.EH 
r r 

= /^.EH =a coastant ! (i) 

Hence EH is constant ; a curve such as AH having this property 
is called a traotirix. 

Considering a narrow ring having a ra 4 ,ius r and a horizontal 
breadth (Fig. 384), we Mave ** 

Horizontal projected area of the nng — 27rr.Br. 

I 


Fig. 384 —Schiele pivot. 


EF = 


Actual area of the ring 


= 27 rr.Br. 


sin d 


sin B EK r 


Also, 
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Actual area of the ring = 2n'.8r.EH. 

Normal pressure on the ring=/x 27r.8r. EH (2) 


Friction on the ring 
Moment of this friction 

Total moment of friction 


Again, (2) gives 

Normal pressure on the ring 


= 2;r.//x.Sr.^EH. 

= 2 ir/>n. EH 

f K, 

i\dr 

2 

= V). ...(3) 

= 27 r/. EH 

The vertical component of this = 2;r/.EH.6r. sin B 

Is hi 

^2TTp.r.hr. (4) 

The sum of the vertical components for all the rings composing 
the curved surface of the bearing will be equal to W. Hence, 

W = 27ry^j* r.dr 


= ./(R/->-R/) (5) 

Substitution of this in (3) gives 

Total moment of friction ^^/xW. EH (6) 


The Schiele pivot is not much used in practice on account of the 
difficulty of manufacture. 

Rolling friction. In rolling friction, such as that of a wheel or 
roller travelling on a flat surface, the frictional resistances are roughly 
proporUonal to the load and inversely proportional to the radius of 
the wheel or roller.^ The resistance also depends on the hardness of 
the materials, and is comparatively small for very hard surfaces. In 
ball bearings, both balls and ball races are made of hardened steel ; 
the races are best made >eoncave, to a radius about o-66 the diameter 
of the balF. This plan both reduces the resistance and enables a 
heavier load to be carried. In such bearings, the value of // is 
practically constant through wide ranges of .speeds and loads; 0-0015 
is an average .value 

Fig. 385 shows a heavy pattern of ball bearing made by I'he 
Hoffmann Co. and applied to a shackle B for^hoFung one end of a 
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test piece A undergoing both tension and torsion. The test piece is • 
screwed to the shackle, the end of which is furnished with a^nut C, 



Plan of Cage 

Fill. 385.— Hoffrmnn thrust ball bearing 


which rests on the top ball race 1). 
The bottom ball race E has its lower 
face made spherical to fit the corre- 
sponding spherical bottom of the cyp 
F. This arrangement permits tht test 
piece to accommodate itself to any 
want of alignment. A cage G made 
of two thin plates, secured together-by 
means of four distance pieces, holds 
the balls in position and prevents them 
from coming into contact with one 
another ; the cage also prevents any of 
the balls being lost when the bearing 
is taken to pieces. A similar bearing 
is applied to the other end of the test 
piece. The moment of friction is very 
small ; with a tensile load of four tons 
and a test piece i inch in diameter, 
it is possible to rotate the whole by 
simply gripping the test piece with one 
hand. 

Resultant reaction between two 
bodies. In Fig. 386 (a) is .shown a 


block A resting on a horizontal table BC. 'Fhe weight W of the 


block will be constant, and will act in a line perpendicular to BC. 



Fig 386.~Re.'ictions .it the jurfaces in contact. 


Let a horizontal force P, be applied to the block ;•?! and W have a 
resultant Rj, Fo/ equilibrium, the table must exert a resultant force 





ilAI Wl- X- 1V1\_ 1 iWi'M 


3^3 


on the block equal and opposite to and in the same straight line ; 
let this force be Ej, cutting HC in 1). Ej may be resolved into two 
forces, one Q perpendicular to EC and the other Fj alopg BC. Let 
<t>i be the angle which Ej makes with Gl). 1 'hen 


Now, when 1 ^ is zero, </)j and hence tan </)j will also be zero, and 
Q will act in the same line as W. </)j will increase as \\ increases, 
and ^^ill reach a maximum value when the block is on the point of 
slipping. It is evident that () will always he etpial to W. Let (/> he 
the value of the angle when the block slips, and let F be the corre- 
sponding value of the frictional force, d'hen 


Coefficient of fi iction — ft — 





There will he two values of tan </> corresponding to the static and 
kinetic coefficients of friction respectively. W hen the block is on the 
point of sliding, <f) is called the friction angle or the limiting angle of 
resistance ; when steady sliding is occurring, is lower in value, and 
may be termed the angle of sliding Motion. 

It is evident from Fig. 386 (a) that 1 ^ and Iq are always eciual 
(assuming no sliding, or sliding with steady speed), so also are 
W and Q These forces form coujiles having equal o[)posing 
moments, and so balance the block. The force 
Q acting at I) will give rise to normal stress of 
a distribution as shown by the stress figure m 
Fig. 386 (/>). The action is partially to relieve 
the pressure •near the right-hand edge of the 
block and to increase it near the left-hand edge. 

With a .sufficiently large value of /x, and by 
applyingjl^ at a large enough height above the 
table, the block can made to overturn instead 
of sliding. The condition of overturning may 
also be stated by reference to Fig. 387. Here 
the resultant^R of P and W may fall outside .the 
base AB before sliding begin.s. PIcnee Vhich must act on AB, 
cannot get into the same line as R, and the block will overturn. 
For*overturning to be impossible, R must fall within AB. 



Fr(.. 387.— Condition that 
a block may overturn. 


Example. A wall of rectangular section 2 feet thick'is subjected to a 
uniform normal pres*sure on one side of 50 lb. per square foot (Fig. 388). 
Taking the weight of material as 150 lb. per cubic^ foot and /x = 07, find 
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whether sliding at the base is possible. For what height of wall would 
overturning just occur? 

Consider a portion of wall one foot in length, and let H feet be the 
height. Then 

W = 2H X i5o=30oH lb. per foot run, 

F . 

F=ftW=o7X30oH 
= 2IoH lb. per foot run. 

This result represents the maximum pcssible 
value of F. 

Again, P = 5oH lb. per foot run. 

Hence, as P will always be much less than the 
maximum frictional resistance possible, the wall 
will not slide. 

When overturning is just possible, the resultant 
of P and W will act through 0 , and the moments of P and W about O 
will be equal. Taking moments about O, we have 

Moment of P = 5oH x ~ = 25H2 lb. -feet. 

Moment of W-300H x i =30oH Ib.-feet. 

Equating these moments gives 

25H2=3ooH, 

H = n feet. 

Friction on inclined planes. In Fig. 389 (a) is shown a block of 
weight W lb. sliding steadily up a plane of inclination a to the 





Fig. 3j$9.— Friction on an incline ; P horizontal. « 


horizontal, under the action of a horizontal force P lb. Draw AN 
perpendicular to the plane; then the angle between W and Af^ is 
equal to a. Draw AC making wuh AN an angle <#> equal to the 
angle of sliding' friction ; the resultant reaction R of the plane will 
act in the line CA. The relation of P to W is* deduced from the 
triangle of forces ABC. 
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Tip 

^=.-^ = tan (a + ./,), 


AB 
tan a 4 - tan </» 


(P- 8), 


- tan a tan </> 

or P = '... 

• \l - fitunaj 

The case of the block sliding down is shown in Fig. 389 (/>). 
R acts at an angle to AN, but on the other side of it. 

P BC 


W AB 


= tan (</) “ a), 


Here 


P _ tan tan a 
VV I + tan a tan </>’ 


P = ^ \ 

\i -f/i tan (tj‘ 


(2) 


It will be noted in the last case, that if </> is le.ss than a, the block 
will slide down without the necessity for the application of a force P. 
Rest is just possible, unaided, if a is ecjual to the limiting angle 
of resistance. 

When P is applied parallel to the incline, the forces are as shown 
in Fig. $()o(a) and For sliding up (Fig. 390(1'/)), we have 
P BC si n IjAC 
W~ AB^siii ACB 


sin ((i + <f>) _ sin a cos </> + cos a sin <f> 
sin (90° - </>) cos 

= sin a + cos a tan ; 

P = W (sin a + ft cos a) (3) 




Fig. 390.— Friction on an incline ; P parallel to the incline. 


For sliding down (Fig. 390 we have 
^_BC_sinJBAC 
W“AB“sin ACB 

sin ((f) -a) _ sin (f) cos a - cos </> sin a 
' sin (90** - (f)) cos <f) 

» = tan cos a - sin a ; 

/. P = W (fi cos a - sin a) V (4) 
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Friction of a screw. The results for a block on an inclined plarie 
and acted on by a horizontal force may be applied to a square threaded 
screw. Such a screw may be regarded as an inclined plane wrapped 
round a cyknder. In Fig. 391 are shown two successive positions 
A and B.of a block of weight W lb. being pushed up such an inclined 



plane by means of a horizontal force P lb. In the actual mechanism, 
the load is applied over a considerable portion of the surface of the 
incline (Fig. 392), and P may be assumed to act at llte mean radius 
R inches of the screw. Let p inches be the pitch of the screw, and 
let one turn of the thread be developed as shown in Fig. 393. 

p 

tan a = — 

2~K 

Using ecjuation (i), p. 365, we have, for raising W, 



\ I - /X tan a 


Fig. 393. — Development of one tom of « . t, , 

scre^ thread. ^ /p + 27rR^\ . 

\27rR*-//x/ ^ 

For lowering the load, 1 ^ in Fig. 393 will be reversed in direction 
usually, and equation (2), p. 365, should be used : 


27rR/ 


P = W 

=w 


/ /X - tan a \ 
\ I P /X t^n aj 

\27rR +//X/ 


(^) 
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U /x-tana, or if 27 rR/i=/, P wjll be zero, and the load will be 
on the point of running down unaided. Running down with 
continually increasing speed may occur if tan a is less than /x, and 
may be prevented by a[)plication of a force P given by (2) above 
and applied in the same sense as for raising the load. It* rotation 
of the screw is produced by means of a force Q lb. applied to a 
spanner at a radius L inches, the nut being fi.xed, we ha\e 


, ' Q = 

The above solution is applicable to the case of a screw-jack 
(Fig. 411), the friction of the screw alone enters into the jiioblem. 

i'he efficiency of such an ariangement may be ( alculated by con- 
sidering the screw to make one revolution in raising the load. 'I’hcn 


Inefficiency 


Work done on W _ \\y> 

Work done by Q x 27 r]e, 


efficiency - 


Substituting for W/P from cajuation (1) above, we have 

= ( 4 ) 

If n be the ratio of the mean circumference 27 rR to the pitch /, 
so that 27 rR = ;//, equation (4) ma) be written : 

Efficiency = ' 


V P T np[i) ?i 


\ I -H n\i} n 

Exa\iPLE. In a certain square threaded screw, w=io and /x=o-i25. 
Find the efficiency while raising a load. 

Efficiency = d. 

^ \I -t- IOXO-I25>/ 10 
- 0*44 

= 44 per cent. 

In tightening a nut on a bolt -.(Fig. 394), not only has the moment 
of the friction of the screw to be considered, but also the friction 
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Let Rj be the mean radius of the bearing surface in inches and W^lb. 
be the pull on the bolt. Then 

F = /iWlb. ‘ . 

r Moment of F = /4\VRj Ib.-inches (6) 



Fk.. 394. — Friciion of a nut. Fig, 395,— Friction of a V thread, 

Ivet P lb. be the frictional resistance of the screw, found from 
equation (i), p. 366, and let R be the mean radius of the threads. 

Then QL = /iWR, + PR (7) 

In V threaded screws (Fig. 395), the pressure between the bearing 
surfaces of the nut and the bolt threads is increased. If \V is the 
load, it should be resolved into a force S perpendicular to the thread 
section and another horizontal force. Then 


\V^ 

S= 

cos p 

where P is half the angle of the V. All the results found for square 
threaded screws may be used for V threaded screws by writing 
sec P instead of /x in the equations. 

Friction circle for a journal. It is useful to consider the friction 
of a journal A resting on a loosely fitting bearing B (Fig. 396(a)). 



Fig. 396. — Friction of a loose bearing. 


If there is no rotation, the load ^V on the journal will be balanced 
by an equal opposite reaction Q applied by the bearing. Let a 
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couple of moment 'T be applied to the journal, of sulhcient magni- 
tude to produce steady rotation in the direction shown (Fig. 396 {/>)). 
The journal ns ill roll up the bearing until the })lacf ot (ontact is 
at \vhicl\ steady slipping will occur. 'The condition sshich fixes the 
position of /> is tliat the serta al force () acting at /f must make an 
angl^ </>*\\ith the normal (i/\ </> bcung the angle of sliding friction. Q 
and W being still c(}ual, form a ((ni])le of moment \\’ x /v, and this 
couple balances 'f, the coiijile applied. Hence, 

T' - \V X /v. 

/>(' he , 

Also, — -- tan */> - , very nearly ; 

ac ' ah ' 


he ~ ah tan </> ^ r tan ; 

.. \\Vtan</>. . (i) 

'This will be in Ib.-feet if r is in feet and W is in lb. 

It will be noted that is tangential to a small circle of radius / 
drawn with centre a. 'I'his ( ircle is called the friction circle, and its 
radius is eciual to he. Hence, 

Radius ol friction chvAc^/-^ rUimfi very nearly 

= fir feet, (2) 

where tan c/>, is the coefficient of friction, 

radius of journal in feet. 

The .same result is true for a closely fitting bearing (Fig. 397). 
Here R lb is the resultant reaction ol the bearing, the components 
of which are (,), the resultant \ertical reaction and F the resultant 
frictional force. R acts at an angle </> to Q for the direction of 
rotation as shown, or on the other side ol Q for 
the contrary direction of rotation In either 
case, R is tangential to the friction circle, and 
gives a moment R/ Ib.-fect oiiposmg rotation, 
do obtain the work done, w'e have 

' Frictional couple - R/ Ib.-feet, 

^Vork done in one revolution = R/x 27r foot-lb. 

Let N ~ revolutions per minute, 
d'hen Work done per nv^iute 27rN R/’foot-lb., 

• , 27rNR/ J 

H.p. wasted"^ — • 

33000 

'l^he value of R is given actually by Ki(.. 397.— Friction circle 

R=CQ^ + P, . 

but as the c^iefficient of friction and hence the frictional resistance is 
very small for well* lubricated journals, no gre^t error is made by 
taking R equal to Q, thp load on the journal. 

2 A 



D.M. 
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Example i. In a machine for raising a load W the load is suspended 
from a rope wound round a drum A, 8 inches in diameter, to the rope 
centre (Fig. 398). The axle on which the drum is fixed has journals 
1-5 inches in diameter, and is rotated by a toothed 
wheel B, 18 inches in diameter, to which a force 
P IS applied. Find the mechanical advantage 
and efficiency of the machine, taking the co- 
efficient of friction of the bearings to be 01 and 
W to be a load of 500 lb. 

Neglecting friction, and taking momenta about 
the centre of the drum, we have 
Wx4 = Px9, 

\V 9 

— — 

F 4 ^ 



(>) 


Fig. 398. 


-Friction of a 
machine. 


simple 


9 


..(2) 


Taking account of friction, and assuming that R is equal sensibly to 
(P + W), we have, by taking moments about the centie of the drum, 
4 W 4 -(P + W)/= 9 F. 

Also, f 

2000 + (P + 500) ;‘(j = 9P, 

9l>-4^{jP = 2000-fl^^|>y, 

2037.5^0 

357 

= 228 3 lb (3) 

\V coo 

Hence, Mechanical advantage= fr 

’ P 220-3 

= 2-19 (4) 


Let the drum make one 1 evolution. Then 

Work done by P — Pxtt. 18 inch-lb. 
Woi k done on W = W x tt . 8 inch -lb. 
__ SttW 8 X 500 


= 0-97 

-97 per cent (5) 

Example 2. The megilianism shown m Fig. 399 consists of a ciank OA 
fixed to a shaft having OZ for its axis of rotation. The crank is driven in 
the direction of rotation shown, by means of a slotted bar B ; a block C 
may slide in the slot, and has a hole to receive the crank pin. The force 
P pushes during the stroke from right to left, and pulls during the return 
stroke. Show by drawing how the turning moment on the crank, as 
modified by friction, may be obtained. Give the construction for each 
-quadrant, assuming /x— tan<^ is the same for both block and pin. 



FRICTION IN A SLOTTFD-IUR MECHANISM 


In answering tl)is ijucstion it is essential to leineniher that the force 
which the block gues to the crank pin must be tangential to the friction 
circle, and must act so as to oppose the motion of lotalion of the pin. 
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second and third quadrants (//) and (^) it is sliding downwards. In each 
case the turning moment is RxOM, OM being drawn perpendicular to 
R from O, the centre of llie crank sh.ift. 

Friction of the crank pin and the crosshead pin. Figs, 401 (a) 
and (l>) show the application of the friction circle method to the 
determination of the line of thrust along a connecting rod, rwhen 
account is taken of the friction at the crank pin and the crosshead 
j)in. 'Fhe diameters of the fric tion circles at A and D are calculated 
and the circles drawn. 'I'he line of thrust () will be a common 
tangent to these circles for any given crank jjosition. Draw OM 
perpendicular to the line of Q; the turning moment on the crank will 
be Q X OM. No difficulty will be experienced in choosing the line 
of Q if it is remembered that the frictional moments at A and B both 
tend to reduce the turning moment on the crank; hence the common 
tangent which gives the line of Q must be so drawn as to make OM 



a minimum, d'hus, in Fig. 401 (a), Q touches the top of the circle at 
A and the l)ottom of that at B; in Fig. 401 (/b, Q touches the bottom 
of both circles. 'I'he change in the line of Q from the top to the 
bottom of the circle at A takes place when the crank makes 90° with 
the centre line OA ; in this position, the connecting 'lod makes its 
maximum angle with the centre line OA and has no angular motion 
for an instant, j.e. at this j)oint the crosshead pin is not rubbing in its 
bearing. The solution for other positions is given at Q' in F’gs. 401 
{(i) and (/f). 

In Fig. 401 (/^), it will be noted that, as B' approaches the inner 
dead point, the line of Q' wall pa.ss through O. In this position there 
is no turning moment ofi the crank. Furtner, the cranb must rotate 
through a small angle beyond the dead point before the line of Q will 
pass above O. There will, therefore, be a small crank angle near 
each dead point in which there will be no turning moment tending to 
rotate the crank in the direction of rotation of the crank shaft. These 
angles may be determined approximately as follov's: In Fig. 402, O is 
the crank shaft centre and x\ is the crosshead pin at the end of the 



stroke. Draw the friction circle at A ; draw the lines of Q and (V 
touching the circle at A and passing through O. Draw the friction 



Flo 402 —Angle of zero turning moment iluc to friction at the trank dikI trossheail pins ; 
inner dead point. 


( ircles at ]> and IV, touching the lines of (^) and Q' ; then IK) IV is the 
angle within which there is zero turning moment near the inner dead 



Fir. 403 — .\ngle of zero turning moment due to friction at the crank and crosshead pins ; 
outer dead point 

point. The construction for the outer dead point is given in Fig. 
403, and will be followed readily. 

Friction the crank shaft bearings. 'I'he loads producing 
frictional resistances at the crank shaft bearings include the weight 
of the shaft and its attachments, belt 
pulls m other forces due to the driving 
of machinery and#a reaction owing 
to the thrust of the connecting rod. 

Considering the latter alone, and 
referring toCig. 404, Q^is the thrust 
of the connecting rod, making allow- 
ance for the friction of the crosshead 
pin and the crank pin as illustrated F'g. 404.— Friction of the crank-shaft 
in Fig. 401 («). A force Q', equal, 

opposite and parallel to Q is applied by the crank-shaft bearing to 
the shaft, Q and Q' together forming a couple which causes the shaft 
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to rotate. During rotation, Q' will be tangential to the friction circle 
for the shaft and is so shown in Fig. 404. Draw OM perpendicular 
to (^) and cutting the shaft friction circle at O'. 'Die effective turning 
moment will he t) x O'M, and has been diminished by an amount 
() X 00' by reason of the fiiction j)rodu('ed by Q in the shaft bearings. 

Near the dead points, the effect of llu; friction at the crosshcad pin, 
('lank })in and ciank-shaft bcaiings is that there will be a small angle 
embracing (\'i('h dead point within which no force, howiwcr gu'at, 
along the jiiston lod will ('au^e the shaft to rotate if at rest, 'These 



angles are ( ailed dead angles and are shown at DO IT in logs. 405 and 
406. 'The ('onstiiK tion is similar to th.it in f'lgs 401 ((^) .md (/»), 
with the addition of the fric'tion (iicle at O for the ciank-shaft 
bearings. 'The lines of the fon'cs () and (V are tangi'ntial to the 
friction (iicles at A and O, and the liK'lion ( iri'ks at T» and IT are 
drasvn to touch the lines of the lorccs, pnjduccd if necessary. 



The student will note that the dead angles so found take vccount 
only of the friction at the crank shaft bearings {)roduced by the 
thrust of the connecting rod. If at rest, the crank shaft will not 
commence rotation until the turning moment x O'M (Fig 404) is 
large ef.ough to overeywe the resisting fnoment duo to the total 
friction at the crank-shaft bearings together with the resistances 
offered by any machinery to be driven. 

Experiments on friction. E.xperiments have been described in 
Chapter XIV , in which the general effect of friction in the comjilele 
machine w’as one of the factors to be determined. The following 
additional experiments may be performed usefully. 
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Expt. 38. — Friction of a slider. Al> is a wooden l)()ard or Hat piece 
of metal having its top surface brought horizontal b) means of a sjarit 
level (Fig. 407). A slider C\ of v\(K)d or metal, may be drawn along 
AH by means cf a horizontal force V applied by using a (ord, pulley 
and scale pan. 'The upper 
surface of AH and the under 
surfa('L-of C should be clean 
and dry. Weigh the sluha (' 
and also the sc ale pan. R is 
the nerpcaidu'ulai rcsK tion of 
the surfaces in contact, and 
is e(]Lial to the weight of the 
slider togetluT with the load 
[)laced on it. Add loads to 
the scale j)an, tapping AH gcaitly after eac'h load is applu'd, until tlu^ 
slider is drawn steadily along AH. H will be lusirly (.‘([iial to the 
weight of the scale ])an togetheu' with the loads jilac'c'd m it, and 
the kinetic fru'tion 1^' will have the same value. CaUailate the kinetic 
coefficient of friction from 

F 

'‘=R- 

'Fhe c.xperiment should be repealcal with several differcuU loads on 
the slidrr, and 1 ’ and R should i)e t.d)ulated loi each. Plot 1 " and R , 
if this givi‘S a straight line, find the average value of /t fiom the graph. 

Repeat the experiment, using different materials tor the board and 
for the slider It is useful to have a set of slidcus, all of tlu' same 
material, but having the under sides cut away so as to give different 
areas of ('ontact. 

P^XPT. 39. — DeterminaUon of the angle of sliding friction. In Fig. 408 

AH Is a board whic h may be 
set .It different .angles to the 
horizontal. A blo( k C is 
placed on it, and the angle 
IS varied until the block will 
slide steadily down after being 
assisted to start. Measure 
the angle HAD which AH 
makes with the horizontal ; 
this will give the v.aj.ue of the 
angHe of sliding friction. Cal- 
culate /A from 

/A = tan HAD. 

Repe.at the experiment using different materials. 

Expt. 40.— Rowing friction. In Fig. 409 is shown apparatus similar 
to that of Fig. 407, but having a small carriage mounted on wheels 



Fig. 408.— Apparatus for determining the angle of 
» slKiiiig friLtion. 
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having bearings constructed to reduce friction as* much as possible. 
The board should be levelled carefully, and the tractive effort P 
required to draw the carriage steadily along should be found for 
different loads on the carriage. It is useful to have three or four 
different loads for the carriage to run on ; these may be of plate glass, 


1 -^ r 





1 



A 


Fig. 409. — Apparatus for rolling (iiction. 

metal, wood and rubber. 'I'he effect of the varying degrees of hard- 
ne.ss should be contrasted by comparing the results foi the different 
roads, and this may be done easily by plotting tractive effort and load 
for each road on the same sheet of .stpiared paper. 

Expr. 41. — Effect of speed of rubbing. In Eig. 410, A is a wheel 
which may be rotated at different speeds by some .source of power. 
B is a block which is pressed on the rim of the wheel by means of a 
shackle C and a load D. The block B is restrained from rotation 



Fig. 410.— App.'ir.itus for investigating the 
effect of speed of rubbing. 



Fig. 41 1. — EApenmeiital screw jack. 


by a cord and another load at E. The perpendicular pressure 
between 4he block and fhe wheel will be fne w'eight of the block, 
together with those of the shackle, scale pan and load. The force 
of friction will be nearly equal to the combined weights of the scale 
pan and load at E. Hence /x may be determined for different speeds 
of rubbing. It will be ob.servcd that the friction is greater on 
starting with both wheel and block cold, and diminishes after a few 
seconds as the rubbing parts become warm. The experiment should 
be repeated with blocks pf different materials. 
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Expt. 42. — Friction of a screw. The screw-jack shown in Fig. 41 1 
may be experimented on in the same manner a.s tiiat explained in 
Chapter XIV. for other types of lifting machines. 

• 

Testing of lubricants. 'I'he mechanical testing of liihfieants is 
performed usually by feeding the lubricant into a test bearing, which 
may *be’ loaded and run at varying speeds. IVovision is made for 
measuring the torque recjuired to rotate the shaft and also for 
measuring the temperature of the oil. 'rhere are many different 
formal* of machine. One which has given useful information in the 
hands of Messrs. ^\^ ^\^ F. Pullen and \\\ V. Finlay at the South- 
Western Pol) technic* is shown in Fig. 412. A shaft AB is loaded 



Fio. '412. — Pullen\ ninclmic for tcsUng lubtitaiU'). 


with two ectual flywheels C and 1); the central enlarged portion of 
the shaft rui» in a bearing and is lubricated by means of a loose 
ring G, uhich hangs freely on the shaft and dips into an oil bath ; 
the ling revolves slowly as the shaft rotates. 'The oil leaving the 
bearing^s spun off by collars F, F fixed to the shaft and having several 
sharp edges to prevent the oil travelling axially along the shaft ; the 
oil is thus returned to the oil bath and is used again. K is a gauge 
tube indicating the quantity of oil in the bath. T'he temperature of 
the oil is controlled by £> U tube H, throui^^h which water jiiay be 
circulated. A gas flame in the space J under the bath can be used 
to raise the temperature of the oil. 'Phe temperature is measured 
by'^ thermometer suspended in the oil. The machine is direct 
driven by an electromotor arra?iged as shown in Fig. ^13. 'J'he 

motor A has its bearings supported by rollers B, C and L), and is 
* s 

* /’;w. /ns/. Meek. Eng ^ 1909. 
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therefore free to rock about its axis. A balance weight is fitted at E, 
and a counterpoise E serves to measure the torque. The shaft 
runs in the direction of the arrow, and the rotor of the machine 



Fk.. ,<i j — Arrnnj;cm(.Tit of elorironiotor for dnving 
i*iilleii\ m.ichine. 


applies a torque of opposite 
sense to the stator; this torque 
is balanced by the* cc/unter- 
poise, and is ecjual to the 
torque required to drive the 
oil-testing machine. d’his 
type of machine is very useful 
for testing oils under steady 
load and under different con- 
ditions as regards speed and 
temperature. 


EXERCISES ON CHAPTER XV. 

1 . A sliaft journal is 4 inches in diameter and has a load of 4000 lb. 
If the coeffn lent of friction is 006, find the torque resisting the motion. 
Calculate also the energy absorl)cd m foot-lb. per minute in overcoming 
friction; to what heat m li T.U. is this energy equivalent? The shaft 
revolves 150 times jier minute. 

2 . A vertical shaft is supported on a flat pivot bearing 2 inches m 
diameter and r<inies a load of 150 lb. 'I’lie sh.ift ie\ol\es 300 times 
per minute, 'fake /x -003, and calculate the moment of the frictional 
lesistance, assuming that the distiibution ofbcaimg pressuic is uniform, 
(d) assuming that the wear is unifoim. In each case calculate the horse- 
power absorbed by the pivot. 

3 . The thiust of a propeller shaft is taken by 6 collars, t 2 inches 
diameter, the rubbing sin face inner diameter being 8 inches, 'fhe shaft 
runs at 120 revolutions per minute, 'fake /x — 005, the bearing pressure 
60 lb. per square inch of rubbing surface, and find the horse-power 
absorbed by the bearing. 

4 . A block weighing W lb. is dragged along 4 Jevel table by a force 
P lb. acting at an angle 0 to the horizontal. 'I'he coefficient of friction 
may be taken of constant value 0-25. Obtain the values in terms of W, 
(a) of P, (d) of the work done in diagging the block a distance of one foot. 
Give the results when us o, 15, 30, 45, to, ai^d 75 degrees Plot graphs 
showing the relation of V and 6^, and also the relation of the work done 
by P and 0 . 

6. A block weighing W lb. ib pushed up an incline, making an angle 
0 with the horizontal. The coefficieijt of friction has a constant value of 
0*25. Find in terms of W (a) the values of the force P lb., parallel to the 
incline, (/') the woik done in raising the block through a vertical height of 
one foot. Give the lesults for 6 equal to o, 15, 30, 45, 60, 75 and 90 
^ degrees. Plot graphs for each case, (a) and 
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6 . Answer Question 5 if P is horizontal. What is the value of 6 when 
P becomes infinitely i^reat? 

7. In a screw-jack the pitcli of the sciuare threaded sucw is 0 5 inch 
and the mean diameter is 2 inches. 'I'he force excited ou the bai^ used in 
turning the screw is applied at a radius of 21 inches, f ind this foice if 
a load of 3 tons is being raised, 'l ake //.-=o-2. What is ilie cfiKiem y of 
this maclimc ? 

8. With the screw-jack given in Question 7, find the foKC leqiiiied at 
the end of the b.ir in ordei to louei the load of 3 tons. 

9 . Show that the hoii/ontal foue icijuired to move a ueiglit W' up a 

plane whose slope is t is wheic /t is the coefficient of fiiction 

A right- and left-hand scjuaic-thicadc'd screw (|)it( h 025 inch, mcsin 
di.uneter of thread i iinh) is used as a strainei. Kind the couple ie(|iiucd 
to lighten against a pull of 1000 lb. p.- 0-15. (1 C 1 C) 

10 . In a I -inch W’hitumth bolt .incl nut take the dimensions as 
follows, pitch, 0025 inch; angle of the V thrcsid, 60 degiees , mean 
diameter of the thiead, 08 inch ; mcMn r.idius of the beaiing suiface of 
the nut, 0-9 im h. 'I'.ike the co(*lficient of fiKtion to be 02 foi both the 
scicw and the nut. I-'ind the force recjuired at the end of a spanner 
15 inches long in older to obtain a pull of icxx) lb. on the bolt. 

11 . A horizontal lever, instead of having a knife edge as a fulcrum, is 

pivoted on a pm 2 inches m diameter 'I he .arms c)f the level <iie 8 im lies 
.and 5 feet res|iectively. 'I'he coefficient of fiiction fem the |)in is 02 
What load at the end of the short aim c.in be raised by a vcitical pull of 
100 lb at the end of the long arm ^ (H 1 C) 

12 . 'I'he arms of <i bent lever ACB .arc at right angles to one .mother; 
AC is 12 inches long and is horizontal , PC is 27 inches long, <ancl B is 
vertically above C. 'I'he lever may turn on a fixed shaft 3 inches m 
diameter at C. A load of 2000 lb is hung from A. Kind what horizontal 
force IS recpiired at B (rr) if A is ascending, (//) if A is descending. 'I'ake 
the coefficient of fiiction foi the sliaft to be o-i. 

% 

13 . In the mechanism shown in Fig. 3<X), the crank OA is 6 inches 
long and has anti-clcxkwise rotation ; tlie crank pin at A is 2 inches in 
diameter and the width of the slot in the bar is 275 inches. 'Fake the 
force P a" constant and ccpial to 1000 lb. ; find the turning moment on 
the cranu in each of the four positions when the crank ni.ikes 45 degrees 
with the line of P, neglecting fiiction, (^) taking account of friction. 
The coefficient of fiittion for all ruj)bing sui faces may be taken as o-i. 

14 . In the crank and connecting-rod mechanism of .m 01 di nary steam- 
engine, the cr^nk and connecting -rod arc 7 inches and 30 inches long 
respectively, 'the diameter of the crank pm is' 3 5 inches and that of 
the crosshead pin is 3 inches When the crank has travelled 45 degrees 
from the inner dead point the tot.il force urging the crosshead is 
3000'lb Find the turning moment on the crank for this position, taking 
fjL for the crank pin and crosshead ijin to be o-o6. Find both angles in 
which there is zero turning moment on the crank. 

16, Determine an ‘expression for the work absorbed per minute in 
overcoming the friction of a collar bearing. State the assumptions made 
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in deriving tlie formula. The thrust in a shaft is taken by 8 collars 
26 inches external diameter, the diameter of the shaft between the collars 
being 17 inches. The thrust pressure is 60 lb. per scpiare inch, the 
coefficient of friction is 004, and the si)ecd of the shaft is 90 revolution.-; 
per miiKite. Fiftd the horse-power absorbed by the friction of the thrust 
bearing. (L.U.) 



CIIAPTKR XVI. 


VP:LOdTV. A( C'KI.KR/VnON. 

Velocity. 'I'he Velocity of a l)()(ly may l)t; clclined as tlic late at 
which the body is changing its position. 'I'he lour elements whicli 
enter into a body's velocity are : (a) the distance travelled, (/o the 
time taken to travel this distance, (c) the direction in which the body 
is moving, {</) the sense along the line o( diiection , the sense may be 
described as positive or negative. A body having uniform velocity will 
travel equal distances in equal intcivals of lime, and the velocity 
may be calculated by dividing the distance by the time. In the 
case of varying velocity, the lesult of this calculation will be the 
average velocity of the body. 

d'he units of time emjiloyed are the mean solar second, minute, or 
hour. 'I'he unit of distance may be the foot, mile, centimetre, metre 
or kilometre, ("ommon units of velocity are the foot jicr second, the 
mile per hour, the centimetre per second, and the kilometre per hour. 

Let distance travelled in feet, 

^ /=time taken, in seconds, 
the velocity. 

d'hen v ^ feet jier second. 

This will be the v^eloeity at any instant if the rate of travelling is 
uniform, and will give the average velocity if the rate is varying. 

Distance-time diagrams. In Fig. 414, the distances travelled by 
a given body<have been s^t off as ordinates pn a time base > Thus 
I A is the distance travelled during the first second of the motion, 
2B is the distance travelled in the first two seconds, and so on. 6F 
is the total distance travelled in 6 seconds. Drawing AG, BH, CK, 
etc., horizontally, it is evident that BG is the di.^^tance travelled 
between the* end ofdhe fir.‘^t second and* the beginning of the third, 
CH is the distance travelled during the third second, DK, EL and 
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FM are the distances travelled during the fourth, fifth and sixth 
seconds respectively. If all these distances were ecpial, the velocity 
would be uniform and the line OF would be straight (fig. 415). A 
Feet 



r !(.. 414 — Distance time (ii.igrain. hu. 415. — Dislance-time diagram, 

velocity uiiirorin. 

Straight-line distance-time diagram therefore represents the case of 
uniform velocity. 

Referring again to Fig. 414, the average velocity during the six 
seconds would be obtained by dividing 6F in feet by 6 seconds. 
The average velocity during any second such as the fourth may be 
calculated by dividing I)K in feet by i second. 

In Fig. 416, let and Cl)=-v._, be the distances in feet 

travelled during the times /j and seconds respectively. Drawing 
paiallel to OD, the distance travelled 
during the interval ^^ill be 

-5, . Hence, 

Average velocity dining the interval BD 

econds 

'I'he actual velocity at any instant of 
the Intel val may differ somewhat from 
this. If the interval he made v^y small 
we may write the difference in the distances b^ the symbol and 
the dilTerence in the time by 5 /. 

Average velocity during a smi.ll interval 

Now let cV, rejaesented by BD or AF in Fig. 416, be reduced 
indefinitely until finally it gives us the conception of an “ instant.” If 
(it is its value wdien so reduced, and if ds is the distance travelled, 
then, at the ins'ant considered, 

ds 
dt 



V 
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The velocity of a body at any instant may he desciibed as tlie 
distance which would be travelled during the next second had the 
velocity possessed at the instant considered remained uniform. 

The mathematical calculation iinolved in(i)aboVc is perfoimed 
by use of the rules of the differential calculus (p. 9). 


Example. Suppose the equation conncctinj^ j- and t for the motion of 
a given body to be 

where is a constant. Find the velocity at any instant. 


— X 2/ 

-- (U. 

If the time up to the required instant be inserted in this result, the 
velocity at that instant will be obtained. 


In dealing with a moving point in a machine the space-lime 
diagram may be drawn by setting out the mes hamsm in a number 
of positions differing by eciual intervals of time, and then measuring 
the distances travelled by the i)oint in (juestion. 'I'lu' average 
velocity over each of the intervals may be obtained veiy closely 
from the diagram. 

Exampi.E I. A iigid bar AH, 3 ‘ length, moves so that one 

end A is always in OX (Fig. 417), and the other end B is alw.iys in OY, 
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Example 2. Find from Fig^. 418 the average velocity of B for each 
interval of time and draw a velocity-time diagram. 

The average velocity during the third second may be obtained by 
dividing H3' in (ect by 0 5 second. It is preferable to measure 33' and 


Feet 



22' and take the difference as the value of H3'. The average velocity so 
calculated may be taken to be the actual velocity at the middle of the 
interval, and is set oflf as BC in Fig. 419, which is the velocity-time 
diagram. It is best to set out the quantities in a table thus : 


Interval No. 

Ortliii.ite. 

l)isl.»ncp 
in feet 

1 liflference in 
distance, feet 

Average velocity 
^diflTercnce— t sec. 
Feet per sec. 

0 

0 

0 

I -06 

j-o6 

I 

I l' 

I 06 

0-53 

0-53 

2 

22^ 

33' i 

1-59 

0-35 • 


3 

1-94 

0 22 

0-22 



44' 

2-i6 

Oil 

01 I 

5 

55 ' 

2-27 



6 

1 

66' 

2-30 

003 

003 


The Lst column is plotted at the middle ot’the intervals m Fig. 419 ; a 
fair curve through the plotted points gives the required velocity-time 
diagram. 

A useful property of the velocity-time diagram is that its area 
represents, the. distance travelled.' The distance is equal to the 
average velocity multiplied by the time, and the averkge velocity 
evidently will be given to .scale by the average height of the diagram, 






Ki(. 419.— duiKiam fu! iho point B 
in hiK 417, 


while its base represents the time to Scale. The area of the diagram 
is its average height multiplied by its base and therefore represents 
the distance travelled. 'I'o 
obtain the scale : feet per sec 

Let 

I inch of height represent v 
feet per second, 

I inch of length represent / 
seconds. 

'rhen 

I S(}uare inch of area repie- 
sents vt feet. 

Hence, the area of the velo- 
city-time diagram, in s(iuare 
inches, multiplied by vi will give the distance travelled. 

Acceleration. Acceleration means rate of cliange of velocity ; it is 
measured by dividing the change in velocity by the time in which 
the change is effected. 'I'he change in velocity may be citlu'r positive 
or negative, depending on whether the velocity is increasing 01 

diminishing, and the accelera- 
tion will have the same sign. 
If the change in velocity is 
slated in feet per second, and 
il the time in which the change 
takes place is stated in seconds, 
then the units of the accelera- 
tion will be feet per second per 
second. 

Acceleration may be studied 
from llie velocity-time diagram. 
Fig. 420 show's such a diagram 
in which a velocity occurs at the end of a time and a velocity 
v,y at the end of t.,) these velocities are represented by Ali and 
Cl) respectively. 'Fhe change in velocity — an increase in this 
case — is DJL 

('hange in velocity = . 

Time in which^this change is effeoited = - /j ; 



Fig. 420,— Deduction of .'icccler.'itioii from .1 
veljn-ity-tiine di.ij;r.iin. 


Acceleration during the interval AC 


V,, - 


.(i) 


This expression will be strictly correct if the gain in velocity is 

D. M. 2 Ij 



acquired uniformly throughout the interval, in which case BD would 
be straight. If BD fij curved, then the value given by (i) will be the 
average acceleration over the interval. The acceleration at any 
instant may be calculated by diminishing /g - indefinitely, when 

Acceleration = a ^ (2) 


In the interval FH (Fig. 420), the change in velocity is a decrease, 
shown by GL. 


Feet pers9c 
2 


If the acceleration at A is positive, that at F will be 
negative. At M, where the tan- 
gent to the curve is horizontal, 
there is no change in the 
velocity over an indefinitely 
small interval of time, and 
hence there is no acceleration. 

An acceleration-time diagram 
may be deduced from the 
velocity-time diagram by the 
method already applied in 
Example 2, p. 384, for obtain- 
ing a velocity-time diagram from a space-time diagram. The average 
acceleration over any interval is set out as an ordinate at the middle 
of the interval. 



Seconds 


Fig. 421.— Velocity*tiiue diagram for the point H 
in Fig. 417. 


Examim.e. Taking the data of Example i, p. 383, and the velocity- 
time diagram (Hg. 421, redrawn from I'lg. 419) from Example 2, p. 384. 
draw an acceleration-time diagram. 

The tabular foim of calculation may be adopted as follows : 


Interval No. 

Ordinate. 

Velocity, 
feet per sec. 

Change in vcl , 
feet per sec. 

Average aoc eler.ition 
= change in vel — i sec., 
feet jxjr sec. per sec. 

0 

00' 

1-87 

- 1-20 

- 1-20 

I 

I l' 

0-67 

-025 

~°--s , 

2 

22 

042 




33' 


-015 

-0-15 

3 

0-27 

-010 

-O-IO 


4 

44 ' 

0-17 

< 



55 ' 


" 0-09 

-0-09 

5 

o-o8 

-o-o8 

-o-o8 


6 

6 

0 




i 
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The last column is plotted at the middle of the intervals as shown in 
Fig. 422, and a fair curve is drawn through the plotted points, thus 
obtaining the acceleration-time diagram. 



Seconds 


Fig. 422.— Acceleration-time diagram for the point B in Fig. 417. 


If the distance travelled is given by an etiuation connecting s and 
/, the acceleration may be found by two successive differentiations. 
Tims; Iml 

where c is a constant. 'Fhen 

ds 

dv d-s . ^ 


d“S 

The indices in simply indicate that s has been differentiated 
dt ^ ^ ^ 


twice with respect to t (p. 12). 

Equation^ for uniform acceleration. Reference is made to Figs. 
423 and 424, the former showing the velocity-time diagram for a 



body starting from •rest ; Fig. 424 shows the dia^ain if the body starts 
with a given velocity v ^, ; in both ca.ses the acceleration is uniform. , 
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Starting from rest (Fig. 423) : 

Let z/=the velocity in feet per second, 

/=the time in seconds taken to arquiie Z', 
-v = the distance tra\elled, in feet, 
ri--tlie acceleration, feet per sec. j)er yT. 


Hy definition, 

7 ' 

rt = - 1 
/ 



V -at. 

(.) 


- tlie a\erage velocity x / , 



.'. s - J^vt. .. 

(2) 

Or, 

\ =the atea of the diagram 
= / X h'--- / X Tr/ (tiom(i)), 



B Aat’. 

■■ (3) 

Fiom (1), 

i 

a 


Inseiting this 

in (3), ; 

“ (V 2a 



.’. V“ -- 2a8 

(4) 

Stalling with ; 

1 \elocity z\ (Fig. 424) : 


Let 

7 \ and 7 c = the initial and final veloi'ities lespectively 
in leet per second, 


the time in seconds in which 7\ : 
to 7 q, 

-V -=the distance tiavelled, in feeq 

Increases 


a the acceleration, in feet per sec. 

per sec. 

Then 

V., - V, = at 

= the average velocity x / 

/v, + v.A 

• ■■ (s) 


.. »=-( ^ -)t . 

... ((,) 

Or, 

^ = the area of the diagram 
= rectangle OCDA + triangle tDB 
= ?^i/+(/x ^DB). 


Also, 

BD = rt/; 



s = Vjt 4- Jar. 

^ _ ^2 -^1 
n. 


From ( 5 ), 


(7) 
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Inserting this in (6), s T~') 



2<I 


vr-Vj--2a8. ... .(8) 

• * 

T'he case of a body falling under the action of gra\ity is one of 
nearly nniforni acceleration. 'The acceleration would he ([iiitt? 
constant, but for the lesistame olfenal by the atmo.sphcre, and for 
the tact that a body weighs less when at a height above; the surface 
of the earth. 'I'he symbol ,1; is used to denote the ac'caderation of a 
body falling freely, that is, negh'Cting atmospheric re'sistances. d'he 
value of.g varies to a small extent, being about 32-08(8 feet j)er second 
per second at the exjuator and about 32-252 at the poles, d'he value 
32-2 may be taken for all parts of the British Isles. 'I'hc ccjuations 
found above may be modified to suit a body falling freely, by writing 
inste.ad of eg and the height h feet instead of v. 

Composition and resolution of velocities and accelerations. A 
given velocity is a vector quantity and may be represented in the 



same mamier as a forc'e by a straight line having an arrows ])C)int. 
Hence prcjblems involving the rc-.solution or composition of velocities 
may be sv lived in the same way as for forces by the application of the 
triarg'-^ or polygon of veloc'ities. 

Let a })oint A have component velocities and in the plane 
of the paper (Fig. 425). d'he rc-sullant velocity may be found from 
the triangle abc in which ah re[)resents V^, he rejire.sents V.^ and ac 
gives the re^iltant velocfty V vvhic'h should, be shown applied at A. 
A parallelogram of velocities, ABDC, may be used by making AB = Vj 
and AC = V., ; the diagonal AD gives the resultant velocity. 

Rectangular components of a given velocity V (Fig. 426) along two 
axes OX and OY may be calcuVited from 
Va, V cos tt, 
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Example. A bo(ly slides dowt\ an incline of 30° (Fig. 427) with a 
velocity of 10 feet per second. Find the horizontal and vertical com- 
ponents of its velocity. 

Vh = V cos 30“ = 10 X — = 8-66 feet per sec. 

Vi, = Vsin 30°= lox ^ = 5 feet per sec. 

It will be understood that, as acceleration has magnitude, direction 
and sense, this quantity can be represented also by a straight line 

y! 


I 



FtG. 426. — Rectangular components FlG. 427. 

of a velocity. 


having an arrow point. Problems involving the composition and 
resolution of accelerations may be .solved by <fse of the same con- 
structions as for velocities. 


F'XAMPLE. a body slides down an inclined plane with an acceleration 
a feet per second per second (Fig, 428). If the plane makes an angle a 
to the horizontal, find the component accelerations (<-/) noimal to the plane, 
(d) vertical. 



Make OA to represent a (o scale and draw the 
parallelogram of accelciations OBAC, OP being 
normal to the plane and OC being vertical. The 
angle OBA will be equal to a. Hence, , 

OB 

and N ormal acceleration = (fn = cot a. 


Also, PYa ~ ^9scc a, 


Fig. 438. 


and V ertical acceleration =av=a cosec a. 


The relation of an and av is given by 


(hi^ 

av 



an ~av cos a, 

Angnlax velocity. When a body fs rotating about a fixed axis, 
the radius of any point in the body turns through a definite angle 
in unit time. The term angular velocity is given to the rate of 
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describing angles, and may be measured in revolutions per minute 
or per second, or, more conveniently for the purposes of calculation, 
in radians per second ; the symbol w is taken usually to denote the 
latter. • 

Since there are 27r radians in a com()lete revolution, the connection 
bet\^€n (0 and N, the revolutions per minute, will be 
N :rN 

0) - - - radians per second. 

6o 30 

Het a line OA (Fig. 429) have unifoim sjiecd of rot.ilion in the 
plane of the paper about O as centre. 'The point A will have a 
uniform linear velocity v feet per second in 
the circumference of a circle ; let r be the 
radius of the circle in feet. It is evident 
that the length of the arc de.scribed by A 
in one second will be feet, and the angle 

subtended by this arc will be radians. OA 
r 

turns through this angle in one second, hcnc'c 
its angular velocity is 

y Ki(. 429. — KfJ.ition of .inyulat 

w ^ radians per second 

It will he notK'ed that the linear veloc ities of other p(;ints in the 
line OA will be proportional to their radii, hence such velocities will 
be unequal. The same numerical result w’ill be obtained for the 
angular velocity by dividing the linear velocity of any point by its 
radius. It is obvious that, under given conditions of speed of 
rotation, ah radii of a body turn through equal angles [)er second, 
hence only one numerical result is possible for the angular velocity. 

Equations of angular motion. In uniform angular velocity ccpial 
angles arc described in equal intervals of time. The total angle a 
described by a rotating line in a time t seconds will be, if the angular 
velocity <0 i, umfofm, , = . 



If the angular velocity vaiie.s, the body is said to have angular 
acceleration.* Angular ad'eleration is measuj^ed in ladians [y'r second 
per second and is waitten Q. Suppose a line to start from rest with 
a uniform angular acceleration d, its angular velocity at the end of i 


seconds will be 


« = 0t, radians per second ( i ) 


The average angular velocity will be iw, hence tlx) total angle 


described will be • 


a = ^<wt. 
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Substituting for w from (i) gives 

Again, from (i), 

Substituting this value in (3), we obtain 


•( 3 ) 




(0^ 

"¥ 


w--2ea (4) 

It will be observed that the above results are similar to those given 
on p. 388 for rectilinear motion with the substitution of o for 7 \ and 
0 for a. Making these substitutions, we may obtain the cui responding 
equations for angular motion when the body has an initial angular 

( 5 ) 


a= t. 


( 6 ) 


a - Wjt + ^6t-. 


(7) 

<tf,"-wp = 20a . .(S) 

The relation between the linear acceleration of a point in a revolving 
line and the angular acceleration of the line will be given by 

radians per sec. per sec,, (9) 

where a - linear acceleration of A (Fig, 429) in feet per sec. per sec., 
r = radius of A in feet. 

Defining the angular velocity of a rotating line as its rate of 
describing angles, and its angular acceleration as the rate of change 
of angular velocity, sup[)ose a line to describe a small angle 5 a m 
an interval of time 5 /. The average angular velocity during the 


interval will be 


8a 

^8/’ 


If 8tt be taken indefinitely small and written da^ the time di in 
which it is traversed will be our conception of an instant, and the 
angular velocity at this instant will be 

da , 

'“=dt 

If the angular velocity alters by a small amount 8(i> during an 
interval of time 8/, then 

8 w 


Averag: angular acceleration ^ = 


8 / 
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If these be reduced indefinitely, the result will give the angular 
acceleration at the instant considered, viz., 

^ doi d~(i j . 

‘ 

The results (lo) and (ri) are suitable for application of the rules 
of the*JilTerential calculus (p. 9). 


Example i. An engine starts from rest and acquires a s})eccl of 
300 revolutions per minute m 40 seconds from the stait. What has been 
Its angular acceleration ? 

xoo 

(0^ . • 2TT^ lOTT 

60 


= 31-41 radians per sec. 


e- 


(0 

t 


3L-4>. 

40 


0-785 radian per sec. per sec. 


Example 2. The driving wheel of a locomotive is 6 feet in diameter. 
Assuming no slipping between the wheel and the rail, uhat is the angul.ir 
velocity of the wheel when the engine is running at 60 miles per hour. 

-17 1 r 5280 X 60 ^ ^ 

Velocity of engine = ^^ . - = 88 feet per sec. 

00 X 00 


As the distance travelled in one second is 88 feet, v\c may find the 
revolutions per second of the wheel by imagining 88 feel of rail to be 
wrapped round the circumference of the wheel. 

88 

Number of turns = ; 

Ttd 


l<4^volutions per sec. 


88x7 
22 x6 


= 4-67. 


(I) = 4-67 X 27r 
= 29-33 radians [ler sec. 


O^flie following method may be used. Referring to Fig. 430, if there 
is no slipping, the p»int A on the rim of the wheel is in contact with the 
rail for an instant and is therelbre at rest, ftence the whole wheel is 
rotating about A for an instant. The angular velocity will therefore be 


given by 


velocity of O 
OA 


88 

3 


- 29-33 radians per sec. 


Example^ 3. Using the data oT Example 2 and referring to Fig. 431, 
find the velocities oS the points on the rim of the ^heel marked H, C and 
D, supposing no slipping. 
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In Jinsvvering this, it will be assumed that the whole wheel is rotating 
about A for an instant, and that the velocity of any point is proportional 



Kig. 410.— Angular velocuy Fio 431. - Velocities of points ni 

of a rolling wheel. a rolling wheel 

to the radius of that point from A as centre and has a direction perpen- 
dicular to th.it radius. 

The angular velocities of AB, AC and Al) are equal and are given by 
the angular velocity of OA m Fig. 430, viz. 

(0 — 29-33 radians per sec. 

Also, 7/ = (,>R ; 

. 7 /h-- 29-33 X Ali 

-29 33X3v^2 

^ 124-4 ^^ect per sec. 

7 A 29-33 X AC 

-29-33x6 

~ 

79) = 29-33 X AD 

= 29-33X3v'2 

= 124-4 feet per sec. ^ . 

Angular velocity and acceleration diagrams. Diagrams showing 
the angle traversed, the angular velocity, and the angular acceleration, 
all three on bases representing time may be drawn by the .same n>wdiods 
as have been explained on pp. 381-387 for linear velocities, etc. 
The angle traversed is ‘treated in the same manner as the distance 
travelled and an angle-time diagram is drawn. The angular-velocity 
diagram »:s then deducet} from the angle-tinfe diagram asd an angular- 
velocity-time diagram is drawn. The angular-acceleration-time 
diagram may then be deduced from the angular-velocity-time diagram. 

Velocity changed in direction. Hitherto the acceleration due to 
changes in the magnitude of a body’s velocity alone have been con- 
sidered. There may^be also changes effected in ^he dire*ction of the 
velocity, and such will give rise to accelerations. 
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Let a point move along a straight line AR (Fig. 4^2 (a)) with a 
velocity z\\ on reaching the point B, let the point move along BO 
with a veUx’ity 'To determine the ( hange in \elocity which has 
taken place at B, the following method may he lls^d. Stop the 
point on reaching B hy applying a velocity ecpial and opposite to 7', ; 
this is j-i#presented by I)B in the figure. T'he poiiU now being at 
rest can be dispatched along any line with any \elocity : to (aunply 
with the given conditions, give it a velocity 7% in the line BC\ repre- 
senteci by I'iB in the figure. 'I'he total (hange in \elo(it)’ has com- 
ponents represented by DB and IvB ; heiu e the parallelogram BDFIv 
gives FB -^ 7 'o as the resultant or total < hange in velocity. 



Fi(.. 432 - VOoLily iM dircoion. 


A convenient construction is shown in Fig. 432 {/>). 'fake any point 
(), and dmw ()A and ()(i to represent completely 7 \ and 71, res[)ec- 
tively. 'J'hen the change in velocity will be A(.i --- 7 v. d'he sense of 
the change in velocity may be found liom the rule that it is directed 
from the (aid A of tlie initial velocity tozvarih the end (' of the final 
velocity (Fig. 432 {h)). 

For reasons that will be apparent later, it is not possible to make a 
body take a-sudden change in vehx'ity ; the transition from AB to 
B(] in Fig. 432(^7) will take place along .some curve, such .its CiHK. 
This makes no difference in the construction for finding the total 
change 'n velocity. .Suppose that the body take.s / .seconds to pass 
from U to K along the curve, then this gives the time taken to effect 
the total clmnge in Velocity 7 V. Hence, 

Resultant acceleration 

and has the sjime direction and sense as 7 'c- > ' 

Motion in a circle. A small body moving in the circumference of 
a circle with uniform velocity v is ccmtinually changing the direction 
of its velocity. At any point of the circumference the direction of 
the velocity will be along the tangent ; at B, (Fig. 433 (a))^the velocity 
will be 7 \ = 7 \ and ^t P2 velocity will be 7 h = v. To obtain the 
change in velocity between Pj and IT, draw the tiiangle OAB 
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(Fig. 433 (/})), AB = Vc will be the change in velocity, and is shown in 
Fig. 433 (rt) passing through the point C where and intersect. It is 



Fig. 433. — Motion in .1 circular path. 


.K 


evident that if fv be produced it will [)ass through 0,, the centre of 
the circle, and this will be the case no matter what may be the 
positions chosen for I\ and P.^. d'he acceleration due to z'c will also 

pass through Oj. The follow 
ing method may be used to 
obtain the acceleration. 

Referring to Fig. 434, in 
whit'h a point P is moving in 
the circumference of a circle of 
radius R with uniform velocity 
V. At Pj the velocity is 
along the tangent, and its hori- 
zontal and vertical components 
will be sin a^‘^and r, cosa, 
resi)ectively, where rij is the 
angle 01 \ makes with the hori- 
zontal diameter AB. Si"iilarly 
at P.,, the, components will be 
As = v.y ~ V, we have 
-V sin - ^isin 
= (sinV, - sin ttj) f 
^P.,M> 



Fkj. 434. — Acceleiation of .a point moving i 
cirtuinfcrcnce of .i circle. 


^2 sin a, and v., cos a, respectively. 
Change in horizontal velocity 


/1W_>_P,M^\ 
\ 6 l\ OP, / 


(P.,M.,-PiMi) 




•(■) 
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Again, the time, /, taken to pass from Pj to P., will be the time in 
which this change in velocity has been effected, and may be cal- 


culated from 




Hence, Horizontal acceleration of P 

t 

P.,K 


(^) 


•(3) 


■r ‘ iViv ■■ 

If and a., are very neatly cMpial, the angle PjOP., will be very 
small and the aic P,P_, will be a straight line piactically. 'I'he angle 
PjPoK will be e(|iial to Wj. Hence, 

P.K 

P, P^ • 

hoM/ontal acceleration ot P- cos 

This acceleration will be diiec'ted alwa\s towards the vertical 
diameter NS, as the sign of the acceleiation will lie the same as that 
of cos a. 

Let P be at A. '1 hen a --o, cos a - i, and the a('( t kaation will be 

(5) 

and w'ill be diiected along AO. As any tele itaice diametei might 
ha\e been taken instead o( AB, it follows that for any position ot P, 
the acceleration towards the centre of the circ le will be given by ( 5 ). 
T'he result will be in feet [ler second per seccaid il 
?'--~ the velocity in feet per second, 

R = the radius of the circle in feet. 

'I’he acceleration may be stated in terms of the angular velocity by 
writing' 


From (5), 


R’ 

■ r" 




0>2R. 


.( 6 ) 


Example i. A motor car is travelling at 20 miles per hour round a 
curve of 600 feet radius. What is the acceleration towards the centre of 

the circle? o 00 

5280x^0 88^ 

V > — ==— feet per second, 

DO X 60 3" ^ 


,2/2 88 X 88 


R 3^3^^' 


- — I 434 feet per sec. per sec. 
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Example 2. What is the acceleration, towards the centre, of a point 
on the rim of a wheel 4 feet diameter and running at 300 revolutions per 

minute ? ^ _ 3^0^^ x 27r = iott radians per second, 

a = w^R = 100 X ^ X Y X 2 


= 1975 feet per sec. per sec. 


Simple harmonic motion. In Fig. 435, the point P travels in the 
circumference of the circle ANBS with uniform velocity 7 k Drawing 
PM perpendicular to the diameter AB, it will be noticed that M, the 
projection of P on AB, will vibrate in AB as P rotates. The velocity 
and acceleration of M at any instant will be the horizontal com- 
ponents of the velocity and acceleration of P, viz. 


V = z/sina =a)Rsina, (i) 

a = cos a = w- R cos a, (2) 

where R is the radius of the circle. 

The vibratory motion of M is called simple harmonic motion. One 
of its properties is that the acceleration is directed always towards 

the middle point O of the vibration. Again, since cosa-=^^, and 


is therefore proportional to OM, the acceleration is proportional to 



Fig. 435 —The motion of M is 
simple harmonic. 



OM, the distance of M at any instant from the middle of the 
vibration. When M is at A, the acceleration is proportional to OA 
and is positive, />. directed towards the left; when M is at B, the 
acceleration has the same value, but is directed towards the right and 
is negative, M has no acceleration when at 0 . An acceleration 
diagram may be drawn by erecting ordinates A A' and BB', each 
equal to R, on the diameter AB and joining A'B' (Fig. 436). Any 
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ordinate MC will then give the acceleration for t})p positjon M. The 
scale of this diagram is obtained from the consideration that when P 
is at A (Fig, 435), cosa=-i and ; hence the scale is such 

th»l AA' = As the diagram has been drawn on a distance, not 
a time, base, it may be called a distance-acceleration diagram. 

The velocity of M at any instant is proportional to sin a. Now 

PM . . . * 

sfna = -^ - (Fig. 435), and is therefore proportional to PM; hence 

the velocity is proportional to PM. When M is at A the velocity 
is zero, and has also zero value at R. Maximum velocity is attained 
at O, when V -v. T'he circle in Fig. 435 is a velocity diagram on a 
distance base AB, as any ordinate PM will give the velocity of M at 
the instant considered, the .scale being .such that ON represents v. 
V is positive, i.e. towards the left, if PM is above AB, and negative 
if PM is below AB. 

Velocity-time and acceleration-time diagrams may be drawn by 
noting that, as the velocity of P in Fig. 435 is uniform, e(jual angles 
will be dc.scribed \v/ 01* in e(jiial times. Divide the circle into 
twelve equal angles of 30" each, and calculate V-=7'.sina, and also 

Z>“ 

rt = ^cosa for each position of P. Set off a base of angles from 
0“ to 360“ (Fig. 437), and erect ordinates ha\ing the calculated values 



Fig. 437.-»Velocity-tinie and acceleration-time diagmiifs for simple harmonic motion, , 

V and a. The base represents angles or time to different scales ; the 
scale of time is such that the totaf length of the base line represents 
the time of one revolution of 0? in Fig. 435. 

Fig. 399*(p. 371) -hows a well-known mechnnism, used in pumps, 
which realises simple harmonic motion. The slotted bar has a 
sliding block, in whi(*h is bored a hole to receive the crank pin. 
The vertical comoonents of the velocitv and acceleration of the crank 
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pin are thus eliminated, and the horizontal components alone are 
communicated to the piston rods. 

The time of a complete vibration in simple harmonic motion from 
A to B and back again (Fig. 435) may be estimated from the hct 
that it will be equal to that of a complete revolution of P. 

Let 'r-=the time of one vibration in seconds. 

• - the velocity of P, in feet per second. 

R = the radius of the circle = the amplitude of the 

vibration, in feet. 

Then e^T= 27 rR, 


T= 27 r 


R 

V 


~ 21T 


R 

ojR 


27r 

(U 


•••• (3) 
• • (4) 


where w is the angular velocity of OP in raduins per second. 


Exxmplk. a point IS desciibing simple haimonic vibrations in a line 
4 feet long. Its velocity at the instant of passing through the (cntre of 
the line is 12 feet per second. W’hat is the time of a complete vibration.^ 

^ 27rR 


wheie R is 2 feet and is 12 feet per second. Hence, 

2 X 22 X 2 
7x12 

^ 105 seconds. 

Change in angular velocity. A given angular velocity may be 
represented by means of a vector in the following manner. In 
I' ig- 438 is shown a wheel rotating about an axis OA with an 
angular velocity w. A person situated on the right-hand side sees 
the wheel rotating in the clockwise direction, and may represent 
the angular velocity by drawing a line OA perpendicular to the 
.plane of rotation of the wheel and on the same side of this plane 
as the person is situated. OA is made, to scale, of length to 
represent w. A person situated on the left-hand side will see the 
wheel rotating in the anti-clockwise direction, and may represent 
the angular velocity by means of a perpendicular to the plane of 
rotation drawn on the opposite side of this phne. Bofh observers 
vfiW thus agree in erecting the perpendicular on the same side of the 
plane of rotation. The perpendicular represents the magnitude and 
direction of rotation of an angular velocity in a plane perpendicular to 
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the line, and will thus obey the same laws as a vector. 'I'wo or more 
component angular velocities represented m this way may be dealt 
with and their resultant found by means of a triangle or polygon of 
velocities. 

In Fig. 438 the wheel is revolving in a \ertieal plane; at 
the same time its axis is revolving in a horizontal jilane as indicated 
by the arrows at the ends ol the axis. A plan of the wheel is given 
in Fig. 438 (/^); O.V represents the angular vchx ity ol the wheel at 
one* instant, and OA' represents its angular veloeil) after a short 
interval of time during which the wheel has tinned horizontally into 
the [)osition indicated by dotted lines. Since OA and OA' represiaU 
the initial and final angular vehxaties n'spectively, it follows, by the 
same veasoning as for linear vcNxity (p. 395), that the ( hange in 



angular velocity is rejtresented by AA . T’he actual change in angular 
velocity takes place in a plane perpendicular to AA', i.e. a vertical 
plane in the given case, and is anti-clockwise to an observer situated 
at*c 5 . 

It may be of airastance to the student to consider the problem from 
the point of view of linear velocities. In big. 439 («) is given a plan 
of the wheel. OA represents the initial velocity of a point on the 
top of the ftneel ; O.A' represents the final •velocity of tflb point on 
the top of the wheel; A A' represents the change in velocity of 
this point. In the same way IIB' rej)resents the change in linear 
velocity of a point at the bottom of the wheel. Fig. 439 (If) shows 
these changes in linear velocity ift their proper {)ositiw>ns, and indicates 
that a change in aggular velocity is taking pkxce in a vertical plane 
containing the axis of the wheel. 

D.M. 2C 
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In Fig. 440 OA represents <>*, the angular velocity of the wheel. It 
will l)c evident that the successive additions of small changes *in 
angular velocity such as that rej)resented by A.\' will cause A to 
describe a (omj)lete circle, d’he total change 
in angular velocity during one rotation of the 
wheel axi-^ in the horizontal plane will be the 
circumference of the circle, and will be gi\en by 
(diange in angular velocity = 2Tro). 

If this result be divided by the time taken by 
A in describing the complete cirt le, i c. the time 
in whi('h the wheel axis makes one complete 
rotation in the horizontal jilane, the result will 
give the angular ae'celeration. It is evident that the angular accelera- 
tion will take jilace in the same plane as that in which the ( hange in 
angular veloc ity oex'urs, viz. a veitu al plane containing the wheel axis. 

Relative velocity. The relative velocity of two bodies may be defined as 
the velocity which an obeerver situated on one of them would perceive in the 
other. An observer in one of two trains, moving side by side with 
equal velocities of the same .sense, would perceive no velo('it) in the 
other and would therefore .say that the relative vekx'ity is zero. If 
the train carrying the observer has a viOocity of 30 miles per hour, 
and the otliei, one of 35 miles per hour, he will see the other train 
moving [last him at a rale of 5 miles j)er hour, which velocity he 

A 


0 


10 A. 

would call the relative velocity of the train^-' Had the train.s been 
moving in bppo.site diiectlbn.s, the relative velocity would De 65 miles 
per hour. A .stream of water moving at 8 feet per second reaching a 
water wheel, the buckets of which arc moving away from the stream 
at 6 feet per second, will enter the buckets with a relative velocity of 
2 feet per second. 

If two bodies A and B have velocities as shown at and Vg 
(Fig. 441 (a)), their relative velocity may be obtained in the following 





Fig, ^40,— Pl.in of the wherl 
.^hown iti r ij;. 4 jS 
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manner. Stop A by giving both A and H a velocity \\ e(|ual and 
opposite to that originally posbcssed by A ; this artiljce will not alter 
their relative velocities. R has now com|X)nent velocities Vj, and 
Va, the resultant of which is V^. As A is at rest, the velocity of B 
relative to A will be V^. 

InHMg. 442, H has lx;en brought to rest by giving both A and B a 
velocity Vy ecjual and op{)osite to that originally jxi.ssessed by B. 
'J'he resultant velocity of A will now 
l>e Vn, and, as H is at lest, this will be / / '' 

the \clo('iiy ol A relative to B. / \ \ 

It will b(' ( lear that V,. in Fig. 441 (a) / ^ 

is e([ual and o[>posile to\’K m Fig 442, V T ^ '\B 

showing thiit the vi'locit) of B relative yV / z ' \v 
to A is eipial and opposite to the \ 

velocity of .\ relative to B. 

h iG. 44a —\ cliKiiy of .\ relative lo 11. 

A convenient constiuction is given 
in Fig. 441 (/') f rom any point O (haw ()A and OB to repre.scnt 
respe(- lively \\ and X'u, both being pLued so that the senses are 
away from (). 'I'lien AB represents the relative velocity of sense 
from A towards B if the velocity of B lelative to A is re(|uired, 
and of opposite sense il the velocity of A relative to B is retjuired. 


K.XKKClSK.S OX (TIAF'IKK X\'l. 

1 . In a riank and connct ting-iod meehanism, the < lank is i foot and 
the connct ting rod is 4 feet in length. 1 he line of stroke of the cross- 
head pin \ '^ses through the a\is of the crank shaft. Find, by di awing, 
the distant es of the crosshtMtl fiom the beginning of the stioke for ciank 
inter\als of 30’ throughout the 1 evolution. Idot a tlistancc-timc diagram. 

2 . Use the data obtained in the solution of Question i, and calculate 
th»<:nean velocity t)f the t rosshead for each interval. 'J'he crank rotates 

unifotml) at 180 icvolutions per minute Diaw a velocity-time diagram. 

• 

3 . Using the results of Question 2, calciflatc the mean acceleration 
for each interval. Plot an act eleiation-time diagram. 

4 . Answ|“r Questions* i, 2 and 3 for the, case in vvhich^he line of 
stroke of the crosshcad passes the axis of the crank shaft at a distance of 
6 inches. 

5 . The distance ])etween two stations is i-6 miles. A locomotive, 
starting from one station, gives the tram an acceleration of 25 miles per 
hour in o-5/ninutc until tlie speed leaches 30 miles per hour*. This speed 
IS maintained until brakes are applied and the tram is brought to rest at 
the secontl station Tinder a negative accelerati?)n of 3 feet per second 
per second. Find the Jlimc taken to perform the journey. 
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6 . The distance travelled by a body is j^iven in feet by the cqiialKin 
= 0-02/^ + 3, / l>eini^ the time in seconds from the start. Find the 

distance travelled, the velocity and the acceleration at the end of 
4 seconds, stariinij from rest. 

7 . A body, falling fieely under the action of gra\ity, passes two 
points 30 feet ap.irt vertitally in o-2 second. Fiom wliat lieight above 
the higher point did it start to fall? 

8 . A body is tin own upwards from the Axit of a cliff 40 feet high and 
reaches a lieight of 12 feet above the cliff. It finally aliglits on the chtf 
top. Find the total time of the flight and the initial velocity. 

9 . A body slides down a plane irn lined at 10 degrees to the hori/ontal 
under the :u lion of gravity. Wlnit is the accelciation in the diie< tion of 
the motion, neglecting frictional effects? Suppose the hod) to stall fiom 
rest, what will be the velocity aftei it has travelled 12 feel ^ 

10. A boat IS steered across a iivei 100 \aids wide in such a way that, 
if theie were no curient, its line of motion would bc‘ at (^c^i clegiees to the 
banks. Actually it le.uhes a point 40 yaicls fuithei down stieain, and 
t<ikes 3 minutes to cross. What is the speed of the cuiient? 

11 . A j)istol tires a bullet with a velocity of icxx) leel j)cr second. 
Suppose It to be fiied by a person in a ti.iin tiavellmg .it (xd miles pci 
hour, (a) foiward in the line of the motion of the ti.im, (^} b.ukwaicl 
along the same line, (<) m .1 line parallel to the jiailitions ol the c'om- 
partments, and calculate m e.ich c.asc the rcsult.int velcxily of the bullet. 

12. A wheel slows from 120 to 1 10 revolutions pci minute. What has 
been the change in angular velocity m ladians per second^ If the 
change took jiku c m 2 minutes, find the angul.ii .i< celeiaticm 

13 . A ^'heel starts fiom rest and .accjuiies a speed of 150 icvolutions 
per minute in 30 seconds Find the .angular .ac c eleiation and the t evolu- 
tions made by the wheel while getting up speed. 

14 . Starting from rest, a wheel 2 feet m di.iineter lolls without 
slipping thiough a distanc e of 40 yards in 8 seconds. Find ‘he angul.ir 
acceleration and the angular velocity at the end of the given tunc. Flot 
an angular velocity-time di.igiam. 

15 . Water tiavels along a hoii7ontal pi])e with a unifoim speed of 
4 feet per second 'I'he pipe changes diieciion to tiie extent of 30 dcgi'^^s. 
Find the change in the velocity of the walei. 

ir 

16 . A wheel 12 inches yn diameter levc'ilvcs 18,000 times pei minute. 
Find the central acceleration of a point cm the nm. 

17 . Calculate the cenlial acccleiation of a tiain running at 50 miles 

per hour ibund a curve having .1 i.idius of o 75 mile. ^ 

18 . A point describes simple haimonic vibrations m ;i line 2 feet long. 
The time of one complete vibration is o 3 second. Find the maximum 
velocity. 

19 . A wh^el revolves in a vertical 'plane 300 times per minute. 'I'he 
plane keeps vertical, but rotates through an angle of go°. Find the c hange 
in angular velcx:ity, and Show it in a chagram. If life c hange tcxik place 
in 2*5 seconds, find the angular acceleration. 
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20 . A carii.-i^e wheel ls 4 feet in (li.iinetei and is tiaxellin^ ;it 6 miles 
per hour. W hat is the \el(M ity of.i point .at the top of the wheel telatuc 
to (ii) a jx^tson seated in the (.iin.ii.;e, (fi) a prison standing on the ground. 
Answer the sane re^aidinK a jioint at the bottom of the wheel. 

21 . A railway line A crosses .uunhei H bv means of a *!ii idgc, the 

, anisic of intersection, as seen m jhe pl.in, beiiij.; 30 liegrees. A tiain 
on IS approaching the point of intciseition wuh a \elocit\ of 40 

miles per lioiir and anotlier ti.iin on H is tc<edmp fiom the intersection, 
on the s.ime side of it, with .1 \clocity of 20 miles per hour. Find the 
rclatiNC \elotity of the trams. 

.V partale mo\es with simple haimonu motion, show that its 
time of complete osiill.ition is independent of the .»m|)litiulc of Us motion. 
'I'hc ainjililude of the motion is 5 feet .ind the (ompletc time of osnll.Uion 
IS 4 seconds ; hnd the iimeociupied by the p.iilicle m passinj,’ between 
points whi< h aio distant 4 feet .iiul 2 feet fiom the ccntie of foH.e .md .aie 
on the sanu' side of it. (F Ih) 

23 . At midnight a \essei A was jo miles diK' N of .i \essel H ; A 
sle.imed 20 miles pei houi on .1 S \V. <ouise .md H 12 miles per hoiii 
due Wh riiey (.m c\( han^c sij^n.ils when 10 miles .ij)ait. When c.’in 
they be^in to signal, and liow long can they continue.^ (l.C.E.) 



CHAPTER XVII. 


INERTIA. 

Inertia, inertia is that pro{)erty of matter by virtue of which a 
body tends to preserve its state of rest or of uniform velocity in a 
straight line, and offers resistance to any change being made in tlie 
velocity jx^ssessed by it at any instant, whether the chang('. be one of 
magnitude or of direction of velocity. IlciH'e, in order to effca t any 
such change, it will be ncx es.sary to employ force to overcome the 
inertia of the body. 'I’liere will be no resultant force acting on any 
body which is travelling witli uniform \elo<'ity in a straight line; in 
such a case the external forces, if any, applied to the body are in 
eiiuilibrium. The existence of acceleration in a body implies the 
presence of a resultant external force, and this fuice must be applied 
in the line of, and must have the same sense as the proposed 
acceleration, 

'rhe estimation of the magnitude of the fon'e required to produce 
a given acceleration may be obtained from an experimental law. All 
bodies at the same place fall freely with the same acceleration .g. 
Now their weights are proportional to their masses, ai.'d as these 
weights are the resultant forces producing acc'eieration, it follows that 
the force reipiired to jiroduce a given acceleration is' proportional to 
the mass of the body. It may also be show'ii by experiment that A^e 
force required to produce acceleration in a body of given mass is 
proportional to the acceWration. Heine, we ha\e the law that the 
force recjuired is pro[)ortional jointly to the body’s mass and accelera- 
tion, and conseciuently will be measured ’by the product of the 
mass and the acceleration! 

From the case of a body falling freely we know' that a force of i lb. 
weight acting on a mass of i pound gives an acceleration of feet ^ 
per second per second. It follow.s^ that the algebraic statement of 
the above law will be 
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where m = the mass of the body in |K)imds, 

/7 = its acceleration in feet per .se<'. per sec. 

'I'he result of the calculation by use of etpiation (i) \m 11 vary to a 
small extent depending on the \alue of at the particular place An 
absolute unit of force may be employed wliu'h does not vary, and is 
defkied as the force recjuired to give unit acceleration to a l>ody 
having unit mass. 'I'he llritish absolute unit of force* is the poundal, 
and is the force that would give* an acoeler.ition of one loot j)er 
second per second to a body frc'e to move* and having a mass of one 
pound The metric absolute unit is the dyne ; a force of one dyni' 
acting on a body free to move and of mass one gram would j)roduce 
an ac celeration of one c'entimetic* per second per second. Tsing 
these* units, eejuation (i) bc*c'omes 

F ma, in absoluU* units, . {2) 

the result be, mg in pound. ds, or dyiK*s, lespec'tively il 

w the m.tss ot the body in pounds, or grams, 

^7-=its ai'celeration in feet, or cenlimeiit's per sec*, per sec. 

'The weight of a body expressed in absolute units will be given by 
W mg (3) 

Also, a forc'e stated in pounclals or dvnes may lie conveitc'd into 
lb. weight or grams weight by dividing by the jiropei value of 
whieh may be taken as 32-2 feet pc*r sec:ond pc*r second in the 
British system, or as c;8f c:entimc;tre^ per second per sccajnd in the 
metric s)stem, for all parts ol the British Isles. 

In Using the above ecpiaticms, it must be understood clearly that 
each side of the eciuation rcprc.sents a force, ihe lc‘lt hand side 
represents the resultant iorce a|)pliecl to the body from the outside; 
the right-hand side represents the force clue to the collective resist- 
ance of all the particles of the body to any c h.inge being made in 
Tne velocity. The whole ccjuation expresses the ecpialily of the.se 
forces, i'he student would do well to rec:all ag.un the fact that a 
force cannot act alone , there must alway? be an ecpial ojiposite force, 
and if the latter is ncjt wholly supplied by some resistance given by 
an outsid« agency sucti as friction, etc , it must be siiji^^lied in ])art 
by the inertia of the body. Ivcjuahly of the forcc*s is an invariable 
law. 

Ex.vmI’LK I. A tram has a mass of 200 tons. If fn< tional resistances 
amount to 12 11). weight per ton, what steady pull wuisUthc locomotive 
exert in order to increase the speed on a le\(J road from 20 to 40 miles 
per hour, the change to take place in minutes.^ 
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T^pull required, in lb. weight units. 

F = total frictional resistance, Ib. weight. 

P = resultant force producing acceleration, lb. 
weight. 


- 2400 lb. weight. 


Initial velocity -= 


20 X 5280 88 


feet per sec. 


feet per sec. 


Final velocity^ 


foot per sec. per sec. 

270 

Substituting these v.iliics in (i) gives 

... 200 X 2240 X 88 

I - 2400— - — - 

32-2 X 270 

'r-4535 + 2400 

-• 6935 lb. weight. 

Example 2. 'I'hc mass of a tram is 250 tons and frictional resistances 
<imoiint to 1 1 lb. weight per ton. T he speed 
on reaching the top of an incline of i in 80 
IS 30 miles per hour, and the train runs 
down with ste<im shut oft* If tKe incline is 

-<e=~ ^ V is 0-5 mile long, what will be the speed at 

the bottom ? 

Referring to Fig. 443, the weight of the 
' '■ train, W, may be resolved into two foices T 

and R respectively, parallel and perpendicular to the incline.^ Let a be 
the angle made by the incline with the horizontal. Then 
'r ^ W sin a = W tan a, very neai ly, 

^ 250 X 2240 X , .v 

“ 7000 lb. weight. 

Also, Fi iction = F 250 x 1 1 = 2750 lb. w eight. 

r = T-F 

= 7000-2750=^425011} weight. 


Again, Initial 


[^^^4250x32-2 
m 250x2240 
0 244 foot per sec. per sec. 
30x5280 


= 44 feet per sec. 



And 


KINETIC ENERGY 


4fK) 


vr ~ 7 >;-^ 2 as (p. 389) ; 
TV -(44x44) -2X0.244 x 5 


^280 


7 '/ - I 290 + 1 936 - 3226, 

7 ' 56-8 feet per sec 

• — 3^'^ miles per hour. 

Kinetic energy. In hig. 444 is .shown a body of mass m ])oiind5 
Jil^lc to nio\e freely. Eet the body be at rest at ..\ .ind li“t a lorc'C 
V lb. -weight be applied, in e()nse(juen<'e of whu'h the body moves 
with continually increasing velocity to li, a horizontal distance of 
s feet. Work will be done by P 

against the resistance due to the r S : • 

inertia of the body. Pi 1 n 1 ?. -j 

Work done by P-^ IV foot-lb. ■*- ■>' 

As there has been no external <44 -Kir.rt.r mrrKy of.i i„x!y 

resistances of any kind, it follows that the whole of the work done 
by P will be stored in the body at P in the form of kinctK' energy. 
Let f; feet per second be the velocity at P, and let a be the accelera- 
tion in feet per second per second. 


d'hen 


P = 11 ). weight. 


Also, 


Hence, ^^’ork done by P--^ 


feet (p. 388). 


la 


or, 


mv 

Kiietic energry of body = — foot-lb. 

2 g 


(0 

Note that the velocity is .scpiared in this result, henc e its sign, 
positive or negative, is immaterial. T he interpretation of this is that 
Lfiielic energy is not a directed, or vector, cjuantity, and a body 
moving in any •direction will have kinetic energy which may be 
calculated by use of the expi*ession found above. 1 he kinetic' energy 
may be expres.sed in absolute units by omitting 

• • ** 

Kinetic energy = ^ foot-poundale (2) 

Exampi.k I. A railway truck of mass 20 tons moving at 6 feet per 

second comes into collision with ^buffer stops and is broui^ht to rest in a 

distance c/ 9 inches. What ha*s been the average* reststance of the 


buflfers ; 


nrJ ^ 20 X 6 X 6 • 


Kinetic energy = -— = — 

2^" 64-4 


— n*i8 foot-tons. 
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Let P = the avcra;l,^e resistance in tons weight. 

Then, Work done against P=Px ^ foot-tons. 

12 

Hence, Px^ = iii8, 

’ 12 ’ 

M i8 X 12 

= f4-9 tons weight. 

Average forces calculated in this manner are described sometimes as 

space-average forces. 

Example 2. A vessel of mass 10,000 tons and having a speed of 
30 feet per second is slowed to 10 feet per second m travelling a distance 
of 3000 feet. C.ilculate the average resistance to the motion. 

Here vve have 

Change in kinetic energy - 



10,000 . 

-- (>po-iTO) 

124,100 foot-tons. 

Let P = thc average resist.mce m tons weight. 

Then, Woik done against P- P x 3000 foot-tons. 

Hence, * 3000 P- 124, 100, 

P = 4i‘37 tons weight. 

Momentum, d’he momentum of a body in motion is measured by 
the product of its mass and velocity. 'Idle units will be?* .stated by 
giving the units of mass and velocity employed . thus, if the pound 
and the foot-second units are employed, then 

Momentum - mv pound-foot-seconds. 

Sujipose a body of mass m j)oiinds, free to move, to be acted on 
by a force P lb. weight didng a time t ijeconds, and that the body is 
at rest at first. .\n acceleration a feet per second per second will be 

produced, Auch that , ,, 

A = ib. w'eight L. ..(i) 

Since P acts for a time t seconds, the velocity of the body at the end 
of this time wall be 

^ at feet per second (p. 388) ; 

V 

a = - leet per second per second 
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And from (i), by substitution, 

mv 

P = -^r lb. weight (2) 

gt ' 

• ^ 

Now mv is the momentum possessed by the b(Hiy at the end of 
the dme / seconds, consequently ^ will be the momentum it ncipiires 

each second, i.e. the rate of change of momentum. Hence, the 

force in lb. weight generating momentum will be numerically equal to the 
rate of change of momentum in pound-foot-iecond unite divided by g. 

Or, we may write poundala (3) 

showing that the force in absolute units is eciiial to the rate of change 
of momentum. 

Siqipose e(|ual forces P, P, to ad duiing tin- same inter\al of time 
on two bodit's .\ and P, free to move and initiallv at rest Pet the 
masses be ;//a ^it resj)ecti\ely, and let and be the velocities 
acquired at the end of the time /. 

From (2) above, P for the body A , 

I' for tlie body li ; 

• - '!h'h' nr 

It may be stated therefore that equal forces, acting during the same Ume, 
generate e(ii*al momenta irrespective of the masses of the bodies. 

Impulsive forces. Supposing a body in motion to jio.ssess a 
momentuin mv, which is abstracted by the body encountering a 
j'qirorm resistance P. If this is accomplished in / scujnds, then 



It will be noticed that if t becomes very small, P will become very 
laige, and«is then siiicf to be impulsive, jif P be not cniform, its 
average value may be found from the above ecjuation. In the case 
of impulsive action, P is called the average force of the blow. 

Change of momentum. Momentum depends on the velocity of 
a body, and, since velocity has'direction, momentym \>'ill also be a 
directed quality and so can be represented bv; a vector. Momentum 
differs in this respect from kinetic energy which depends on iP-. 
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("hangc of nioriu ntum must h(i estimated always l)y taking the 
change in the l)ody’s velocity, paying attention to both magnitueje 
and direction. Having found the magnitude and direction of the 
change in ‘momentum, the force reijuired may be calculated and will 
act in the same line of direction. 

Kxamiu.K I. A locomotive picks up a supply of water ftom ^ long 
trough laid between the rails (Fig. 445) while travelling at 40 miles per 
hour. Su|)pose the speed to remain un- 
altered, vvh.it additional rcsistanc:e is offered 
if 5 tcjns of water be pu:k'cd up in 50 
seconds ^ 

'I’he u.iter in the trough has no momen- 
tum ; after it is pic:ked up it has the same 
velocity as the tram, hence 

p W"?/ 5x40x5280 

32-2x50x60x60 
— 0-182 ton weight. 

ExamI’Mo 2. A gun discharges 350 bullets per minute, each of m,iss 
0*025 pound, with a velocity of 2000 feet per second. Neglecting the mass 
of the powder gases, find the backwaid force on the gun 

Mass of bullets ejected per second — — 0 146 pound. 

Momentum gener.ited j)er second =0 146 x 2000 ])ound-foot-scc. 

,, , , , ,, 0146x2000 

rorcc recjuired to eject the bullets — -- 

() 07 lb. weight. 

It i.s evident that the b.ickwaid force acting on the gun will i>e ccjual to 
the foice rcciuired to eject the bullets, vi/. ejo; lb. weight 

EXAMt’LK 3. A luimmei he.id of mass 2 jKninds and having a velocity 
of 24 feet per second is biought to rest in 0005 second. Find the average 
force of the blow. ,,,7; 2 x 24 

^ 32-2x0-005 • 

= 2cj 8 lb. weight. 

Avcragejorces calculated in this manner art described sometimes as 

time-average forces. 

Centre of mass. It will be understood that every particle in a 
body oITcrs resistance, due to its inertia, to any attempted change 
in its velocity. Jn Fig. 446 is shov’^i a body travelling ip a straight 
line tow'ards the left ynd having an acceleratioji a. There being 
no rotation of the body, every particle will experience the same 
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acceleration a. ('ailing the masses of the |);uliclcs w,, etc., 
the resultant resistance \mI 1 he 

R war + w + mji + etc. 

• * 

'This force will act through the ccailre (' of the parallel forces 
Wjrt, et(' (p. 48), a centre which is (‘ailed the oentr® of maw of 
the l:^cly. It may he assumed for all piaclual purjioses that the 
centre of mass and the centre of gravity of a hod\ coincide. 

Let (' he the centre c f mass of a hod) (f'lg. n;), and let R 
acting thioiigh (' he the ic'siilt.mt incrti.i lesistance. 'I’hc‘ rc'sultant 
external force 1'' piocluc mg acc eleiation must c learl) act in the samc‘ 
straight line* as R il theie is to he no iot<ition of tin* hod) Hcaice, 
we ha\e tlu‘ (nine iple that it the external forces acting on a body free to 



move axe to produce no rotation, their resultant must pass through the 
centre of mass of the body. The truth ol this may he tested e asily hy 
laying a penc il on the tahle and tlic'kmg it with the finger nail. An 
impulse ap[)lied near the end will cause* the* pencil to fly off rotating 
as It goes; an impulse a[)plied through the centre will jiiodiRC no 
rotation. 

Rotational inertia. In hig. 448 is shown a hody whu h is c'apahle 
of tinning fteely about an axis 0/ perpendic ulai to the plane of the 
pa[)er. In order to produce rotation, without 
tendenc')' to disfilac'e or translate the hod), a 
v,%.aple must he applied. Let the two forces 
P, P, form a couple*, one; of the forces being 
ap[)hed at the axis, and let the* forces rotate 
with the body so that a constant moment 
is exerted. , 'I'he forces' being in Ih. weigjit 
and the arm I) being in feet, the moment Fig. 448. -Roiational inertia, 
will be 'r=lM)lh.-feet (i) 

As the hody is free to rotate, the only resistance which will be 
opposed tp the couple must be due to the inertia of the body 
causing it to endeavour to rotate with uniform>angular velocity. For 
inertia resistance to be possible there must be angular acceleration, 
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consequently each particle of the body will have a linear acceleration 
in the direction of its path of motion. 

Considering (me such particle pound at radius feet ; its 
linear acceleration will be (Zj feet per sec. per sec., and the resistance 
which the particle will offer is 

/j lb. weight. 

Now, a^-Or^y 

where 0 is the angular acceleration in radians per sec. per sec. (p. 392). 


•• = 


mOr^ 


'I'o obtain the moment of this resistance, multiply /-j by giving 


0 r'- 


Moment of resistance of j)article ' 




.... {2) 


Now had any other [)article been cho.sen, a similar expression for 
its moment of resistance would result. Hence 
I'otal moment of resistance due to inertia of body 

= - Zmry (3) 


the summation being taken throughout the body. 'I'he (quantity 
may be c alled the .second moment of mass, or more commonly, 
the moment of inerUa of the body, written 1 . Using a sutlix OZ to 
indicate the axis about which moments must be taken, (3) becomes 

- . i), , 

d'otal moment o( resistance = loz (4) 

A" 


Clearly this moment must be ecjual to the moment of the couple 
applied to the body. Hence equating (i) and (4) we have 

• t = PD=-- (5) 

g 

If the ^uple is measured in absolute units, say L poundal-feet, 
(5) becomes (6) 

The analogy between this equation and the corresponding one for 
rectilinear motion may be noted ; vi/.. 

, , F = W(z.'' * (7) 

In (7) a force appears, on the left hand side, and in (6) the moment 
of a force ; in (7) the product of mass and linear acceleration are on 
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the right hand side, and in (6) the priKluet ol second moment of 
mass or moment of inertia and angular acceleration. 

'I’he following common cases of moments of iiUTtia may be noted 

Momkn'is of lNKKri.\. 

d'he results are all in |K)und (foot)- imit^ if the mass M is taken in 
pounds and the linear dimensions in feel. 

1. it slender uniform rod. 

(a) Axis OX parallel to rod and at a distance 1 ) from it (log. 449). 
Io\ = Ml)-. 

(/>) Axis OX perpendicular to lod through one end (Fig. 450). 
Mi;- 


{(') Axis OX peipendicular to rod through its centre of gravity 


(1% 45')- 

w--- 

, Ml.'i 

'">‘-12 • 

' V' ; 

Y 

4 0 ^ 

Z ^ 

' r ' 

1 L 



P 

V- 

i" 

X 

H 

i 

0 X 0 

X 

c 

) 


Fig. .449. Fig. 450 Fig. 4^1. 452 

II. A uniform rectangular plate. 

{(i) Axis OX coinciding with a long edge (Fig. 452). 

MH‘ 

(>\ 

{b) Axis OY coinciding with a short edge (Fig. 452). 

> _Mb2 ■ 

in- ^ 

(c) Ails GX through centre of gra^ity and parallel to long 

edge (Fig. 453). 

I.,X = — • 

(d) GY through centre of gravity and parallel to short 
edge (Fig. 453). 

Cv = “ V ■ 
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(e) Axis OZ through one corner and perj)endicular to plate 

(l<ig. 454 ). _M(H 2 +n'-’) 

3 

(/) Axis GZ through the centre of gravity and perpendicular to 
pliite (fig. 454). M(H2 + li2) 

,2 ''^ ■ 

III. A thick uniform plate. 

(a) Axis OV coinciding with one edge (Fig. 455). 


M{lUf 'P) 


{/>) Avis GZ parallel to OV and passing through the centre of 
gravity (Fig. 455). 
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V. A ttiln droular plAt0 luiTlnc a oonoentrio bole. 

(a) Axis OX forming any diameter of the plate (Fig. 457). 

Iox=- 

(i) Axis OZ passing through the centre and perpendicular to 
the plate (Fig. 457)- 



VI. A eolid cylinder. 

Axis OX coinciding with axis of cylinder. 

, MR2 
ox 2 

VII. A hollow concentric cylinder. 

Axis OX coinciding with axis of cylinder. 

ox 2 

VIII. A solid sphere. 

Axis OX forming any diameter. 

, 2MR‘-^ 

"y s' 

The following rules are useful in calculating moments of inertia. 

(a) (iiven I,>x and I(,y for a thin uniform plate, to find loz, OZ 
perpendicular to the plane containing OX and OY ; 

^02 — loX+IoY' 

(/f) Given I(,x for a thin uniform plate, GX being an axis passing 
through the centre of gravity, to find Iox> OX being parallel to GX 
At a distancep I) : 4. m vi 

(c) Routh’s rule: If a body is symmetrical about three axes 
which are mutually perpendicular, the moment of inertia about one 
axis is equal to the mass of the body multiplied by the sum of the 
squares of the other two semi-axes and divided by 3, 4, or 5 according 
as the body is rect^^ngular, elliptical or ellipsoidal. 

D.M. ‘2D 
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Exampi.k I. A rectangular plate, as shown in Fig. 455, is symmetrical 
about G/ and other two axes passing through (i, and parallel to B and T 
respectively, M{(iB)2-f-aT)2} M(B‘^-fT2) 

i,,= = _ 

Exampf.k 2. A solid cylinder (s(>ecial case of an elliptical body) is 
symmetrical about the axis of the cylinder OX and about other two axes 
forming diameters at 90' and passing through the centre of grasity 
of the cylindei. Hence. 

M(RHR-) MR- 


1 ,, 


Exampi.k 3. A siihd sphoie is symmetnral about any tliice diameters 
winch are mutually perpendk ul.ir. Hence, about one diameter, OX 
_M(R-'-f-R‘-)__2MR- 
5 ' ' 5 

d'he radius of gyration ol a l)od\ is defined as a (juanlity k such that, 
it its stjuare be nuiltifilied by the mass of the 
body, the result gives the moment of ineitia of 
the body about a given axis. 'Faking the case 
ol a solid cylinder as an examph*, the moment 
of inertia about OZ, the axis ol the cylinder, is 
MR- 



I,.z- 


'Flieii 




^oz 

R- 


= m-. 

or 


Fu:. 458 —An exjx'rirnent.sl 
fl> wheel 


which gives tlu' value ol the radius of gyration 
for this partir ular axis. 

Exampi.K I. A llyuhccd has a moment of ineitia of 8000 m pound and 
foot units, and is brought from icst to a .sjieed of 180 1 evolutions )>er 
minute m 25 se(onds. Wh.it average couple must have acted? 

Final angular \elo',ity = w= 27 r --67r radians per sec. 


Angular acceleration =- 0 - 




Gtt 

25 

8000 X Git 
5x32 


radians per sec. per sec. 
= 1^ Ih.-fcct, 


Example 2. In a Ubor.itory e.xperiment, a flywheel of mass 100 pounds 
and radius of gyration 1-25 feet (Fig. ^58) is mounted so that it may be 
rotated by a falling weight attached to a cord wrapped round the wheel 
axle. Neglect friction and find what will be the accelerations if a body 
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of 10 jx)iind weight attachctl lo the rord and if the ladius of the a.\Ic is 
2 inches, 

IvCt M -- niai)S luing on, in pounds. 

Mi,’ - its weight, in ahsolute units. • 

-pull in cord, in absolute units. 

> -radius of axle, in feet 
* I moment of ineitia of wheel 

itxDx I 25 X I 25 “ 15b 2 pouiul and forU units. 

<i the lineal aiceloiation of .\I, in feet per sec. pei sec. 

• the angular acccleiation of the wheel, in ladi.ins per sec. 


pci se< 

'I'hen, consulting M, we ha\e 


Result, III 

il loi < c pioduc 

ing .iccelei 

.ition 

Me 1..; \h/ 

(0 

Considci 

ing the wlicel, 

uc have 





Ctniplc prodiu 

mg accclei 

ation 

r.y Id 

(2) 

Also, 



(f- 

7 

( 3 ) 

1 hese ill 

11 ec cqu.ilions 

will en.ihlc 

the s( 

ilutions to he obtained. 

1 Inis : 

Fiom (2] 

1 and (3), 

Tjy 1 

(1 ^ 






It 


( 4 ) 


.Substitute this \alue in (i), giving 


; - 

% (m + 


From (3), 


10x322 

iot(i5b2x6xb) 
o 0372 feet per sec. pei sec. 


- 0343 radian per set. per sec. 

Kinetic energy of rotation.. In I 'lg. 45? is shown a body rotating 
with uniform angular velocity w alxmt an axis OZ 
perpendicular to the plfine of the paper.* Con- 
sidering one of its particles Wj, the linear velocity 
of which is z\, we have 

Kinetic energy of particle = . 

Now, * v,=^o}r,, , 

, Fic. 459.- Kinetic 

^ 2 _ energy of rotation. 
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Hence, Kinetic energy of particle = — • 


■'I'l (') 

A similar expression would result for any other particle, hence 


lotal kinetic energy of body = or, 


Kinetio energy- lo,. 

2 g 


( 2 ) 


In using this equation with w in radians per second, g should be in 
feet per second per second and I in pound-(foot)- units to obtain the 
result in foot-lb. 'I'he corresponding equation fur foot-poundals 
would be 

Kinetic energy = ^ ‘ (s) 


Examplk I. A flywheel has a mass of 5000 pound and a radius of 
gyration of 4 feet. Find its kinetic energy at 150 revolutions per minute. 

<0= • 27 r = 5-n- radians per sec per sec. 

I rr: 5000X 16 = 80,000 pound-(foot)‘‘^. 

, 25 XTT^x 80,000 

Kinetic energy = — I ' — 

2g 64-4 

= 306,500 foot-lb. 


Example 2. 'I'he above flywheel slows fiom 150 to 148 revolutions 
per minute. Find the energy which has been abstracted 

Change in kinetic eneigy = = (w,'- w/). 

Also, w, = 57r, 

<'C>""Vo^-27r = 4-933r ; 

.'. Energy abstracted = + w.>) 


80,000 . TT- 

X0.067 X 9-933 


= 8160 foot-lb. 


Energy of a rolling wheel. The total kinetic energy of a wheel 
rolling along a road will be made up of kinetic energy of rotation 
together vCth kinetic ene-gy of translation. 

Let w = the angular velocity, radians per sec. 

r; = the linear velocity in feet per sec. of the carriage to which 
the wheel is attached (this will also be the velocity 
of the centre of the wheel). 

M = the mass of the wheel in pounds. 
k = its radius of gyration, in feet, with reference to the axle. 
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Then, 


Kinetic energy of rotation = 




Uv- . 


2^ 


Kinetic energy of translation -^ 

. . <i>T }>U>‘ 

I otal kinetic energy = - + 

2X 2,1,’' 


foot-lb. 


■(>) 


Aj^ain, if thert- l)(j no slipping tn'twcen the wliocl ami ihe rtwd, we 
have (p. 39,;) 

“A<’ 

where R is the radius of the wheel in feet. 

Substituting in (i), we obtain, lor perfect rolling: 

lotal kinetic energy , -f 

2.<' 

]s\v-/ k- 


= -2^/(j^2+ (3) 


Energy of a wheel rolling down an inclined plane. 'I' he 

principle of the conservation of energy may be ap|)liecl to the case 
of a body rolling down an inc lined plane (Fig. 460). In rolling from 
A to B, the body descends through a \ertical height II feet ; hence, 
if M is the mass in [)oiinds. 

Work done by gravity - .M^dl foot {Haind.ds (1) 

Assuming that none of this is wasted, 
the total kinetic cneigy at B will be 
C()ual to the same (iiiantity. 'The energy 
at B is made u]) of translational kinetic 
energy o^ing to the linear velocity v feet 
per second* of the mass centre and of 
rotational kinetic energy owing to the 
angular velocity o radians per second. 

Hence, Total cnerg) at ~ foot-poundals, (2) 

I02 being the moment of indrtia in pound and feet units about the 
avis of rotation passin^^ through the ma.ss centre of the body. 
Equating (♦) and (2), we have * 

Me;- or 



Fi(.. -KiicrKy of .-i wli^el rolling 
down .in iniJine 


Writing M/^- for loz, this will give 
• Mr/2 


2 * 


J (r/2 -I- 


or 


(3) 
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If there is no slipping between the wheel and the plane, w'e have 



where R is the radius of the body in feet. 


Hence, 

,01 = 





2 ,df 


or 


■e;' 



V--- 

/ 

V ' + k:. 

(4) 


Motion of a wheel rolling down an incline. The following 
way of regarding the siime problem should be studied. Fig. 461 



shows a body rolling down a plane iiK'lined at an angle a to the 
horizontal. 'I'he weight M.g may be resoUed into two ror('es respec- 
tively parallel to and at right angles to the ])lane ; these will be 
M,gsina and M.gcosa. 'The normal reaction of the plane will 
be eipial to M.gcosa. If there is no friction, all these force.s a. ^ 
through the mas.s centre 0, and there will be 110^ rotation, the 

body will slip dowai the 'plane withopjt any rolling. .Sup[)ose that 
a maximum frictional lorce F may act between the plane and the 
body and that /x is the coellicient of friction,, then 

F - /xM^^cos n. 

To investigate the effect of F, transfer it to the mass centre C) as 
shown and apply an itjiti-clockwise cou))le of magnitude FR. d'hen 

F Resultant force at Q acting down the [)lane 
M V win a - L' 

^ Mj,’ sin a - cos a. 



WHEEL KOLLING 1X)\\ N AN INCLINE 

Let a be the linear acceleration of O down the plane. Then 

r-NLr. 

or M ;"(sin a -/xcosu) NL/, . 

(I a /t ( (IS a) ( 5 ) 

Also, owing to the ('ouplc ER, an angular acct'lciation 0 will be 
pr(%Juced, to be olxaincd Irorn 

I' R /tM ^'cosu R 


If the rolling is perfca t, no slip, we have 


1 Icnce, from (5) and (6), 


X . , /tRcosr 

j^(sina- //(osu) ^ , 


.sin (t - n cos (I 


/iR’ cos < 


sin a !• <'os a y ^ , f- 1 


This expresses the minimum value of the coeflic lent of friition 
consistent with perfect rolling. Assuming that the rolling is perlect, 
the valuf' wf the linear a('celeration n may be rahailatcd as follows : 


From (6), 


R'.R 


.Substituting this value in I5) gives 


~ e sin a • 




..(9) 



424 


MACHINES AND HYDRAULICS 


Suppose that the body starts from rest at A (Fig. 462) and rolls 
to B. 'I’hc linear velocity v of the ma.ss 
centre at B may be calculated thus, 

V- 2(l\. (p. 388). 



Also, 


H 


Fig. 462. 


I 

v~ — 2 a 


sin a; or, L = 


H 


H 

sin a 


Inserting the value of a from (u), we have 

H 2,;} I 
sin a 





I 4- 


(10) 


Comparison of (4) with (10) will .show that the same result has 
been obtained by l)oth methods. 


ICX\MPI,K. In a cxpennient, a stn.ill steel hall was .illowcd 

to roll down a jiLine of length 6 feel and indination I’go'. riie average 
time taken (six expciiments) was 4 25 seconds Compare the cxpeiimcntal 
and calculated acc delations of the ball. 

To obtain the experimental acceleration, we have 

<: = \a/\ 

where f is the length of the incline and / is the lime of descent. Hence, 
2v' 2x6 

4 25x4 25 

- 0-664 feet per sec. pei ^ec. . ' 

To calculate the acceleration, take equation (9), p. 423. 



For a ball, I -- (p. 417); 

/••^_2 
1C 5 

tT (.'•sina . 

Hence, a.r- ., — C^fsina 

' I + r 

“ ^ X 32-2 X 002908 
= 0-669 per ‘Jcc. per sec. 

The experimental and calculated accelerations differ by about three- 
quarters of one per cent. ; the agreement is good. 



CENTRIFUGAL FORCE 


4^3 


Oentrifagal force. It has been slumn {|>. 397) that, when a small 
body moves in the rircumferenec of a circle of radius R feet with 
uniform velocity feet p(‘r second (Fig. 463), there is ji constant 
acceleration towards the centre of the cinle given by 

<1 feel per sec. per sec. 

To produce this acceleration rctjuires the aj)j)li('ation of a iinifoim 
force P, also continually direi led towaids the centre of the circle, 
and given by 

I , or, 

p lb. weight . ^ , { I ) 

d'his foKe ov ('ridines the inertia ol the bodv, which would other- 
wise {nirsiie .1 straight line |)ath, and may be called tlie central force. 



It is resisted by an cjiiial and opj)osite force () (Fig 4^3), produced 
by the inertia of the IkhIv'. is called the centrifugal force. 

Exprcssec^i in terms of the angular velocity o radians per second, 


p - . mR lb. weight .... (2) 

A large body rotating abov.t an axis may be considered as being 
made of a large number of small bodies ; for each of these, ^ill 
be the .same hence the total central force wid be 

F -- y ( Wj Rj -f m, R , + w jRa + etc ). 

d'he quantity inside the brackets would have the .same numerical 
value if the whole ma.ss were concentrated at the centre of mass. 

Let M ^ mass of whole body, m pout.ds, 

y radius of the centre of mass, in feet (Fig. 464). 
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'Lhen 


P 



BIY lb. weight 


( 3 ) 


= oj-MY poundals. ( 3 ') 

It follows from this result that if a body rotates about an axis 
[)assing through its (cntic of mass (m which case \ o), there will be 

no resultant pull on the axis due to centrifugal action, d here may 
be a distiirban('e set up if the body is not symmetrical about an axi.s 
at right angles to tiu' axis of rotation, and passing through the (amtre 
of mass, hor exam [tie, in Kig. 465 is shown a rod rotating about an 



axis (iX, (] bc'iiig tlu* <cnire of mass. I'he lod is not symmetrical 
about (i\d hciK'c, lonsidcring tlu.' babes si'paratcly, there will be 
centrifugal foices as shown by {), (^), forming .1 ( ouple tending to 
bring the rod into the axis (IN'. If this ti-ndency is to In* balanced, 
forces S, S, forming an ecjual opjtosite ( ouple must be applied by the 
healings. d'hese forex's will, of (ourst', lotate with the rod and 
produce what is called a rocking couple. In Fig. 466 is shown a 



Fi(. ^66 — X h.-ilaiicetl 
>> miuclric.il IkxI). 


P, 



Fk.. 467. — BalancinR a piece of 
work 111 a laihc 


body symmetrical about GV and consc(|uently having neither rocking 
couple nor resul;ant centrifugal forrv. 

In Fig. 467 is shown the Gcc plate of a turning lathe with a piece 
of work B attached to the face plate by means of an angle jilale C. 
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To the Ollier side of the face plate is aiuuiied a ImOaiim wdi^ht 
which is adjusted until there is no tendency to rotate the spindle 
of the lathe from an) [Hismon of rest, i.c. the centre of gravity 
pf the whole falls on the axis of rotation. This is called lUtio 
balandiif and will serve very weU lor low speeds. It will he 
observ^^d, however, that the bodies attached to the face plate arc not 
symmetrical, (i, and (I,, the centres 
of gravity of the w'ork and of the lialance 
weight, arc' not in the same veilical 
line, hence the centrifugal forces I'j 
and 1\,, being ecjual, form a roding 
cou[)le whi('h will set up troublesome 
vibrations if the speed be iiu reased. 

'rhe effect may be reduced by h.i\ing 
the balance weight lurther from the Kio 468. Sr. u<>n of* banked 

II u«<ir ti.ni k. 

face of the plate. 

In Fig 468 IS shown a motor car travelling m a ( urved |)iith. I'o 
prevent side slipping, the road is banktal up to su< h an extent that 
the resultant of the (cntrifiigal fon'c and the weight falls perpen- 
di('ularly to the road surlaee. 

Ixit M mass of car, in pounds. 

c^ -^its speed, in feet per sec. 

R - radius of ( urve, in feet. 

'i’heii, \\’eight#of car - M.g poundals. 

('entrifugal force - poundals. 

-j K 

Also, AHG is the triangle ol fort es. Hence, 

(^’iitrifugal force _ Mr'- v' Ali 

\\ eight of car RM,C bG 

M gar ^ 

Now, tana,, 

and a is also the angle which the section of tjhe road surfae© makes 
with the horizontal ; hence, 

7.-J 

Railway trapks arc also banked' up in a similar manner ; the super- 
elevation of the outer rail prevents the flanges’of the outer wheels 
grinding against the rail in rounding a curve. 
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EXERCISES ON CHAI’TER X\ II. 

1 . A body of mass 200 pounds has an acceleration of 150 feet per 
second per second at a ^oven instant. Calculate the resistance due to 
the inertia of the body. 

2 . A resultant foue of 1220 d>nes acts on a body of mass i 25 grams. 
Calculate the acceleiation m cm per sec. per set. 

3 . A tram has a mass of 250 tons, and staits with an acceleiation of 
l-i feet per second per second. Frictional resistances amount to ii lb. 
weight ])ei ton. Find the pull which the locomotive must exert 

4 . A body slides down a jd.inc inclined at 20 degrees to the Imri/ontal. 
The coefficient of friction is o i , (incl the acceleration and the time taken 
to travel the first 20 feet 

5 . A lo.id of 10 pounds is attached to a coid which exerts a steady 
upwaicl pull less than to Ib weight Staitmg from lest, the load is found 
to descend 6 feet vei tic ally m 4 seconds Find the pull m the cord 

6 . A shot h.is a mass of 20 pounds and a speed of 1500 feet per 
second. Find its kinetic eneigy m foot-tons. Supposing an obstac Ic to 
be cncounteicd and th.it the shot is brought to lest m a distance of 
12 feet, what is the .ivetage icsistance 

7 . Calculate the momentum of the shot gi\en m Question 6 Suppose 
that the shot had bc'cm bi ought to lest m 002 second, and calculate the 
average lesistance. 

8. A man stands on a small tiuck mounted on wheels winch aie 
practically fric tionless. If the man jumps oif at the lear emd, wh.it will 
liappcn to the tiiuk.^ 'lake the masses of thc' m.m ,md the truck to be 
150 .and 200 pounds lespec'tu ely, and .issume th.it the man is truellmg 
at 8 feet per second immedi.itely he lias left the tiuck. 

9 . A jet of w.itei deliveis 50 pounds of watm j)ca second with a 
velocity of 35 feet pei second 'I he |et stiikcs ,i pl.ite which is fixed with 
its pl.anc at ()o degices to the jet !■ md the |)iessuie on the nlate. 

10 . Sui)|)ose m (^)uestion 9 that the pl.ite li.ad been curved m such 
a manner th.it the jet slides on to it and has the diicction of its velocity 
on Ic.avmg the |)l.ate inclined .it cp degiees to itsoiigm.il diiection Find 
the change m veloc ity, ,ind hence find the piessuie on the plate. 

11 . A wheel h.is .1 moment of meitia of 10,000 m nound and feet units, 
and IS lirought fiom ics* to 200 1 evolutions pei minute m 25 seconds. 
Calculate wh.it steady couple must have acted on it 

12 . An iron jilate 4 feet high, 2 feet wide and 2 inches thick is hinged 
at a vertic.d edge Calculate its mc'ment of ineitia al)out the axis of the 
hinges. I'.ike the density of non to be 480 |>ounds per cubic foot. 

13 . Find the moment of inertia about the axis of rotation of a hollow 
shaft 20 inches external and 8 inches internal diameter by 60 feet long. 
Take the density as given m Question 12. 

, 14 . A solid b.ill of c ast non is 12 inches in diameter ; density of metal 

450 pounds per cubic fcK)t. Find the moment of inertia about an axis 
hich touches the surface of the ball. 
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15 . Referring to Questiun 5 '1 he upper pait of tlie coid is ^^lappc(l‘ 

round a drum 6 imhes diametei nuMsuicd to the toid centie, and a 
flywlieel is altaclied to tlie same sliati .is tlie ilium i ind the moment 
of inertia of the tlyuheel. 

16 . A solid disL of cast non is 4 feet m di.imelci and 6 inilies thick, 
and lot.iies alxiut .in axis .it ‘/)d(‘giees to its pl.inc and p.issinj^ ihiougli 
US centre, h or the d(*nsity, see Oiiestion 14 .Speed i 50 levohitions per 
minute* Find the i.uiuis of g\i.uion and tlie kmetu eneij^y of tlie disc. 

17 . If the disc gi\cn in Question 16 slows to 140 iinohUions per 
minute, how imu h encrg\ will be gi\en up^ 

18 . Suppose th.it the disc piven m Question 16 wcie to loll without 
slip down .in incline of i in 10, wh.ii would be tlie lineai acceleration of 
US centie ? 

19 . A blade of .1 sm.ill ste.im tuibine h.is .i m.iss 01^005 |)ound and 
ie\ol\es m the i iii umfeience ol .1 i iit le 8 in< lies m di.imiUi 1 J4,txxj times 
per minute. 1- md the ( entiifug.il foo e. 

20 . An o\.il tt.ick foi inoloi (>(les h.is a minimum i.uiiiis ol 80 yaids, 

and has to be b.mked to suit .1 m.i\muim speed of 05 miles pei houi. 

Find the slojie ol the iioss se« tion .it the pl.n es wheie the minimmn 
ladii occui. 

21 . A ti.uiK.ii weighs 12 tons < oinpletc Is.u li of the .ixles with Us 
wheels, et( , weighs 05 ton, .ind h.is .1 i.iduis of gxi.ition of 1 foot. 'I lie 
diametei of the whixl tie. id is 3 feet, .ind the (.11 is ti.i\elling .U 12 miles 
pel houi. I'liul (fi) the eneig) ol ti.insl.uion of the (.11 , (/') the cneigy 
of lotation of the two .ixles , (< ) the tot.il kinetic eneigy (T the vehiile. 

(B.E.) 

22. Fio\e the foimul.i foi the .u (.elei.ition of a point moving with 

uniform speed m .1 i in le J iini m diie< lion .ind m.igmtude tlie force 

leijuiied to compel a body weighing 10 lb. to mo\e m ;i (iiived p.ith, the 

i.'idius of cmc.itui^ at the point lonsideied being 20 feel, the velocity of 
the body 40 feet pei second, .md the .u c clci.ition m Us p.uh 48 feiU per 
second per second. (1 C.K.) 

23 . .A moto. c.u, whose lesistanie to motion on the* !e\el is supposed 

to be the s.irnc at .ill speeds, h.is been lunning ste.idily on the level at 
30 miles pel houi ; it now gets into .1 rise of 1 in 12 W hat is the 
m.ixirnum length of tins rising lo.id which m.i) be tr.ivcrsed by the i .ir 
hout changing geai " (H fk) 

24 . A tram weigbmg 300 tons, li.ivellmg at 60 miles per hour down a 

slope of I in no, with ste.im shut off, has tlie brakes ajiplied and stoj)s in 
450 yards Find the sjxace-aver.ige of the retarding force in tons exerted 
by the brakes ; if the time th.it ekipscs between the putting on of the 
brakes and the moment of stopping is 36 seconds, find the tin/e-average 
of the retarding force in tons. (I.C.E.) 
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INER'riA - tONTlNTM) 

Angular momentum. 1 1 U‘ angular momentum ( )r moment of momentum 

of a panicle nia) he defined l)y reference to Fii; \(n). A j)arlicle of 
^ mass m j)oimds rcNolvin^^ m a (ncle ol r feet in 

ladiub lias a linear \elo(it) ot v feet jici second 
r/ ‘h ‘‘•h' iustant in the diiection ot the taiij^ent. 
/ ' \ lleiK'c its linear momentum at an) instant will be 

• t Linear momentum ol panic le we, 

» O • , 

» ' and V - . 

N ! 

Lineal momentum ol panic le - (om/. (i) 

^ 'Mu' moment ot this about ()/, (I' ly px;) ma)’ 

I'K,. ^69 \nKui.ii ini)- bc obtained by multiiilyiiiL^ by /, the' result being 

iiK'iitum Ilf .1 L<i(l\ .1111 . 1 

callc'd the moment ot momentum, oi angular 
momentum of the jiaitu le 

.\ngular monu'iitum of panic le «>//;; ■ (2) 

A body ha\ing many pai tides would ha\e a similai expiession for 

each. Henc'e, ^ ^ ^ . v > 

Angular momentum of a body <oZm; 


('onsidc'r now a body free to rotate about a fixed axis, and, 
staiting fiom rest, acted on by a c'onstant couple 'I' lb -fec‘t. 'The 
constant angular ac’celciation being we ha\e, as in eciuation 


Let T act during a time t seconds, then the angular \elocity coat 
the end of this time will be 

= or, 6' = '^. 

Hence, T = “^-“ Ib.-fcet, (4) 

. , r 

■Jr L'-=- ‘ poundalsTcct (5) 
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angular veloc^ 


he wheel in its present }X)sitio?r.* 
in viewed Irum the front side, 
^of angulai velocity occurring in 
^^cnce the angular velocity of the 
w’ill he represented by 0^ The 


, , Ad therefore no coui)l . , . r 't 

angular velcx , , ‘I wheel will turn from the position 

, , erv case where the newl . ft i i 

ckx'kwise C0| ' ;tnd the wheel spuulle which 

elevation. ‘ ‘ ^ /Nill re\ol\e clockwise when viewed 

, , 4 is shown a common 1< 

ground, he . , , 

,, , , mation regardme the 

thelmc^cw,,, ‘ 

. , .Ihe revohing wheel 

towards th- ,,,, ’ 

)out an axis Dr,. 1 he 


fknmdal fel t 


wheel-^ an 


student sh 
Ix't 1 


nicirdilar ring DM-, wl. radians 

*1 axis Id 1 1 he spmdk’ 

h(‘.ny suiri.l I hr rllV.i .<>f ‘l'<' l>"ri7omnl 

aJ.Sc llu- .i\ts lU' t<i lot.tti' in 

llsr, l.y Ihr ivliulr h.iMir . ,|,l axis maU'Mi < <Mn|ilolc irvnlulinn in 
1 ti(nn alimi. will he iilluT i lix'. seioinis. 

llie (li?e('(ion of rotation of the don of the axis, change in angular 
!i he noted that the otiginal \e 40 ’.) 


Jtimes ineliiu'il t(» the xirtaal i ^ 

to the action ol a hori/oiil.d < ’ 


27rfc, 


I. (p. 414.) 


‘ I lame, and prodiuad liy t 
e offered by the stand to I 


Also, <>»,/ - 2Tr ; 


spindle I'D In I’lg. 475 an.' • ^ ^ 

neel is shown, rotating in the \\ 

Oif ri'presents the angular \e\ In I’igs. .jyo and 47 1 , 

; ir/' repiisents tk- ( hange in ang^ L Nlg^CO, 

wen inteival of time in the hoii/\ jyj^rx CO (ugu.l, 
ning tile wheel axis, and piodu<i Nh'xCO 

(he ktiyed angular \elo( it> of i’ "o ' 7 ^^ j 
il. d’he wlieel will now he rot 


«, J. . , . ( i ) 


nilai to ()/> and im lined at an ant 


here CO is the horizontal distance 


lile the wheel is rotating, if the lr<| 
Dh’l'^ he impedia! by apiila ation o 


tween the centre of gravity of the 


heel and tiie suspending cord. 

Oyrostatic action in motor cars. 


wheel turns <)\e?. 1 his elfecL ’ ... . , 

_ . , , , . .nary 111 I' ig. 472 IS shown a motor lar 

frictional couple, only It is lA ,, , i 

, , , , ‘ . '. , travelling round a lurve; when 

duced bv the linger is large' n i . i i i i 

, I . , , I 1 4 1 C eng’ne llywheel has a < lockwise angular 

Dhls he 4ield forcibly Iroi \ . / .v « e i 

, , nt the angular velocity of the flywheel 

hon/onlal plane ot rotation ir . -C , 

, , , ‘ , , sition .shown, and let Oil reiiresent the 

sable ot exerting a couple vvliii 

means of W', .provided its n 

aoe freely. 

Schlick’fi anti-rojling gyrost 

, method used by SchHi k fo 



•• ow, is~ the angular monien 
hence wlo/// will llie gain 
We may therefore state that the 
to rotate about a fixed axis is nume 
angular momentum divided by ; or, 
pouiulal feel. I'his statciiu tU sho 
linear luoinentuni gi\en on l>. pi- 
ll will l)e evident that (lie a|)i)li 
pUuie of rotation of the Ixxly ; sh< 
ret tangular (Oin|)onents of the 
component wliuh is in the plane 
eqiiatifin (4) 

Oyrostatic action. In log \lo 
by means of a long t.ord attcuhed at 1^,,. 



represent the 
gular velocity 
in angular 
of the ear, 
anti-elock- 
(dar.e con- 
d oj)posite 
s at A A to 
b to lend 
fort e and 

entum or momt 1^* 

to Fig 169. the 
Miig 111 a euele e the 
elot il\ ol v feel keleh 
Ik* dirn non of tn'ning 
K'lmim at any it 
mi ol pailK le /^^l' 'ttg 
i> (It any 
till of |)ailu le - «' 
hi^ al)( all ( )/ ( l‘ 
liphmg hy the 
. ol momentum, 


If the wheel he at lest, it cannot n I'' 

asM^anee, but. if set levolvintt, >' Ikuc a similar e 
nu •■‘‘.lining its [)lane of revolutf a body ’ 

howc'ver, that the wheel spiiulle s •“ wloi 

a hori/ontid plam' ; the vertaal ph.^^ about a fix* 
of eiHirse, be always lierpendieular 
owing to tlie action ol the couple 
])ull of the cord, and M,y, the weig.^ 
in a verlieal jilane eontainmg the wh 
changes in tin* angul.ir \eloeily of the \ 
occur in the [ilane containing the cample he angular 
In Fig. 471 is shown a plan of the whf 
wise when \iewcd horn the right hand 
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momentum, and therefore no couple is ret|uired. A couple is 
recjuired in e\ery case >\here the new plane of revolution is imlined 
to the initial jilane. ^ ^ 

In Fig 474 is shoun a common foim of gyrostat by use of whic h 
useful infi^rmation legarding the iH'havioiir of gyiostats may be 
obtainud. 'J'he revolving wlucl A rotates on a s|)mdie IK', the 
bearings of which at li and (' are lormed in a ring vvlm h has fieedom 
to rotate about an axis DF. 'I'he ring has btsirings at Dand 1'. in 
another semicircular ring l)Flv, which has lieeciom to rotate about 
the vertic al axis f t i The* spiiidlt.' IK 1 is (hopjx-d into a vc iiual 
hole in a heavy stand l lu* efTec t ol a weight W hung liom (’ will 
be to cause the- axis lU ' to lotate in a hori/ontal |»Iane, ac c‘om|)anjed, 
of c'oursc‘, b\ the whctle Itauic* . the* ciiic c lion ot this lolKlyin, as 
4ewecl liom above, will be eithcT < Icm kw isc- or anti c loc kw iscx clepetld 
ing on the clircs iion ol lotalion ot the whcs l. 

It will be noted that tlie original vertical jilaiu* cil lotation giadu- 
allv bc'c'omes inclined to the* vertical as the motion goes on. 'I'his is 
owing to the action ol a hori/onlal couple acting 
on the (lame, and pioduc c-ci bv th.e lii< lional 
resistance offcrc-cl bv the' stand to the lotation 
of the spindle Id). In log 475 an elevation cd 
the wheel is shown, rc)taling in the; veilu.d plane* 

OA. Ocf represents the angulai velocity ol the 
wheel ; ab repiese*nts llw c hangc* in .ingular ve*io< ity 
in a given inle-rval of lime in the hoii/ontal plane 
containing the whec.l axis, and jiiocluced by the file lional couf>le. 
Ob is the a 4 te;j-ed angular velocity of the whe'el at the c-nd of the 
interval. The* wheel will now be rot.iling in the plane OA', [)C‘r- 
pendiculai to Ob and inc lined at an angle AOA' to the vertical. 

While the wheel is rotating, if the Irec* lucdion of the sc-mi c irc ular 
Ting Dh'lv l)e impeded by apjilic ation of a finge r, it will be noted that 
the wheel turns ove?. 'This cdlec t is precisely jhe same as the effect of 
the frictional couple, only it is uSorc* marked, as the hori/onlal coujile 
[)roduced by the finger isjarger than that produced by the Iriclion. 
If DFK be 4 u“ld forcibly from rotating, the wheel will assume 
a hori/onlal plane of rcjtalicai instantly. In fact, the wheel is only 
capable of exerting a coujik* which will c'(|uilibrate the cc)uple ajiplied 
by means of \\', .provided its motion in a/imuth* is allowed to take 
place freely. * 

Schlick’s anti-rojling gyrostat, log. 476 iHustrates in c>utlinc 
the method used by Schlick for reducing the rolling of a shij) 



/ I 

1 K, 475 
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Fk;. 476. — S(.hliek‘!i anti rollinn 


umtjng waves. 'I’lio view is a cross section of tlie ship; A is a 
heavy wheel revolving in a horizontal plane about the axis B(^ 
'I'he frame m which the wheel rotates can rock al^tjut a hori- 
zontal axis I)E, which works in bearings secured to the shi})’s 
frames. I)E is perpendicular to the direc- 
tion of length of the ship. ^Vhen the ship 
rolls, the axis DE is forced out of the hori- 
zontal, and the axis BC will be inclined 
by either B or C coming out of the paper. 
A coui)le, applied by vertical forces acting 
at 1) and 1% is retjuired to gne the wheel 
frame this motion, and an e<iual opposite 
couple a« ts on the shij), tending to give' 
to it a motion opjiosite to the rolling motion. In conseijiiencc of 
this reaction on the ship, the rolling effc('t is nuule much smaller. 
Freedom of motion about DE must be provided, otherwise the wheel 
is incapable, as has been shown above, of offering any resistance to 
rolling. 

'Fherc are many other applications of the principle of the gyrostat, 
such as in the gyro-compass used on board ships, in the Brennan 
monorail cars, and in steering torpedoes. 

Simple harmonic vibrations. It has been shown (p. 398) that a 
body, in describing simjile harmonic vibrations, possesses at any 
instant an acceleration directed towards the centre of the vibration, 
and proportional to the distaiu'e of the body from the centre of the 
vibration. A force will be necessary in order to produce this acceler- 
ation, and the force will evidently follow the same law as the 
acceleration, />, it will be constantly directed 
towards the centre of the vibration, and 
will be projiortional to the distance of the 
body from the centre. 

In Fig. 477 a body of mass m pounds 
vibrates with simple harmonic motion in the 

line AB. Let v feet per second be the velocity when the body is 
passing through the cencre O, then the accelerations at A and B will be 

7 '^ 

= 5- feet per second per second, 

K 

R being the length v)f OA in feet (p. 397). 

Let Fj be ^h<' force in poundals required at A and B, then 

= poundals. 


B 




O m 


■ 477 —Simple hixrmonic 
vibrations. 
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Supposing the IxkIv to lx_‘ situated at its acceleration a may l)e 
found from (>(' ()(' 

()A k ' 

()(' 


R- 


Also, the force K reciuired to j)ioduce the aKclcration ma\ be 
found Irom y ()(' (>(' 

• F, OA‘ k ’ 

. ()( ;// 7 - ()(' 

* • ' k ‘ k k 


m 7 '' 

k- 


• ( )( ■ poundals 


; 


Suppose ()(' to he one loot, and that n lepresenls tin- \alue <>( tlu* 
foKe required when the body is at this distaive from ( ). then 

poundals ... (q) 

K' 


T'he time of one r(jmj)lete \i])iatu)n from A to B and b.u k to A is 
given by (p 400) R 

1 - 277 '^ . 


From (3), 


1 \" m 
v' ft ' 

m 

. k /w 

'' 7 ) V /X ■ ‘ 


Substituttog oi this \alue gives 


T- 



seconds. 


(t) 


< 5 ) 


’ body of mass 2 pounds executes simple harmonu. 

\ibrations. When a distance of 3. inihcs from the centre of the 
vibration, a force of 04 lb. weight is acting on it. bind the time of 
vibration. * 

The force requiicd at a flistancc of one foot, from the cent^^o will be 
four times thaf required at 3 mclies. Hence, 




/i=^o-4 X 4=- 1 6 lb 

weight 



1-6 poundals. 

. 



^ * fm 2 X 22 

\\ “ 

Hence, 


T = 27 rV = - 

> /4 7 

V i\6X 32-2 



• =1-238 seconds. 
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Simple harmonic torsional oscillations. A body will execute 
simple harmonic torsional oscillations if it is under the influence of a 
couple which varies as the angle described by the body from the 
mean position, the couple having a sense of rotation always tending 
to restore the body to the mean position, 'bhus, a body secured to 
the lower end of a vertical wire, the upper end of which fixed 
rigidly, will hang, when at rest, in a position which may be described 
as the mean [losition. As has been explained on pj). 255 and 295, if the 
wire be twisted by rotation of the body, it will exert a c(mple which will 
be proportional to the angle of twist ; this couple will be constantly 
endeavouring to restore the body to the mean [losition, hence the 
body will describe simple harmonic torsional os( ilLitions. The time 
of vibration may be deduced by analogy from expiation (5), p. 437, 
showing the time of simple harmonic rectilinear vibrations ; the 
moment of inertia of the body about the wire axis must be substituted 
for w, and the couple acting at unit angle (one radian) from the mean 
position must be substituted for fi. 'I'hus 
Let M the mass of the body, in pounds. 

/^-=its radius of gyration about the axis of vibration, in 
feet. 

I = MX-“^the moment of inertia about the same axis, in pound 
and foot units. 


A :---the couple acting at one radian displacement from the 
mean position, in j)oundal-feet. 

T-^the time elapsing between .successive passages of the 
body through the same position. 


Then, 





Ex.xmim.k. a flywheel having a mass of 1000 pounds and a radUis of 
gyration of 2 feet, is fixed to the end of a shaft 4 feet long and 3 inches in 
diameter. It has been found from a separate calculatiofi’ that the shaft 
has an angle of twist of 00005 radian when a torque of 1000 Ib.-inches is 
applied. Find the time of a free torsional oscillation. Take ^4''= 32-2. 

The term “fice” indicates that the frictional effects pf the bearings and 
of the atmosphere are to be disregarded. 




= 1000 X 2 X 2=4000 pound i»nd fool units. 



SIMPLE PENDULUM 


4.VJ 


The angle of twist is projjortional to the torque, and if thib were true up 
to one radian, we ha\c 

Tor(jue .it one I'.idi.m i 

looo 0000 5 ’ 


Torriue at one r.idi.in 


1000 

00005 

- 2,(X)0,ooo lli.-iiuhes ; 

2,0(X'),000 X 


Hence, 


5, 567, (XX) pound.il-feet. 


T ~-- 27 r \j 


44 / 4000 


7 y 5, 367, (XX) 

0171 5 se( ond. 

Suppose n to l)c the number of toision.il os( ill.itions pei minute ; tlien 

(o 
n • 

0-1715 

-ii2- 


If this shaft \\cre dri\eii l)y means of an engine < onnei ted to a 
crank fixed to the shaft at the end reiiKite Irom the* flywheel, and if 
the shaft were to hav^ a speed ol 350 re\olutions per minute, the 
engine would })C delivering impulses to the shaft which would keep 
time with the free oscillations ot the shaft. In 
these eireuoistanc'es, the angle ol osi illation would 
rapidly increase in magnitude. As the stress in 
the shaft is proportional to the* angle of twist, a 
very large stress would be prodiu’cd and the shaft 
would he in danger of breaking. A somewhat 
higher or lower speed of rewolution is necessary 
in order to avoid these effects ;\m no (ase should 
the impulses given to the^ shaft synchronise' with 
the free torsifijial oscillations. 

The simple pendulum. 'A sim|)le tiendulum may 
be realised by suspending a small heavy body at Fh, 478.-A ^mpic 

the end of a vety light thread and allowing it to penJuium. 
vibrate through small angles under the action of gravity.. In Fig. 478 
the body at B is under the action of its weighs and the pull T 
of the thread. The resultant of these forces is F, a force which 
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is urging the body towards the vertical. The triangle of forces 
will be ABI), and we have 

F^IU) 

ad’ 

BI) 


F = 


AI) 


Now, if the angle BA!) is kept very small, AC and AD will be 
very nearly eciual. Let L be the length of the thread in feet ; then 




B 1) _ mo 
AC ^ L 


BD. 




Hence we may say that E is proportional to BD. For very small 
angles of swing BD and BC coincide practically, therefore the body 
will execute simple harmonic vibrations under the action of a force F 
which varies as the distance from the vertical through A. do obtain 
the value of /c, the force at unit distance, make BD ecjual to one foot 
in ( I ) ; then 


poundals. 


Now, 


T=27r^: 


(p- 437) 






(2) 


Example, pdrid the time of vibration of a simple pendulum of length 
4 feet at a place where ^ is 32 feet per 
second per second. 



7 


Jl 


= 2-222 seconds. 

The coippound pendulum. Any 

body vibrating about an axis under the 
action of gravity and having dimensions 
which do not comply with those re- 
quired for a simple pendulum may be 
calleci a compound pendulum. In 
Edg. 479 (fl) is shown a compound 
pendulum consisting of a body vibrating 



COMPOUND PENDULUM 


about A. G is the centre of mass of the bcKly, and the lino AG 
makes an angle a with the xeriical jwissing through A in tlie jxisition 
under consideration. In Fig. 479(/>) is shown a simple [lendulum 
CD vibrating about C : at the instant considered CD makes the 
same angle <t with the vertical juissmg through ('. Doth pendulums 
will execute small \ibrations in the s;ime time pro\ided that their 
angular accelerations in the given positions are ecpial. 

Considering the compound pendulum, 

Iv^t M - its mass, in jK 3 unds. 

Y -the distance AG, in feet. 

G- moment of inertia about A, in pound and 

foot units. 

the angular acia lcration in r.idians per sec. j>er sec. 
in the gneii position 

,, ('()U|)lc apiihed Mextib 

1 hen , -• .. 

' Ia MX’a 


Considering now the sim|)le pendulum, 

Let M- its m.iss, in pminds. 

L Its length, in feet. 

C^-wL-=-its moment of inertia about (', in ]>ound and 
foot units. 

^^o = its angular acceleration in radians per sec. j>er sec. in 
the given position. 

Then *. ^ 

c 

wt,’ X I)F X I )( ' sin a 
wL’ 


To comply with the required conditions, w^e have 

6k, - : 

.* i^x GaA sin a <,’^sin « 

■■ ' 

Y I . 

I, ’ • 


( 3 ) 
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The length L of the corresponding simple pendulum may be 
calculated from this result, and luiu e the lime of vibration of both 
pendulums may be lound It A (1 be produced to Z (Fig. 479 (c:)), 
making AA ecpial to L, the point so found is called the centre of 
oscillation, d'he centre of oscillation may be defined as the point at 

which the whole miiss of a ('ompound pendulum may be concen- 

trated without thereby altering the time of vibr.ition. 

Centre of percussion. If a body is c'apable of rotating freely 
about a fixed axis, it will be found that, in geneial, a blow delivered 
to the body will piodiue an impulse on the axis. 
Th(Me IS, however, one point in the body at vvhuT 
a blow will jirodiKe no imjiulse on the axis, this 
point IS ( ailed the centre of percussion. 

In h'lg. 480, (' is tlu' axis tdioul whuh the body 
may turn fieely and (1 is the ('entie of mass. Let 
\ I I an impulse V be delivered to tlu' body at a {Xiint Z. 

(z r / ^ 'The elfec ts of F m.iv be (‘xammed b\ transferring 

to the centre of mass, <i|)pl\'ing at the same time 
a cloc kwise couple of moment f'xdZ 'fhe forc'e 
f' acting at (1 will jiroduce ])ure translation, and 
i( the mass of the body is M jiounds, every point in it will have an 
acceleration cr, leet pei sec'ond [)er second, found from 
F- Mni, 


Fl(.. |So.— C« III It of 

plTi llSsloll 


M' 


(0 


In particular, (' will have* this .icc deration cr, towards the left 
Furthei, the c'ouplc* h'xOZ will produce a c loc l.xvise angular 
acceleration 0 ^ found lioin 

^1X1 ,A 

where I,, is the moment of inertia o( the body about axis passing 
through C'l and pai.dlel to the' axis at ('. \\'nting M/’h f(.)r this 
moment of inertia, we have 

FxC;/ 

M/'b 

As a conseciuence of this angular acceleration, (" will have a linear 
acceleration cc, feel per second per second towards the right, lo be 
found from Ox C'O 

F X GZ X CG , X 
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If there is 

: to be no im{)ulse on tin* axis at (’, 

theie must l)e 

eijuahty of 

and rg. Heme, 



F FxG/xFG 



M ' MX-;. ’ 


or 

( V/. X ('( I 

A“. 



.’. X\. Gi/xCG. 

(,i) 

Also; 

b ■ h, + M I ( i', (p t 1 7 

) 

or 

MX’c MX’,->M. ('(;■. 



Xb X\ (■(.-. 

(4) 

Also, 

G/.^ ( 7 . ('G. 

(5) 


Substituting these \alues in 

/•: -('(;* (( / - ( (;)(■(;, 
or -- ( Z X ( ’( j ; 


(’oinpanson ol tins re-siilt \Mtii tli.it found for tlu' position of the 
centre of os(.ilhilion (p. -Hi, esju.ition f.g), iiidKates that the eeiitie 
of percussion of a bod\ (oiiii ides with tiu' l entie of os( illation. 


Reduction of a given body to an equivalent dynamical system. 

It is often ( oinetiieiit 1^) substitute for a given Ixxly two separate 
bodies connected by means of 
an imagin.iry rigid rod, and 
arranged in h a way lh.it the 
substituted boiHes beha\(' under 
the action of any fon e or forces 
in exactly the s.'inu‘ manner as 
file gnen body. In Fig 481 (u) 
is shown a body mass M, 
and having its centre of mas.s at \ 

() ; Fig. 481 {/>) shows an equi- 
valent system, consisting ofdwo liodies at A' ond IV, hav mg" masses 
Wj and Wo resjiectively, and having their centre of mass at (i A 
and B in Fig. 481 (a) correspond with A' and IV. 'I'he eonditions 
of equivalence may be stated as follows • 

(i) The mass M must be e(pi.al lo the sum of w, and w., and the 
points G and G' must divide AB and A'lV respei^tively m the same 
proportion. A force applieij at G or at G will then ])roduce pure 



Fmf 481 - F>|uivalent dynamif al sysicm. 
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translation with etiiial acrelerations in the given body or in the 
substituted system. HeiK'e, 

;//, + w, M, .. . (i) 

;;/j X ACi -- /// , x !>(}, 

or m^a = mjf (2) 

(2) d'he moment of incitia of the given body about any axis pass- 
ing through its centre of mass must be the same as the moment of 
inertia of the substituted system about a similarly situatod axis. 
'I'his condition ensures that the given body and the substituted 
system shall possess csiual angular a( celerations when acted on by 
ecjual couples. Hence, 

w gz - + M , ( 3 ) 

'I'liese eciualions may be reduced as follows: 
hrom (2), w, m ,, m , 


Substituting these in (1) gives . 


-f , - M ; 


M 

rZ zz 4* b 


m , 4- M 


IM Mil 

If (Z 4 - b' 


Inserting these values in (3), we have 

Mbii- Mab^ 
ii 4 - cz 4 - b 
(I’b + ab- 


ab{a 4 - b) 




The required equivalent system may thus be obtained by first 
selecting a. b may then be calculated from (6), having first deter- 
mined the value of kl,. w, and may now be calculated from (4) 
and (s). 
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Example. A (onncctin^ hkI (Fij.;. 482; 4 fed lon^ i'-is its (cntu* of 
masb Ci at 28 feet fioni tlie small CMitl. 1 he mass of the uxl is 2u> 




Fiom (4\ 


Eiom (5), 


b 0714 f(X)t. 

\ 1 /- 

,r\-b 

2<xjxo7i4 2cx>xo7i4 

28 + 0714 > 5*4 

40 f» pounds 

'Wa 
‘ (I + A 
200 X 2-8 
3 5*4 


I 3() 4 |)ourKls. 

•• If it is desired to gi\e the l)ody shown in I'lg. 481 {a) any assigned 
motion, the forces locpnied may l>e obtained as follo\ss; hind the 
linear accelerations at A iind b,',both in dird< tion and magnitude; 
let these be <7j and a respe( lively. In Eig.^481 (A), showing the 
equivalent system, and ///, will have accelerations and 
respectively, and forces will be rcxiuincd acting in the lines of these 
accelerations, and given by 

r, -wp7p 

1% “ //. ,f7^, 

both in absolute units. The same forces applied at 7\ and B respec- 
tively in Fig. 481 (77)\vill give the proposed motion to the body. 
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Exit. 43. The law V=^ma may be verified roughly by means of 
the apparatus illustrated in Fig. 483. A and H are two similar scale 
pans connected to a fine cord (' which passes over two aluminium 
puMeys 1 ) and E. A cord C,, of the same kind as C, is attached to 
the bottom of each pan, and compensates for the 
extra w-eight of cord on the B side of the pulleys. 
A fall of about 10 feet should be arranged for 
the s{‘ale pans. 

Place e(|ual masses in the .scale jians, and 
find by trial what additional mass placed in A 
will cause it to descend with uniform velocity 
when given a start. Any additional mass placed 
in A will now give \ an acceleration downwards 
and B an eijiial acceleration upwards. I.et A 
have a total lall of H feet, and make se\eral 
exj)erim(‘nts without changing the masses, 
noting the time in seconds for each descent by 
m(*ans oi a sto|) \\at(h. 'Take the average time 
/ seconds and cah ulaie the acceleration from 
H-.br/’, 

Fi(.. 48^ App.vr.'vtiis for 

verifying- the i.iw 1' -w,/. fc<“t {)er sec per se('. (0 

'I'he acc eleration should also be calculated as follows . 

Let NE' mass of each sc ale pan, pounds 

M,(. " the ecpial masses added, pounds. 

Mf -- the additional mass in A rvtjuired to secure uniform 
velocity, pounds. 

Ma~-mass adclcal to A for the purpose of prcxilicing 
ac'c'elc^ration, pounds. 

'Phe total mass to w'hic h acc'cleration has been given, neglecting 
the cord and iiullc'V’s, is 

= 2(M.+ M;.)+M, + M«. 

'I'he force F which has produced the acceleration is the weight 
of M,4, i.e. in pounclals. Hence, 

F-Mc7., 

or -- { 2(M, 4 - M.,) 4 - Me + 

\ E'ct pcr .scc. per .sec (2) 

- 2(M,+ M,r) + Me + ^ ' 

This value sJiould agree fairly well with that experimentally found 
and given by <7j in -eciuation (i). ^ 

Repeat the experiment two or tliree times with different masses. 




Kxpr. 44.— To flnd the moment of inertia of a small flywheel by the 
method of a falling load. I'Iil* apjxw.iius ii-'ol <'<>nsists ol a small 
flywheel (Kig. 45vS, p. 418) ha\jng a drum otj its sh.ifi atui (apahie of 
being rotated l)\ means ol a lord wraj'ped round the drum, and 
having a s( ale jian containing a load .itia< lied to its end. '1‘he c i^rd 
IS attached to the drum in sm h a m, inner that it drops c'll \slun tin* 
scale j)an *rea( lies the llooi 

.Allow the st ale p.in to destand slowh through a measured height, 
and note the niimliei ol re\olutions m.nk- hv the wheel during this 
operatuin. Wind up the stale pan to tin N.ime In ighi, [il.ne a load 
in it, then allo\\ the wheel stait un.init d, at the s.nne inonn nt 
starting a stop watt h. Stoj) the watth at the instant the stale jian 
reat hes the floor, aiul note lht“ tmn* ol dest t m. .\llow the whet 1 lt> 
go tin re\ol\mg uiilil tintit)n hiings it tt» n si. .uni note llit' total 
number ol ie\t)hitions whn h it makt s liom st.nl tt» sttip 
I.et W| the mass t»l the si alt* pan, in |»tninds. 

///, the mass j)i.iti,vi in the stale ji.m. in ptumds 
.\1 - Wj f /;/, the itit.il f.dhng mass, in pounds 
11 the height ol lall f)l the stale [mii, in leel. 

/ tlie lime t)l tall, in si 1 oiitls 

N, niimhei ol ie\olulit»ns matle by the win el dining the lall. 
N, the tt)lal numbt 1 ol ti\oluiit»ns lioin stall It) stop, 
d'he total woik tlone b\ gia\it\ will be .M.gll Ititil poiiinlals, and, 
up to the instant that tin si alt' pan is on the ptnnt ol lout lung the 
floor, this uoik h.is lx t n expendt tl as lollows {d) m giMlig kilietlt 
cnerg\ to the tailing mass \1 . (/') m t)\eit ommg frit tionai resistant es; 
(() in gi\mg kiintit' enelg\ to the win el. Il 7 ’ be the xelotity ol M 
when the stah' pan aunts at the flot)r, ihe .i\eiage velotify ol 
dest'enl will In r'leit pi i set ond. lit me, 

7 ' ^ let I pel set onil 


Kmelit' t nergy ,it t juirt tl b\ M 


.Mr"' M 4H-’ 
2 ‘ 2 ’ t - 


.•Nge 


loot jjolindals. 


'I'he differt nee between iMgll ami the kimaie energ\ aetjuired by 
the lalling mass M represcaits the < m igy rt.dhmg the drum, and is 
expended in oxereoming Ira tion and in gning kim tie energy to 
the wheel. sMjj' 

I'.nergv reaeliing the drum .M.gH * 

^ loot-iK>umlals 
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Ultimately, the whole of this energy is dissipated in overcoming 
frictional resistances throughout the entire motion of the wheel, ie. 
in revolutions. Assuming that the fri(‘tional waste per revolution 
is constant, we have 

Energy wasted per revolution = ^ , 

ICnergy wasted while M is falling-^ foot-iX)undals. 

Let E ~ the kinetic energy possessed by the wheel at theanstant 
the scale [)an reaches the floor. 



The angular velocity of the wheel at the instant the scale jmn 
reaches the floor may be ( alculated as follows : 

Revolutions described in t seconds^ N, 

aseragc revs, per sec. x t\ 

Average revolutions [)er sec. - 


. . 2 is 1 

And, maximum revolutions per sec. - —j- 


Maximum angular velocity of wheel = <u ■- —U 2 r 


47rN 

/ 

• rrdians per sec. 

Now', 

u>2 

Maximum kinetic energy of the wheel I E 

foot-lb. ; 

• I - ^ 

, 1 (0- 



_N,/ 

l67r‘‘Ni- 



N,\ pound and 
N.,/ foot units. 


The experiment should be rep'iated several times with different 
masses w., ahd' with different heights of fall H ; the values of 1 
should be calculated for each experiment and the'mean value taken. 
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Expt. 45 — To find the centre of oiciUaUon. or the centre of percuselon, 
of a g^lven body. A tonuctlin^ rod has Ixa ii srha tc\l as a iisi-rul 
example (log I )u* rod AH is suspL-iuieil lioni a kiiilc f*dge 

Vonsisting ol a sejuart' bar ot tool sicrl 
('!), jiiissing ihiough the hole in ihc 
^niall end and lesling on V hlo< ks at 
h and 'I'ht* rod (an Nibniu* now- 
in tlu' same plant- as that m wliali it 
will \ihrate when built into tli. » ngine. 

(in is a simplo ptnduliim (oii'^isting 
of a small lu aN \ lx >b and .i light < ool 
( 'ail so both 10(1 .md smij.lc pendulum 
to e\e( iitc sm.ill \ibiations, stalling 
both tog(llui at tlx ( nd id a swing 

.Adjust the 1 ( iigtli ol (111 until bolli 

\ibt.ite in the same tune Me.isuie 

(III and maik a point on tlx ( on- 
n(‘( ting 10(1 at this iLiiglh fiom its .i\is 
ol \ibiation j'his w ill gi\e the ( entie 
ol oscillation ot pen ussion wlxn the 
lod IS \ibratmg about the iippi t edge 
i;l the l( )( )1 st( 1 1 1 >ai . 

Mmm p) 'I'.iki .1 uniloim bai ol uk t.d aixait 3 leet long .ind of 
section .iboiit 1 im h b\ ; null. Ktltiimg to j) j it will lx- sei n 
that the ( ( ntie ol pen u . ;on / loi this bai w ill be at a di statu e I torn 
( ' gi\i 11 b\ / ' 

* ii; 

lu't b be the li netll ol the !).ii d'lu 11 

((; '.L, 

.'. (•/ -;l 

Maik clearly the position ol / on the bai , allow tlu- bar to hang 
M itK'ally, using ^ (iiil'i i and thumb at (' Use another short bar 
and stiike tiie bar shaipl) at (hfh'int jioints. 'The abseiu e ol any 
jar on tlu- fingu rs whin the b.-i is slnuk at / will be obseiied 
readily, arul goes ( onfii m.ition ol tlu (ah ulatuil position ol Z. 

I'yXFi'. 47 — Vo And the radius of gyration of a ^ven body about an axis 
passing through its centre of mass. In log. 4H5 is shown a flywheel 
arranged in tlu same manner as the ( onnectmg rod in Fig. 484. 
Find tht! length ol ihe ( orresponding simple peiidulum ns direited 
previously, being careful to lause the flywheel to vibrate in tlu- same 
plane as that in which it will rotate*sul).sequently. Mt,‘asiUre HK, the 
distance from the axjs of vibration to the centre oT mass of the wheel. 
Weigh the wheel m order t(f estimate its mass. 

2 r 



I). V(. 
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'I'aking equation (3), p. 441, and ap[)lying it to the present case, 
we ha\ e 

. , 


where 


Hence, 

Now, 


lv = GH, in feet ; 

Y = BK, in feet; 

y^B=^the radius of gyration about 1>, in feet. 
/&” = LY. 

Ik = I„-MY^ 

M/k = M 4 - MY- ; 

/k = 4 -Y-=LY-Y-; 

/iK=VY(i;- Y) feet (i) 



Ki(. 485.- Radius of pyratiou of a flywheel by cx|>erimei)t. 


'riie tnointMit of inertia of the wheel alioul its axis of rotation 

-MY(I> \') pound and fo( t units. . (2) 

'Phis experiment therehjre provides a means of finding the data 
required tor estimating the kinetic energy and the rotational ineitia 
of a given flywheel. 

Isxer. 48. — To find the velocity acquired by a wh^'e! in rolling down an 
incline. In l''ig. 486 i*^ shown a long incline AB consisting of two 
angle hais with a gap between them. 'The angle bars are pivoted to 
a bracket at A, and a prop at F enables the angle of inclination to 
be altered. 

d'he wheel I) has a spindle projecting on each side of the wheel, 
and has a collar P] on each side .secured by a nut to the spindle. 
The collars are coned slightly for the purpose of keeping the wheel 
centrally in the gap as it rolls down and to prevent the wheel from 
rubbing on the angles. A fixed ''stop is fitted at C. The object of 
the arrangemeiit is to increase the time taken in rolling down the 
incline. 
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First determine the S(}iiare of the radius of gyration of the Wheel 
and its attachments a}K>iit the axis of the spindle, by the method 
explained in the last e\[)erimenl. Ixjt this be in f(H>t units. • 


Fu; 4S6 —Apparatus for in\csiin.aii>t; the motion of a wheel rolhi.jj ilowii Kti iiKliue. 



Set the incline to a suitable angle by means of the prop. Measure 
the dilTerfMK'e in level between tht‘ eentre of the wheel s[)indle when 
in the starting position and when in the siojiping jiosition ; let this be 
H feet. Measure also the dtstaiue lra\elle<l, parallel to the intTine, 
by the wheel eentre : let this be F leet. bet the wheel start unaided, 
and note the time taken in rolling down ; let this be / seconds. Let 
the linear velocity ol the wheel ('cntre at the instant of arriving at 
the bottom be f' feet per second. 'I'hen 


L - the average velocity x / 



per second. 


(>) 


'Taking eipiation (4), p. 422, and writing /* instead of R, where r 
is the mean r4idius of the (?c;llars Is in feet, 


. / . 3 . ^ , 1 . ! ,.. feet |)er second (2) 

V ■ ^ 

• ^ 2 “ 

(i) and (j) are expressions for the; velocity found by entirely 
inde[)endent methods, and the results obtained from them should 
agree. Give the results lor v by both methods ; repeat the experi- 
ment, using (liffeMit angles ol inclination and collars having a 
different diameter, * 


EXEKClSK.S*ON CHATTER XVI II. 

1 . A wheel has a moment of inertia of 2^,000 in }>ound and foot units, 

and runs at 90 revolutions per minute. Find its moment cjf momentum. 
Suppose that the speed changes to 88 revcdutions per minute in 0 5 second, 
what c ouple must ha acted i • 

2 . A wheel has a moment of inei^ia of 20 in pound and fcx)t units, 
and has a speed of ()o revolutions |)er minute ; the piane of devolution is 
vertical. The wheel i‘»mounted so that its axis is capable of turning in a 
horizontal plane {i.c. m a/imutfi). The axis is found to have an angular. 
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velocity of ^ radian per second in a/iinulh. Calculate the couple 

actiMg. Show the couple and the diiections of both angular \elucities 
clearly in a di<igiain, 

3 . A cycle wheel lias ,i mass of 5 pounds and its radius of ^jration is 
one foot. It IS suspended as shown m 1*1^.470, the? distance lietween 
the suspending coid and the mass centre being 2-5 inches. 'I^he wheel is 
spun and revolves with its pi. me vertical 120 times pei minute Find 
the angulai velocity in a/imuth. 

4 . A bcjcly having a mass of 12 pounds vibiates in a sliaiglit line 18 
inches Icjng with simple h.irmonu motion. 'I'he time of one comi)lete 
vibiation is 0 25 second. I* mcl wh.it force must act on it at the end of 
eac h stioke .iiul the velocity at the middle of the stioke 

5 . A sm.ill wheel having a moment of ineitia of 04 in jiouncl and foot 
units has its plane hon/ont.il .ind is attached riimlv .it its centie to a 
vcMtlc.d steed wiie, the top end of which is tixed to ,i rigid bi.uket I'lie 
wheel can execute toision.d osc ilKiiions undei the contiol of the wiie 
'I'he vviie is o-c/i inch in diametei .ind 36 inches long, .mil its modulus of 
rigidity IS known to be 1 i,cxxj,cxX) lb pei scpuiie inch Find the time 
of one cc»ni])lc'te osc'dl.ition 

6. A thin disc 24 me lies in di.imetei c .m exec ute sm.dl v ibi.itions under 
the influence of gravity about a hoii/ontal .ixis at c;o degiees to the jil.me 
of the disc .md Ijisec ting a ladius Find the Icaigth of the* ecjuiv .ilent 
simple pc'ndiilum and the time of one complete vibi.ition. 

7 A thin iinifoim stc*el locl 3 feet long hangs fieelv fiom its top end. 
Find the cc'iitic* of pete ussion. 

8 A unifoim b.u of mild steel, section 2 inc hes bv 1 inc h, 4 feel long, 
h.is ni.isses of 4 ,md 2 jiounds att.iched at di'^t.mces of i loot .md 3 5 feet 
lespec tivelv' tiom one end 'I'.ike the densiiv of the b.u to be o 28 jxiund 
pel cubic inch, find the in.ass centic and the moment cef ineiti.i about 
an axis at c)o degic*es to the fl.il f.ic e of the b.ar .md jcissing thiough the 
massci'iilie. 

9 . l ake the sv'stem given in (Question 8 .md ic'duc e it to an ecjuiv. ilent 
dyn.miic system h.iving .1 m.iss situ.aK'd .it the end ot the b.ir <icl).icenl 
to the given 2 pound m.iss 

10 'lake the equiv.ilent dynamic' svstem found in .iiisvvei to Questio,. 
(j. A foici* of ioc:> lb weight is apjihed at ()o dejpec,‘s to the b.u ('u; at tile 
in.'iss centie, (/*' ;it 3 ipches fiom tlie m.iss cenlie. Find, in e.ich case, 
the* li .msl.'iiional acc elei.alion ol the iliass centie and the angul.ii acceler- 
ation, if any, of the b.t . 

11 . Fxpl.un wh.it ii meant by moment of momentuir C.ilcul.Ue the 

moment of momentum of a body weighing 300 lb. rotating at 1250 revolu- 
tions pel minute, the i.idius of gyration of the body .ibout the axis of 
lotation being 1-7 fool. W’hat property is measured by late of change of 
moment of momeiVum • (I.C.E.) 

12 . A bexiy of 40 pounds hangs from a spiral spring, which it elongates 

2*5 inches. •''Fhe bpdy is then pulled down a shoit distance and let go. 
Determine the number of complete oscillations the body will make per 
minute, assuming that the weight of the sjUring is 20 lb. (li.E.) 
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13 A bcxly wcigliin^^ 161 lb has a sinij)lc hamumic nioiion, the total 
len^'^th of one swing being 2 feet , the pencKlic tune is 1 second. M.ike a 
diagiam showing its \cl(Kit\ .ind anothei sliowing us acceleialuut at 
every point of its patii \\ liat force is giving to the Ixxly this motion? 
What IS Its gieatcsl value ^ (11 K ) 

14 . A heavv < inulai dis( is suppoited on a shaft ^ im hes in diameter, 
c<irried on .oiler beanngs ; a ( ord is wiapjKd loiiiui the shall. It is 
found by ?\peiimeiu (li<U a weight of 6 lb suspended fiom this (oid is 
just sufhnc-nt to o\ ( u omc the li u tion of the lollei beanngs .oul maint.im 
.1 uniform s|)eed of lot.ition of the dis< When a weight of '^o lb is 
suspended fiom tlu' ( ord, it is found that this weight des( ends vcitually 
14 feet in 2 se( onds of tune DcUcimim' the* moment <il inerti.i ol the 
disc in |K)un(l-fool- units Negleit the incutia of sh.dt and <oid, .ind 
assume that the speed of lotation of the dis( m< le.ises ,it a uniloim i.ite 
111 the second e\])erimiMit. (H 1. ) 

15 Obt.im the m.ignilude and position of the single fone which when 
applied pel jicmlu ulat ly to the axis of a unifoim hai 148 inches long, 
weighing 200 lb ) will give it ,i tianslalion.d ac i cdei.ition of 40 feet pei 
second per second <incl .1 rot.Uion.d ac c ehiation of 10 ladians jier second 
per sec ond (I C.K ) 

16 . In a hoisting gear a load of yx) lb is att i* heel to a lojie wound 
round ,i chum, the' diametei to the* centie c)f the lope being 4 feet. A 
brake dium is attached to the icipe chum and fittc'd with a band bi.ike 
riie cvanbined weight of the* two chums is 720 lb, and the ladius of 
gyration of the two togcthei is 20 in< lies 1 he weight stalls fiom lest 
and attains .1 speed of 10 feet pci second '1 he- biakc* is then ajiphed and 
the speed is maintainc'd constant until the load le.iches 20 fc c‘t fiom the 
bottom, when the bi.ike is tightened so as to give umfoim letaidalion 
until the load comes to rest 1 he total dc-s< c-nt is icx) feel, find the lime 
taken foi the desc ent and tlA‘ tension in the* tope during slowing (I.C.K ) 

17 . Show that the natui.d jieiiod of vc-itical oscillation of a load 

suppoited bv a spiing is the same as tlie peiiod of a simple pendulum 
whose length is ecpial to the- static detlec tion of the spiing due* to the load. 
When a cairia;^* unclerfiame and body are mounted on the springs, 
these aie obsetved to detlec t il inch Calculate the time of a veitical 
oscillation. (I.C.K) 

18 . Show that a bodv having plane motion m.iy be represented by two 

in.isscs su|)posed( oneentratecl.it j)oints. A ic)c king level tinassboo pounds) 
has a ladius of gvi^tic)n .d)oiit its centie c)f gravity of iH inches, and the 
centre of gravity is distant 6 inches fiom the axis icnmd whic h the lever 
rocks I’lnd the magnitude of th,c*,ecjuiv alent masses if one is suj)posccl 
to be c one emtrated at the axis, and find also tin* distance of the other 
mass from the axis. Find #he toicpie recjuired to give the [pver an 
arc elcr.ition of fo radnins j)cr second |>er second * (L.C ) 

19 Tlie revolving paits of a motor car engine rotate clockwise when 
looked at fiom the front of the car, and have a moment of ineiti.i of 400 
in pound <ind foot unUs d he car is being steered ly a caicuiar jiath of 
400 feet ladius at 12 mile-, per hour, and the engine runs at 8cx) revolutions 
per minute, (u) Wdi.it arc the efTects c*n the steeimg and driving axles due 
to gyroscopic action? I he distance between tl>cse»axle^ is 8 feet. (/^ 
Suppose the c.ir to be^urned and driven m tlie leversc direction ovci the 
same curve at the same spet^d, what will be the effects on the axles ? (I..U.^ 
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20. A liollow circular cylinder, of mass M, can rotate freely about an 
external generator, which is horizontal. Its cross-section consists of 
conoentric circles of radii 3 and 5 feet. Show that its moment of inertia 
alx>ut the fixed generator is 42 M units, and find the least angular velocity 
with which the cylinder must he started when it is in equilibrium, so that 
it may |ust make a complete revolution. (L.U.) 



CHAI'TKR XIX. 



Fl(.. 487 Slider < r.tiik I li.iii 


1 INK MIA II \MSMS. 

Link mechanisms. Links ait* usi'cl lor liansinittin;^ motion fioin 
one point to aiiotlicr in a mc< hanism. In any complete mec Ijani.sm 
contaimii}^ links, usually each 
part IS constrained so as to 
move always over the same [)ath 
in the same definite manner; 
the whole may then be defined 
as a kinematic chain, riu* slider- 
crank ('ham is a well known 
example of comjilete restraint 
(h'ig. 4S7) , here the cnink ('!> revolves about an axis (' and lorms 
one link m the* chain ,^tlu,’ c'onnei ting rod AW is ('onnec ted to the 
crank at H, henc'e this end of the rod revolves .ibout the lentie ('; 
its other end A is constrained by the ''hdmg blo( k 1 ) and slotted 
frame IC so as to move alw.ivs in a siiaight line. 

Fig. 488 shows a c.ise ot me omiilete restmmt , theie arc* two 
crank.s AB and CD, capable of rotation about A and (' respectively, 

D, - 


I 



L 


■Hf 


(b) 


h K. 483. — Kxam4)Ies of iiKonipIctcly .and complctclj rcstriintd mccli.-jnisnii. 


and connected by two links Bis and I )F, jointed at Is. It is im{)ossible 
to make any calculations in a case such as this.* (.'omplete restraint 
may be secured by having a blo^k at the joint Is and guiding it to 
move in a definite line (Fig. 488 (/^)) , the addkion T)f* anothc^r c rank 
GF and a conneermg roci FIs will secure definite motion for every 
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part of the 'niL'chanisni In cases of complete restraint, problems 
regarding the path, velocity and acceleration of any point may be 
solvqj, and calculations made regarding the effeds of inertia in pro- 
diicing’stresses in the parts and in modifying the forces given to the 
mechanism by outside agencies, 

'I’hc path of any point in a mechanism is found best by drawing 
the mechanism in s(n'cral different positions and marking in each 
the position of the point undiT ('onsideiation ; a fair curse may be 
drawn through these points and will gi\e the desired path. d'Hc path 



of a i)oint P in the conne< ting rod of a shdei -crank-chain is shown in 
Mg. .pSp as an illustnition of the method A simjile method of 
obtaining \('lo('ity and a('ccl(talion diagrams has been given in 
('hapttT XVI. ; some special nu'thods will now b<‘ examined. 

Velocity of any point in a rotating body. In fig 490 is shown a 
body rotating about an axis at (' which is perpendicular to the plane 
of th(‘ jiapci. d'hc (hredion of the 
\elo(ity ol any jioint, siu li as A ot H, 
will be p('i{)endicular to die radius. 
To (.ildilali; the \('!o<aly ot H, if the 
vchuatv ol A IS given, let the body 
make one revolution , tlien 

Distanc e travelled by A 27 r . ('A. 
Distance travelled by b - 27r . (ML 
As these distances aie tiavelled in 
the .same tune, we have 

27r . ( 'H 

" 2T CA’ 

CH 



t K. 490 - -V el<K itics of points in a 
roi.\iiii^; hotly ^ 


v.-v 


H\\- 


'I'his result .sh(>vvs that the velocities of different points in a body having 
motion of rotation only are proportional to the radii. 



I NS 1 AN rANi:ors ( Kn i hk 


*157 

Possible velocities in a link. Lit AH ho a rigid rod or link 
(Fig. 491), and let A h.i\e a M-Uvity \\ at a gi\en instant. '’>>11 
ha\e components (os a and \\ sm a along and jiei pondieiilar ft) die 
rod respecli\ely. Let H have a vehxitv \',i at the same in.stant, the 
com[>onents of in the same ilirettions v\ill he \„(os/i and 
\ uSm/i. As the tod is iigid, /.e ('annot heiid or alter its haigth, it 
follows ifiat \'||('os/:^ and \\ cos <t must ho oipial, otluiwiso tlu‘ lod 
is heeoming shoiter or longer. 'The other (omponent ol the \elo( ity 
of H may he ol any magnitude .uid ot i-itluT sens(‘ along I'A I'he 
result may ho lApressed h\ saving th.it the velocity of B relative to A, or 
of A relative to B must he perpendicular to the line AB 




Instantaneous centre 'I'he n lalions ol the vehxaties ol the ( luls 
of the rod A 15 111. i\ he e\amined liy the lollowing method, whuh is 
suilahUi for *gr*iphic.il solutions Releiemi- is made to h'lg. 41)2 
Here the veloeilv ot A is along hut lor an insi.mt it might he 
im.igined that .\ is lotating about an) (intie in A 1 whuh is perjx n- 
^dicular to \\ , this will not alter tlie direction ol the velo< ity, whuh 
will still he along^ Va- in the same way, we may imagine that H i.s 
rotating about an> centre in HI for an instant, t!il being p( rpendu iilar 
to N'l,. Henc'C I, the point of 'mter.sec lion yf AI and HI may lx; 
looked upon as a centre aVout whicli both A^and H an; lofating foi 
an instant, aiuf is called the instantaneous centre W’e have, therefore, 

\\ AI 

V„ HL 

The application of this melhocl to a crank and connecting" rod is 
shown in Fig. 494 {(j). (liven the velocity of H, txjua! to to find 
the velocity of A dr.Lv A I jjcrpendirular to />. to A(’, and alsc) 
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produce (Hi, whi('h is perpendicular to V„, to cut AI in I, Then 
V. lA 

' . V,r HU 

A more convenient (onstruction is to produce, if necessary, the line 
of the ccjnnecliiiL; rod AH to ( lit ('N in Z. 'I'he triangles lAB and 
CliZ are simil.ir. Hence, , 

(Z lA V, 

(Hi Hi V,,’ 


If the (’rank is rot.uing with iiniforin angular veloidty, \T will be 
('onstanl and ( 'Z may be taken to K'piesent the vehxity of A to a 
scal(\in wliic h V,, is repr<‘sent(“d by ('li, the length of the crank. It 
is evident that \\ is /cto when the ( rank pin is at either L or R ; 
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also, when the' crank is at (>o* to LR, Z coiik ides with N, and ( 'A 
will be ('(jiial to the cr.ink, thereloie \ ^ and \'it wjll be etjiial. 
hdg. 4(;3 (/d shows a velocity time tairvc for A, drawi'i by setting off 
the values of ('Z on a base of eijiKd (Tank angles. 

Four-bar chain, hig .p)! shows an example of a double crank and 
connecting rod. 'Two ( ranks, one AH, revolving alxmt A, and another* 
(H), revolving about (’, ate connected by a lir.k lil); the frame 
forms the fouith bar of the chain. .For the position shown, I is the 
instantaneous centre, (obtained by jiroducing liA and (H). As before 
Vn^H) ' 

Vp Hi* 

If V„ is given, niav be found from this construction, and the 
angular velocity of/H) may be calculated from ■ 

. , Angular veloeify of (H) 

In Fig. 4(;5 i^ shown another pair of c»anks Al'i revolving about A, 



FOl’K-BAK CHAIN 


and ('!) revolvini^' about C. lU) is ihr coniKrting link, 
instantaneous centre. As before 

Vh Ib 

v,> 11 )- • 

bet oj, tile aneul.ir \clo< ity ol . 

, - the angular \el«M ily ot I 

d'hen .Al), 

Hence, 

0, ,.(’!) V„ ID’ 

«.), Ib ( I) 

or 1 - 

«u.> 11 ) Ab 



(I'D * 



I'K. 494 — A four li.ir cti^in. 


N \iit;itlar v< Kh ii 
lout h.ii < h.iiit. 


biodiKc l)b and ( ' \ to mc( t in /, and niaik the angles <(, /i, 0 
and (/) as sho\sn , then, in the in. ingle /.\b. 

• * /A^sin/^ 

Air sin </» ' 

and, in die tiiangle Z(d>, 

/(' sin ( i 8 o -- 'A sin a 
• ZD ~ siir sin 

* Ab Z(’ sin a sin (/> 

1 lenee, ^ n ' ij * 

ZD ZA «sin sin/i 

• sin </> 'VA) 

• " ZA ^sin/i sin'r-Air 

Now, in the triangli ' 4 bD, sin a/sin /r- Ib/H) : and in tlie tiiangle 

ZCD, sin (/Vsiir - (A ) ZD. Hence, 

Z(' lb (A) ZD * 

ZA IDZD Ab 

lb (A) ^ , 

• . - 11 )- Alt 
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•(4) 


Therefore, from (2) and (3), 

w, 7X1 

\ 

The result shows that the angular velocities of AB and CD are inversely 
proportional to the segments in which CA is divided by DB produced. 

Wheel and racks. .As a further e\ami)lo of the use of tKe instan- 
taneous centre, 496 (r/) shows a wheel between two racks. If the 
wheel is moving towards the left with a velocity XT, and if the rack 
A I) is fixed, then A will be the instantaneous centre of the wheel. 
Hence, V„ _ ha 

v;“(:a"‘ ’ 

A V,.^2V,, 

show'ing that the veloc ity of the to[) rack is twice that of the centre 
of the w'heel. 

If the racks are moving as shown in Fig. 496 (Z^, then I may be 
found from the given values of and Vr ; thus 
V. _ I A 
V., Ib’ 


Having found the position of I, the velocity ^^1 ihe centre of 
the wheel may be calculated fioin 

V, IC 
Va lA' 



Parallel motions. *By the term parallel motion is meant an 
arrangement for consti^aining a point to move in a stn^ght line. In 
the Scotb-RuBsell paraUel motion (Fig. 497), a link AP has one end A 
guided so as to move in the straight line AB. Another link BC is 
pivoted at B, and'is connected by a pin to the centre (' of AP. 
AC = CH^==BC, hence P, B and A will always lie on a semicircle 
which has .VP ftvr diKmcter. The angle ABP vviU alwa)s be 90“, and 
hence P will move in a straight vertical liae pa.ssing through B. 
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It will ho notod that the instantanooiis I'ontro t't)i Al' is at the 
interseotioti of lU' prodiK'OiI aiul AI diawo porjtoiidK iilar to AH. 
Further, from the gooiuotry (jI tin* li^^uro, P will lie .ilw.iys*on a 
horizontal liiu' drawn from I, and will, dioroforc*, ho ino\ing \oiti('ally 
in any position of tho iiu'i hanisin 'This ('onlirnis tho losult alioady 
notod. , 

In praoii'o it is often o«ui\oniont to oiiido A as shown in f'lg. 49 (S. 
'I'ho .'Jiort ar(' in whic h A now mo\os mtoiloics witli tho stiai^ht lino 
motion of P to a small lAtont onl). 

'Phis modification of tlx* .^cott 
Russell parallel motion is used 
sometimes in indicatois Icn miidin^' 
tho pencil in a stiaij^ht lux* Pho 
airangemont poimits of havmjj; 
a magnified copy ol the motion ol - 
tho piston (1. 'Phe instant.iiu ous 
centre 1 lot AP is tho jioint ol 
intersec tion of DA and B( ' when 
prodiK'c'd, and IP, diawn hon- 
zontally thiough I,gi\es the jxtsiiion 
ot P on tlx* link .\P. Joining AH, 
it will ho boi'ii that tho triangle s 
APjF and KfP are rxnirl^’ >imilat Also M' and !(' are nearly o<jiial 
for all piacticahle positions c>f the mec hamsm. Hence, 

!(' H(' 

CP AC’ 

• AC HC 

or CP 

•• 

a result which onahlos f'P to he* calculatocl when A( and H( are 
given. * ^ 

In the Watt parallel metion (Fig. .pjcj), two ocjual links AH and 
DC are pi\(^tod at A and D respectively, * and connected by a 
third link BC. It is »evident lliat movement of the mechanism 
will cause H and C to deviate to the left and right resi)ectively ; 
hence P, the centre of BC, will nxjve in a straight vertical line 
for a considerable distance. If the movement of Jl^e mechani.sm 
continues, P will (^escribe a curve resembling h rough figure eight 
(the lemniscate). 
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In Fig. 500 is shown a Watt ixirallel motion in which AB and DC 
are not e(jual. I will be the point of intersection of AB and DC, 



Fi(.. 49<). VV.tit [jnrallcl motion ; equal arms. Km 500.— W.wt p.-irallel motion ; 

uuL'iiual arms 


and V may be found by drawing IB horizontally from I. From 
the geometry of the hgufe, it may be shown that 
BBiBOCD: Ali. 

In Fig. 501 is shown the arrangement of Watt’s parallel motion 
used in beam engines. Ali and DC are 
etpial, and B, the centre of IK', moves in a 
straight vertical line. !)(' is extended to li, 
('F being equal to D(', and bars I'^^F and 
FB are added so as to form a parallelogram 
(dsFB. FF will then be double of ( B, and 
F, B and D will he a straight line always. 
f'D will be double of Bl), (xmsotjuently, if 
i‘ is moving in a straight vertic al line, so also 
will F. In the engine, h' and B seive to guide the endf ol the low 
pressure and high [iiessure [)iston lods respeclivel). 

Inertia effects in a mechanism. In iiuesiigating problems re- 
garding the forces or turning moments whic h may be dc loered by a 
machine, it is often necessary to consider the effects of the inertia 
of tlie parts of the machine. 'The following caV- of a slotted bar 
mechanism (Fig. 502) giving simple harmonic motion to a piston A 
should be studied. Factional cITcc ts ha\^e been considered already 
[wirtly (p.*37i), and arc* disregarded here. • 

Fig. 502 (c^) is a diagram showing the effective pressuie on the 
piston throughout the stroke ; any ordinate such as /j gives the 
difference in pressuie on the two sides of the piston at the moment 
considered. Hence, the net force; B urging the piston towards the 
left is * * • _ w- 



A } 

Fig. 501 - Walt p-nr-illel 111. 
.ipplieil to a l)(Min eii};iii 
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where d is the diameter of the t')lin(ler in inches and /*, is the 
pressure in |X)iinds ])er s(}iiare iik h. 

Rut for the inertia of tin* piston, piston rod, aiul slotted I'wii; the 
whole of this force would he transmitted to the ('rank pin. IJicse 
parts will all ha\e ecpial aci cltTations in this niei hamsin. 

I^t ^ M = mass of reciprfK .iting parts, pounds. 

their acc eleration, feet per sec. ])er sec. 

Theji the force re(jiiired to o\er('ome inertia will he 

i> 11 » 

h = 11). weight. 

.s 

'I'he force () attually rt'achm^ th(‘ ci.ink jiin in the position 
considt^red will he civeii hy 

( ) r - V 

W- Met 

'I'hc iK'celeralion <i may he found for any position hy the method 



Fit,. 507. — Dlagmins .'or a slotted bar mc( liaiiiMii, t.ikinL; .at< ount of iiit-rtia. 


explained on p. 398. hij;. 502 (/•) is a diagram in whu h the 
ordinates |‘tc., have heen calculated horn „ 

Mu Trd' 

These ordinates as ill then represent the forct.s retpiired to over- 
come inertia per square Inch of,f)iston area. 1 he st ales used in 
Fig. 502 (/^) are the same as for Fig. 502 (u),/ hem'e a comhintal 
diagram (Fig. 502 (c)) mayd)e drawn hy simply adding the ordinates 
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algebraically, the result showing the force per square inch of 
piston area which is transmitted to the t:rank {)in. 
d’fic\ turning moment on the ( rank pin will be 
r ()xOM, 

where ()M is perpendicular to the line of Q. A polar turning-moment 
diagram may be drawn by jirodiieing the crank Ob and mftking IK' 
espial to d’ to a convenient scab' 'This being done for a number 
of crank angles, a lair cm\e drawn through tlie ends will give the 
re(juiied diagram. Or a turning-moment ehagram may be drawn as 
in Fig. 502 ((/) by using a base of csjual crank angles and st'tting off 
th(' valiu's of d' at the chosen anghs. 

Locomotive side rod. In Fig. 503, A and (I ari‘ the ci ntres of 
two dri\ ing wheels of a locomotue, the ecpial (tanks AH and (d) 



ai(^ connected by the side rod HD. ddie V(‘locilies Vu'and V,, for 
the given position may be lound by taking I, and l,as the instan- 
taneous centres ol tlie wheels, assuming that there is no sli[)pmg 
bt'tween the wheels and the rails. \\ and \\ will be ecpial to the 
velocity of the locomotive. Ileiu'C, • 


V. 

Va 


1 , 1 ! 

I, A’ 


1 ,A * 


Also, 


I.,( 


, \ c - ^ le 


ddie velocities of H and I) being equal in all respects, it follows 
that the velocity oFany point in the side rod will be etpial to that 
of H or I) ; thus Vc, is equal to V,f or Vj). 

Assuming that thl; speed of the locomotive is constant, and that 
the consequent angular velocity of each wheel is w radians per 
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second, the accelerations of H and 1) will he unaltered if we 
imagine that the wheels rotate with an angular selocity (o, and that 
their centres remain fixed in position B and 1) will therehiie'have 
accelerations directed towards A and (' resj)e('li\ely, and ol amount 
«r’R feet per second per sei'oiid, R Being the crank radius in feet. 
'These accelerations are equal in all ri'spects : hence the acceleration 
f)f any point in the rod will ha\e an eijual \ahie and will ha\e the 
same dnection. 

Since the side rod is .ilwa^s mo\ing paialK-l to the rail and has no 

angular motion, the o'sulttUU forci' re(|mrcd to gi\e it its motion 

must act through its ((*ntie of mass, and must he in the same line as 

the aCi'cleralion of the in.iss (cnlrc-. It the lod is unilonn, the 

('('litre ot mass (1 will Lists t Bl ) , It t M he llu' in.iss ol the rod in 

pounds, then the lesultant Itatf R, KtiuiM'd to o\eicome the iiualia 

of the rod will he . , ,,, 

,, Mto-R 

Kj - Ih. W( iglil, 

.s 

Obviously Rj is the resultant ol two csjual and paiallel lori'es, one 
acting at ea( h crank pin. 

'Tlie lort'c R,, u'Ncised in sense, gi\es the effe( I ol the inertia 
resistaiw'c of the rod on the wheel hearings at A and ('. It is 
e\ident that theie will he a lifting 
elToit when the side rod is in its 
highest position (Fig. 5^54 (/d), and 
an additional piessure on the rails 
when the rt)d is in its lowest position 
(Fig. 501 ((r^).^ R, acts towards the 
right (Fig 504(0). Ol towards th.e 
left (Fig. 504 ((/)), when the < lanks 
arc hoii/ontal. 

Fig. 504 also ffidicates the effe( t 
of Rj in i)ioducing*i trans\eise load 
on the rod. h'or a uniform iod,-R, 
is the lesultant of an iiK^tia load 
W'hic'h has a lutiloim distribution p('r 
unit length of the rod, ^ind in this 
resjrect resembk's the weight \\' ol 
the rod. As will be* seen by mspec 
tion of Figs. 504(^1) and (A), Rj ai*d 
AV conspire when the rod is in the lowes| positicfii, and are opjrosed 
when the rod is in* its hig^lKst jiosition. T'lic maximum l)cndii]j|; 
2 c. 



D.M. 
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cITect on the rod will, therefore, occur in the position shoun in 
Fig. 504 (a). If W is the weight of the lod in lb., the total uniformly 
distributed load producing bending moment will be 

Total distributed load = Rj 4 - W' 

= - 4- \\ lb. u eight. .. 

'I'he calculation of the maximum bending moment and stresses 
produced by this may be [)er(ormed by the methods explained in 
Chajiter VII. 

Crank and connecting rod. 'I'he inertia of the moving parts in 
the crank and connecting rod mechanism produces efrt‘cts similar to 
those, in the slotted bar mc<'hanism (p. 462), l)ut the problem is 
somewhat more complicated owing to the oblujiie action of the 
connecting rod. In the slotted bar mechanism, the piston has 
simple liaimonic vibrations, and hence has c(jual accelerations v\hen 
at cHjual distances horn the centre of the stroke ; the connecting rod 
causes the accelerations to be uiuajual to an extent which is more 
marked if the connecting rod is shoit. A ver) long rod produces 
nearly e((ual accelerations, a rod of infinite length would give sim[)le 
harmonic motion ; hence the name infinite connecting rod mechanisni 
sometimes given to the slotted bar arrangement. Further, the piston, 
piston rod and crosshcad have stiaight-line motion, and hence are 
dealt with easily, w’hile the connecting rod^ has one end moving in 
a straight line and the other end in a circle. For simplicity, it is 
customary to treat the rod in two i)ails, a fnu'tion, say one-half, of its 
mass being assumed to be ('oiu'cntiatcd at the ('cntie tne ( rank pin 
and rotating with it, while the remainder of the mass is assumed to 
move in a stiaight line with the crosshead. 'The mass of the lecipro- 
caling parts will then include the piston, jiiston rod, crosshead and 
the assigned [lart of the connecting rod, and this 'nuiss will leriuire 
forces in order to overcome its inertia 

'I'he acceleration diagram may be 'drawn by the method described 
for another mechanism on p. 386. 'I'he work may be made more 
accurate by first dravving a velocity-time diagram lor^ the piston by 
the instantaneous centre method (p. 458) ; then the average accelera- 
tions over eciual intervals may be calculated, and the results set ofT at 
the centres of the' intervals. Or Klein’s construdtion may be used as 
follows to obtain an acceleratiorh diagram direct on a base repre- 
senting the stroke. *• 

Klein’s construction. In Fig. 505 is 'shown a crank CB ot radius 
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R feet and a ronneciing rod AH in a ^i\en |K)siiiun. On AH as 
diameter describe a circle; produce AH, if necessary, to ciit^ NS 
in Z; describe another circle with centre li and radius HZ, vetting 



Fi(.. 505 — KItiii's constructjoii for ihe .n,cclei.itioh of the piston. 


the first cirf'le in 1 ) and K. Join 1 ) 1 % cutting AH in F ai)d A(' 
in K, producing 1)1'^ if necessary. 'I'hen, as will be proved later, 
K(' represents the aci'cleration of the piston to a scale in which the 

central acceleration of H, \i/. ‘ is rejiresenled by HC, It is assumed 
usually that 1? is nun in, w ith uniform \elocity if feet per second. 



The construction should* be repeated for crank angles differing by 
30°; KC should be^measured for each position, and the results set 
off as at AL on a base GH, which represents *the stroke of the 
piston. The acceleration 'diagraifi is obtained by .drawing a fair 
curve through the Qrdinat.es, and is sho«m at GMLPH. Fig. 506 
shows the construction v^hen the crank is in the second quadrant 
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and in Fig. 507 is given the construction when the crank is on the 
dead points li and B'. 



Fi(». 5c)7. — Klein’s constriu tion, trank nttkad points. 


Accelerations at ends of the stroke. I'he aceclcnitions of the 
piston when the eiunk is at tlie dead points may he found also by the 
following method. In Fig. 508 the erank is .shown at a veiy small 
angle from the dead point ; imagine that the connecting rod is so 
guided that it is moving paiallel to the line ot the stioke, uc. BA' 
is parallel to A(k Every part of the connecting lod will have the 
v' 

same acceleration as B, vi/. towards the left. Now, the ('onnect- 
K 

ing rod is actually moving in such a manner that one end, 1^, has a 
vekx'ity at right angles to the rod ; to bring A' into the centre line 
AC, give A' a velocity 7' as shown. Owing to this, A will have 

an ac('eleration ^ towards the left ; hence total acceleiation of A 
will be ,;1 ,/2/ KN 

R J R\ 1 / ’ 

when ' the velocity of the crank pin, feet pei sec. ; 

R - the ladiiis of the crank, in feet ; 

J. = the length of the connecting lod, in feet. 



Fig. 508.— Acceloiation »>f the piston at the Fig. 500.— Acceleration of the piston 

inner tU»u! point. .<Mhe out< 1 point. 


At the outer, dead centre (Fig. 509) a similar method may he used, 

but now is tow-ards the' right and ^j-eis towards the left. Hence 
K L , 
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the resultant acceleration of A \m 11 be to\\ards the right, and will be 

given by ,.y K\ , 

u = / • 

T'iiese results, (1) and (2), are of seivice in making preliminary 
calculations of the accelerations of the piston ^shen at the ends of 
the stiolic. 

The effecti\c force () acting on the crosshead m the line of the 
stroke«may be estimated now. 

IvCt (/ the diameter of the cylinder, in inches. 

/j -- the effective {)ressure on the piston at a gi\en position, 
lb. per s(|uare inch. 

M^lhe mass of the reciprocating [)arts, including the 
assigned part of the coniu'Ctmg rod, pounds. • 
rr, 'their ac (cleiation in the gi\en position. 

Then Q lb. \seight (3) 

Turning moment. 'I'hc turning moment prodiu cd by (^) nuiy be 
calculated as follows, reference being made to Tig. 510 and friction 



being neglected. 1 is the instantaneous centre for the given position, 
from which it a[>^)ears that rotation of the rod round 1 is {iroduced 
by Q and resisted hy the crank pin with a force S. Hence, 




QxIA^SxIB, 
JA 


S = Q 


IB' 


. * ... (4) 


Produce AB to cut CN in Z , then the triangles ABI and BZC 
are similar. Hence^ I A ('Z ('Z 

• • 

Substitution in (4) gives (y • * * 

. 


(5) 
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S is the reaction of the crank pin, and, if reversed, will be the 
crank effort given by the connecting rod to the crank pin. Hence, 
d'urning moment == "L = S x R 

= Q.CZ. ... , ...(6) 

This result will be in Ib.-feet if Q is in Ib.-weight units and CZ is 
measured in feet to the same .scale as that used in drawing the 
mechanism. 

^Vilh the alterations and additions noted alanc, the method of 
obtainiiig a turning moment diagram used on p. 463 may be employed. 



Fl(. 5ti — Di.igranii for a sljJci-cr.ink -chain, takin;; account of in? lia 


The vaiious diagrams retpiired are shown in Fig. 51 1, and will be 
followed readily. 

General effects of inertia, d'he student will „ol)serve that the 
general effect of the inertia of the mu\mg par.s i.s to produce a 
more uniform turning' moment on the crank. During the early 
part of the stroke, the 'gaseous pressure on the piston is high, but is 
absorbed* partly in acrelerating the moving parts, hepce the turning 
moment is smaller: later in the stroke, the gaseous pressuie is low, 
but the moving ^mrts are losing velocity now, and their inertia assists 
the gaseous pressuce in making the turning moment larger. 

Greater uniformity in the turning moment may be obtained by 
having two 6‘r more cylinders with pistons operating on separate 
cranks. If there are two cylinders, the , pranks wre i)laced generally 
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at 90° to each other : in tlie case of three cylinders, tTie cranks are 
generally at 120’; with a largei nurnher of cranks, the precise ( lank 
angles cannot be stated, as other consid(*ialions are invoked. l\ually 
an attenii)t is made in siu h cases to 
produce a self-l^alai’icid nau lime, 
t.e. one in which the inertia eflects 
balance* one anotlier without pro- 
ducing disturbances in ilu* Irame or 
founefation. 

'Fuming moment diagrams are 
given in Fig. 512 for two evlmders 
similar to the (Mse illustrated in 
Fig. 511. 'File cranks an' at (jo”, 
and the luining moment diagiams 
for eai'h ( rank st'pai.iti lv aie shown 
by AH(:i).\ and IddiHh:. these 
are dispku ed lelalivel) to ea« h othet 
by 90'. Summing the ( orii'sponding oidmates, the combined 
turning moment diagram is 11 K B]>h'M 1 )N} I. Oreater iiniloimity 
has been obtained, and there is no point where the turning point 
is /.ero. 

Further points regarding the motion of the connecting rod. 1 1 

has been explained that, lor iiositions neai the dead jioints, the 
motion of the connectiifg lod may be assumed to be com[)ounded ol 



when the rod is iiiMny otl^er po.sition (Fig. 513). 'Fhc first of these 
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motions would cause the rod always to mo\e parallel to the centre 
line AC, and it would occupy the j)osition A'B when the crank is at 
CB ; "the latter motion jwodiiees the effect of rotating the rod into its 
proper position AB. Owing to the first of these component motions, 
all pointa in the rod will possess the same velocity and acceleration as the 
crank pin B; in this respect, the motion is precisely the samc^as that 
of the side rod of a locomoti\e (p *164). 'I'he acceleration thus pro- 
duced at A will he and may he lepresented hy the length of the 


crank BC. Hence, 


or 


V';. 

K 

Vh- 


BC, 

BCx R-BC-. 


(0 


'i'he point A will possc'ss other ac('elcrations owing to the com- 
ponent motion of rotation of the lod about B ; in conse(|nen('e of 
this angular motion, A will ha\e a vaiiahle \elo(ily v in a diiection 
at right angles to the rod. 'I’he \alii(' of i' will depend on the posi- 
tion of the crank, and hence will he undergoing change in most 
positions of the mechanism. Owing to this, there will he an acceler- 
ation of A in the line of 1 e. at right angles to the connecting rod. 
Further, A will possess the ordinary central acceleration towards B, ot 


magnitude gi\cn hy 


1 / 


Hence in all A possesses three component 


accelerations, and the resultant of these must have a direction coinciding 
with that of AC. 


'J’o find an csprcssion for icfercncc is made to Ivg.'5i3, show- 
ing I, the instantaneous eentic of the rod. 'The angulai veloi ity of 

the rod will he and will he given also hy j . Hence, 


V ^ Vr 

L IB’ 


■(2) 


Also, 

V- 'I V“ 

Central acceleration of A towards ^ y ^ I ’ 


1 B“ 


Vr 


.(3) 


Referring to Fig. 514, showing Klein’s 'Construction together with 
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at 90° to each other : in tlie case of three cylinders, tTie cranks are 
generally at 120’; with a largei nurnher of cranks, the precise ( lank 
angles cannot be stated, as other consid(*ialions are invoked. l\ually 
an attenii)t is made in siu h cases to 
produce a self-l^alai’icid nau lime, 
t.e. one in which the inertia eflects 
balance* one anotlier without pro- 
ducing disturbances in ilu* Irame or 
founefation. 

'Fuming moment diagrams are 
given in Fig. 512 for two evlmders 
similar to the (Mse illustrated in 
Fig. 511. 'File cranks an' at (jo”, 
and the luining moment diagiams 
for eai'h ( rank st'pai.iti lv aie shown 
by AH(:i).\ and IddiHh:. these 
are dispku ed lelalivel) to ea« h othet 
by 90'. Summing the ( orii'sponding oidmates, the combined 
turning moment diagram is 11 K B]>h'M 1 )N} I. Oreater iiniloimity 
has been obtained, and there is no point where the turning point 
is /.ero. 

Further points regarding the motion of the connecting rod. 1 1 

has been explained that, lor iiositions neai the dead jioints, the 
motion of the connectiifg lod may be assumed to be com[)ounded ol 



when the rod is iiiMny otl^er po.sition (Fig. 513). 'Fhc first of these 
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represented by K 1 ^', and the closing line KC gives the resultant accelera- 
tion of A along AC. It will be noted that this result proves the truth 
of I^lein’s construction. 

Since KF gives the linear acceleration of A in the direction at 90* 
to that of the rod, it follows that the angular acceleration ojf the rod 
will be given by 

Angular aci cleration of the connecting rod = - j (6) 

Acceleration image of the connecting rod. In Fig. 515'KrF and 
FB have been copied from Fig. 514. The resultant of these 



I'H.. 51 s .Vccclt r.itioi) iin.igc of .i (.oiiiiu iiiig rod 

accelerations will be KI>, the ('losing line of the triangle of accelera- 
tions FBlv. 'The acc eleration of A along A(J may be taken to be the 
resultant of the accelerations Kb and bU, and is re[)resented by the 
closing line of the triangle of acceleiations Kb(!. ('onsider any 
other point in the connecting rod, such as G. Its velocity at 90° 
to the rod, and hence its acceleration.s, owing to the rod rotating 
about b, will be simply jiroportional to IFi, that is, 

acceleration of G • acc’eleration of A bG :^bA. 

Draw; GH parallel to A(\ and cutting KB in H ; then 
Acceleration of Ci ; acceleratujn of A bH : BK. 

Now Kb represents the resultant of the two component accelera- 
tions of A which are respectively along and at 90” Kj AB ; hence HB 
will represent the resujtant of the similar comp''onents of (L The 
component ac('eleration of (i, owing to b rotating about C, remains 
V^' 

of unaltered value and is represented by BG. ^ Hence the re- 
resultant acceleration of G will be the ckjsii^g line H(' of the triangle 
of accelerations HBG. The resultant acceleration of any other potnt in 
the rod may be found in a similar manner by drawing a line from the point 
parallel to AO to cut KB, and Joining the pojnt so found on KB to 0 . On 
account of this" prqierty of KB it is called usually the acceleration 
image of the connecting rod. ^ *■ 
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Resultant force required to give acceleration to the connecting 

rod. In Fig. 516, let G be the mass centre of tlie connecting rod. 



1 !(,. 516 — Ki snil.iiit f.>i( c Kijimcil lo oxcaomc the iiicilia of llic coniietliii;; tod. 

The ac( cleration of G is Il(\ ami might Ik- piotlmcd by a foice K 
a<'ling at G in a hue panillcl to IK'. 'I'hc niagnitiidc of K, if tlu; 
rod has a mass M pounds, will be 

R -11) wi'ighl. . (i) 

'riiis fori e would not piodiKc <m\ .ingiilai at c elciation in (iit: 
connecting lod on at count of its line of .ution pas.smg thiough the 
mass ('cntu' of the rod. In ordtT to obtain the adiial motUMi of 
the rod, whu h includes angular accclciation in most positions, R will 
retiuirc to he shifted horn (i, thereby giving a couple whith will 
produce the rtspiired angular attelcralion A coiuemcnt way is to 
use an cfiui\.deiU dynamic s)stcm by substituting two masses, ;//, 
and Wj pounds (Fig. 517), fur the actual mass of the lod One of 

/ • V 


Fi(, S17 — V (tynamii .il ii ccjuiv.vleiu to the (oiiiierling rod 

these, ma^ be situated tit the centre of the^i rossbead p'4i A, at a 
distance a froin G ; the other mass, will be at a distance b on 
the other side of G. Ftir this arrangement to be ecjuivalent to the 
actual rod, the following conditions must be complied with (j). 444) : 


-M (2) 

tn^a^mp ^ ( 3 ) 

• Wjfl- +,w === *.. . . ... • • ■ (4) 




m 




a 
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Al^ 

k^, is the radius of gyration of the connecting rod about an axis 
passing through G and parallel to the ciank shaft. The solution of 
these equations gives ab ---ki,^ {5) 



From this result b may be calculated when a and are* known; 
the masses and may be determined then from e([uations (2) 
and (3). 

RefereiK'c may be made now to Fig. 516, which shows the crank 
and coniu'cting rod, the latter being represented by the e([ui\a]ent 

masses and 'I'o accelerate Wj re([uires a force Rj acting in 

the line of the acceleration of A, vi/. A(.'. 'I'o acc’eleiate ///^, ie([uires 
a force R., acting in the line of tlu* ac cs'leration of 1) ; this line may be 
found by drawing Dis parallel to AC' and cutting UK in l'> ; the 
acceleration of 1) will be re[)resented then by IT'. will be 

parallel to K(', and cuts the line of Rj produced in V. Hence the 

resultant of R, and R_,, which will be the resultant force R re(iuired 
to ac('elera(e the rod, must pass through F. 'I'he line of R will be 
I)arallel to the acc'eleration of the mass centie G, viz. HC, and the 
magnitude of R will be given by equation (i) (p. .^75). 'I'he couple 
giving angular acceleration to the connecting rod will be R x GM, 
GM being the perpendicular from G to the line of R. 

Reactions on the engine frame produced by the inertia of the 
connecting rod. In Fig. 518, R is the resultant force recjuired to 



overcome the inertia of the connecting rod in the given position. 
R is actually the resultant of tw'o forces, one of* which, P, is applied 
by the guide bar to the pin at A ; the otjier force, Q, is applied to 
the rod at B \f)’ iKe crank pin. If the friction of the slipper be 
neglected, P will act at right angles to .W, audits line will intersect 
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the line of R at 1 ) ; hence () also acts through 1 ). 'Fhe inagniliKles 
of P and Q ma> be determined by dra\\jng the paiallelogiatn of 
forces DGl'^F, in whuh 1)1*^ is made ecjual to R, and P and (J )Nill 
be represented l)y l)(j and 1 )F respei tnely. I'lie iiadion on the 
guide Karat A will be<)l)tamed by re\eismg tin- sense of P(lMg 519): 
in the s^ime diagram, the reaction on the crank jiin is shown by 
leversing the sense of (^). 

'The force () in log. 51C9 is ec|ui\alc-nt to an c-cpial and j)aiallel 
force Q, ol th(‘ same' sens(‘, acting at (' togcaiiei with a c-oiij)le ol 
moment FIl being jHiptaiduailai to ihc- line of <) 



acting at (' j)rc)cliie(>s a pressiiie on tlie mam l)eanng and la nce on 
the engine frame; the coujile (^)x('ll modifies the turning monuait 
on the cTank. ^ 

Bending moment on the connecting rod produced by its inertia. 

Assuming that the inertia effects on the connecting locl will be 



greatest wmen the c rank and connc-c ting ^od are Ai (90“ to each other, 
the bending moment diagram may be drawn as follows: In Fig. 50^ 
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AIK' is 90^, and HI) is tiic acceleration image of die rod. 'I'he 
acceleration of H will be tow'ards C and will he w-R feet per second 
|)er seo'jnd, wdiere o) is the angular velocity of the crank in radians 
per second and R is the radius of the crank in feet. 'I’he acceleration 
of A will be re[)resented by DC’, and its component perpendicular 
to AH will be found by drawing Dls per[)endicular to CIs 

will be the recjuired component. Neglecting the \ery small acceler- 
ation represented by ('Is, the acceleration of any point (,mi the 
connecting rod may be found by making HK perpendicular to iVH 
and equal to oCR and by joining KA. 'I'he acceleration normal to 
AH ol any point H in the* rod will be leprcsented by 11 K, pcrjien- 
dicular to AH. 

L(^t m be lh(‘ mass of th(i rod in |)ounds per nu ll Icnglli at H ; 
then die tiansverse inertia load on the lod at H will be 

T 1 1 • 1 , 1 w X 11 R ,, . , 

Inertia load per inch length- lb. weight, 

,s 

FIK being measured to the acceleiation scale in feet per second per 
second. A similar calculation should be made for a number of 



points on the rod ; tlie*calcukitions are somewhat simpler in the case 
of a lod'of uniform cposs section, and in other cases giay sometimes 
be simplified by taking vi to be the a\era^e mass per inch length. 
A load curve is constructed then by drawing AH (Fig. 521 (n)) to 
represent the lengtji of the rod and setting off -the calculated loads 
|^)er inch at the various jx^ints chpsen, a^ at IKJ. Considering the 
portion HP, tfie* avcirage load per inch will be .\(HN -f- PQ) and the 
^ bad on I!l> will be W, = i(BN + PQU!P. 
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W\ will act through the centre of area of 1!X(JE. ('arryin^^ out 
the same proces.s for the other j)oriit)ns of the rod. we obtain the 
equivalent S)steni of roneentiated loails W,, \V., W'.,, ett\ •'I'hc 
bending-moment diagram may be drawn now* by the link polygon 
method (p. 140) ,the eon.striu tion being shown in fig. 521 {/>) and (<). 

Simple slide-valve gear. In oulinar) ledpoxaimg engines, the 
valve emplo)cd to distribute the steam to e.u h end ol lhee>lmd(‘r 
consists of an iiuerted rectangular box (hig. 522), which slides on 


Cl 



apB 



1 

: i 
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a flat face formed on the cylinder. 'I'wo steam passages, or jiorts S, 
and So, lead to ea('h end of the ( ) liiuler, and anotluT E leads to the 
atmosphere or to the (ondensei MoMauent of the vaKe to the 
right will permit steam to flow through S, into the left-hand side of 
the cylinder, and at the vime time jiermits the steam in the right hand 
side to flow oqt through S., and E. Movement of the \alve to the 
left will admit steam to the right hand side through S.., ajid will 
permit exhaust frcjm the left-hand side thiough S, and IC. 

CD i.s the centre line of the valve and Al> is the centre line of the 
cylinder ports ; t!ie valve is in its mid position when these lines are 
coincident vertically. In this position, the valve gi nerally la[)s over 
the edge of the jjorts ; / is called the outside lap, and gives an earlier 
cut-off than if there were no f)ulside lap ; c, is called positive inside 
lap; if the inoide lap is made as shown at c, it is called negative; 
the inside lap determiiuvs the point at which the exhaust steam is 
stopped from flowing out of the cylinder. Cut-off of the steam sup[)ly 
is effected when some fraction of the piston stiv)ke has been com- 
pleted ; the remainder of the stroke is then completed under the 
expansive action of the steam, (dosing of the"' exhaust is effected 
before the end of the retuin stioke in order to entrap some of the 
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exhaust steam in the cylinder ; this is compressed by the returning 
piston, and acts as a cushion in bringing it to rest. 'I'o understand 
the 'coniplete distribution of the steam, it is necessary that the 
displacement (jf the valve from its mid-|)osilion should be known 
f(jr any gi\en cr.ink position, and hence for any piston position. 

'The slide valve is diiven generally by means of an eccentric, con- 
sisting of a disc A secur(‘d to the crank shaft b and revolving with it 
(f'lg. 523). 'The lole in the disi is boied at a .small distance from 



I'k. s. ! I' m t iiti ir (lii\ iiii; t slid- v.ilvo 


the centre of the dis(\ A stiap (' sui rounds tlu.* disc and is connected 
by an cs'ceiUiic lod Dlv to the \alvc rod I'dd d’he ('(centric is 
(‘(luivalent to a ciank ha\ing a nulins tsjual to the distaiK'e from the 
('cntie oi tiu' shaft to the ccntie of the disc. I'his radius is generally 
very small {'om[)ai{‘d with thr length of the connecting lod , lu;nce it 
may be assuimal that the motion of the \al\e is simjjly harmonic'. 

Let the ('ircU,' AlU'D (Eig. 524) lepresent the path d('s('ribed by 
the centie of the cccentii(', wlmh is rotating in the dnection of the 



anow’. A(' may be taken to represent 
th(‘ tra\el of the \al\e, whu h will be 
in its mid position () wh^tiMie eccentric 
is at OB or at 01 ). .Assuming simpk 
haimonic motion, when the ecc'entric 
IS in any jiosition, sui h as Old if IsM 
and IvN are peipeni^eulai to .\C' and 
to Bl) iespecti\ely,*OM or Nlv will be 
the (hsplai'emeiU of the \al\e. If the 
angle sep4rating the eccentiic and 
the crank be h'.OK, tlafii OK will be 
the corres|)<inding crank position 


.Since tlie \alve displ.iceinent tow'aids the right must be ecjual to / at 


admission, if OI., fcqual to /, be measured ancr Idq diawn perpem- 


clicular to Oh'., will be the position oMhe (H'eentri(' at admission. 
By setting off tin' atigle l’>,OK^ ecjual to KOK, the position of the 
^lank at admission OK, may be found.* IVoducing IC,L to Ko 
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determine the eccentric position OEj cut ofl’. Release and 
cushioning are controlled hy the inner edge ol the valve. Make 
OQ equal to mea-surit)g it to the left of O if j)().sitive and to the 
right if negative, and draw K3QIO4 j)erpendicular to AC ; OK3 and 
OK4 will l>e the eccentric positions at release and cushioning 
res])ccti»ely. In each case, the corresj)onditig crank position may 
be obtained by setting back angles ecjual to 1'>()K. 

Valve diagrams are based on the idea ot obtaining direct the 
dispracement of the valve by merely drawing the crank in any given 
position In the Reuleaux \alve diagram (Fig. 525), OSj and OS3 
are the ciank positions at admission and 
cut-off ; it IS evident that the angle SjOS.^ 
in this figure is ecjual to F^OF., in log. 524. 

Hence OiD.j, ixuallel to S,S.,, will cor- 
res|X)nd to BD in Fig. 524, and the valve 
displacement for any crank position OK 
will be KN, wliich is drawn perpendicular 
to DiIXj, and hence corresponds to I'^N 
in Fig. 524. Draw Si.S2and FjIC., parallel 
to DiD, and at distances from it ecpial 
to / and c respectively. 'I'hen, of the total dis[>lacement KN, SN is 
equal to the outsider lap, and hence KS uill be the amount by which 
the valve edge has opiaicd the |)ort to steam. Similarly, at OK', 
K'N' will be the displacement on the left of the mid position and KK' 
will be the amount by which the inner edge of the valve has 
uncovered the port to e\hau.st. At admission and cut-off, the 
crank will be at OSj and OS., respectively, as has been used m the 
construction / in these positions the port opening is zero. Aj. release 
and cushioning the crank will be at Ol^.j and Ol^i respective!), bci 4iusc 
in these [lositions the exhaust opening will be /eio. 

There are many otl^'r types ol valve diagrams ; any standard text 
book may be consulted for the principles on^which they are based. 

Component eccentrics for a valve gear. In Fig. 526(/z), OC is 
the crank on the dead centre and OF b the corresponding^eccentric 
position ; the^ngle FOV is called the angle ot^vance and is denoted 
by a. Suppose that, instead of using OIv, component eccentrics OV 
and OH are employed, these being found by drawing FV and FH 
respectively parallel and at right angles to CO.. It is to be under- 
stood that the actual motiqn'of th^ valve is to be obtained by adding 

*A complete discussion .s given in ami l^lve \kar Me.havhms, 

by I’rof. W. E. Dalby ;^Arnold>. 

D.M. • ^ ^ 
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together the displacement i)rodured by the com[)onent eccentric OH 
and that produced by OV. 0 \' and OH are called the 90“ and the 
180° conrkponents respectively, and are given by 
OV =- OE cos a. 

OH-OEsin«. 

In big. 526 (/^), the nank has moved through an angle 0 from the 
dead j)oint. We have 

I )isplaccment produced by OE ^ OM - OE sin (a -f 0 ) 

OI'> sin a cos d -f Ol'^ cos a sin 6 . 

I )is[dacement produced by OV - ON -OV sin fE Of; ros a sin 0 

1 )isplacemcnt produced by OH ON' = OH cos 0 -- OE sin a cos 0 . 

Sum of disphu'cments produced by OH and 0 \' - OE sin fuos 
^ + OE cos a sin d. 

Hence the resultant dispku (‘inent produced by the ('oinponent 
ecccnlrit's is equal to that produced by the actual ccc'ciUik 

Let OH and OV l)e wiilten a and i> respe('ii\ ely ; llu'ii 

Displacement of the valve cos d 4- sin d (i) 



Fig 5?6 — C niiipoDfiit tcienlrns. 


a and h are both constant in a simple \alve*’mot-’on having a single 
eccentric. In many cases of more comjdicated \alve gears the 
motion of the valve may be represented approximately by an 
ecpiation 'of foim siirdar to (i), showing that the valve may be 
imagined to derive its motion from a single eccentric acting direct on 
the valve. 

Hackworth valve gear. An example is shown in Fig. 527 of a 
Hackworth valve |^ear ; BC is the crank and AB is the connecting 
r©d. The eccentric CE is at iSj” to the crank and is connected 
to a rod EF, the end F ,of which may slide on a guide GH. 
Gp is pivoted at K, and the angle p which it makes with CK may 
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l>e*adjiistL‘(l by hand. Alterations m the cut rdV and rcvg-siil of the 
direction of motion of the engiiu* are effected by allenng fS. The 
\alve rod LN eonneeted to JCF at I.. 



d'he di^plu'jeinenls of the valve will be very nearly e(|ual to the 
displacement ot L vertH'ally. / 

Let r - the radius of the e( ( cnliie. 

r - EF. 

^r/-LF. Then 

Displacement of vertically from CK ^ rco^ 0. 

If F vveie to move in tlTe straight line CK.the displaceftient of 
vertically owiftg to the above disj)lacement of E would be 

• 

Vertical displacement of ^ rcos 0 (i ) 

Displacement of E horizontally from AC = rsin0. 

* 

In Fig. 528 CF represents this displai^emcnt, ftnd F is supposed to 
be connected direct to P.. KQ will be very nearly equal to CP. 
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Hence, 


FQ 


= tan /^, 


KQ 

F(^ KQ tan ^ = CP tan ft 
= rsin 6^ tan /L 

Hence, Vertical displacement of . r sm 0 [an p. .. . 


...(2) 



To obtain the total displacement of L, take the sum of (1) and (2), 
noting that the result of (2) may be eitlier positive or negative, de- 
pending on the setting of the guide bar IKi. 'I’hus 

I)is[)lacement of L = ^^.'os tan /i^sin ty. . .. (3) 

The result shows that the radii of the component eceentiics are 

Radius of the 180° component eccentiic (4) 



U t'ft ---H 

tX 

'^sl 

a 

\ rv 

LJ 



Radius of the 90° component eccentric - rhmji. ...(5) 

'The first of tlicsc, a, is evidently constant. 'I'he other, />, depends 
on the value of p. To obtain the maximum value of i> take the 
maximum values of p, positive and 
negative, and hence of lan/i, and 

X'\ c| X * jx obtain the numei uar'value of (4) 

and (5). In Fig. 529 CV is made 
ecjual to the i8o“ component eccentric 
a, and CX and CX' are respectively 
e([iial to the luaximum positive and 
negative values of the 00" component 
eccentric /k 'Phe centre of the le- 
sultant eccentric will lie on F/VE, 
drawn parallel to XX', for all .settings of the guide bar GH. Its 
limiting positions will be CE and CE' respectively. The resultant 
eccentric for any other .setting of the guide bar may be obtained by 
calculating CX" from (5) ; the re.siiltant eccentiic will then be CE". 

The motion of the valve may be obtained thus for any setting of 
the guide biir^GH by connecting n direct to the resultant eccentric 
found in this mannCr. E'YE in Fig. 529 is called the characteristic 
line of the gear. 


E" 


Fig. 529 - Chir-icleristic line for ihc 
Hai kworlh n.iIvc ^ear. 
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Oscillating engine mechanism. This mechanism is illustrated in 
530(^0. ‘V cnink lU' revol\LS about H, and the cylinder is 
rap<ible of os( illatin^^ about an axis or tmnnion at A. 'iTiere is no 
connecting rod , the piston rod is coiuuh ted dirci't to the crank pin 
as shown. In Fig. 530 (/>) is shown a slider crank chain, in which the 



crank H(' revokes about (' .md A moves in the sti,iiL;lit J.ine A('. 
('omparisoii of {a) and (/>) will show that (d) has beeif prcxluced 
fujin {/>) by an inversion of the mechanism. In (/^), AH is capable of 
swinging about AC, vvhile in (a) AH is fixed and i\(' is capable of 
swinging abcait AH. ^ 

In Fig. 530(e), let the lengths' of AH and H(' bo denoted by L and 
R respectively in feet, amj let the velocity (?f the crank pin be uni 
formly ecjual^ to ?' feet per second. 'The'' ihigular velocity of the 
crank })in will be given by 

«)^ ~ ^ radians per second (i; 

'I’o obtain the angulai; veloci^ of the cylinder, resolve 7 j into 
vehx'ilies res[)ectively along and perf)endicular*to Ml by means of 
the jxirallelogram ^T'T'H^ (d)~V wall be the comj)onent j^er- 
pendicular to AC. It vs evident lliat the angular velocities of'^the 
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cylinder and of the piston rod AC about A will be equal. Hence the 
jugular velocity of the cylinder i.s 
V 

AC ^>econd (2) 

Draw HG perpendicular to A(' and Gfi parallel to DC; the 
triangles BCA and HGA will be similar. Hence, , 

( A BA_ L 

cg*"hh"bh^ 

■ ■ ^ " im 

Substitution in (2) gives 


Again, the triangles IKK’ and FDC arc similar. Hence, 
CG CD V 
('H CU zf ^ 

■ a; Ur.Y, 

7 ’ Wj 

Substitute this value in (3), giving 

V.liH «.>, HI I 

i. -'v-a;-"-’ 


'I'his result shows that the angular velocity of the cylinder is repre- 


sented by BH to a scale in whidi the angular veloi'it) of the crank 



pin IS represented b) the consCmt length L. 
'I'he cylinder has zero angular \elocity in the 
two positions in which the ciank and piston rod 
are at right angles. For positions of the crank 
below' these, the cylinder is swinging towards 
tlte right, and jCs angular velocity may be called 
positive; for crank positions above the zero 
^lositions, the angular velocity will be of op- 
j)osite sense, and may be described as negative. 
A polar diagram of angular velocity (Fig. 531) 
may be drawn by carrying out the construction 
for crank angles differing by 30”. BH (Fig. 
530(c)) is measured for each position and set 


Ki(..53i.-Ai)gviiar ^cI<xlty off fr6m C aloug the radivs BC, towards B for 
negative and away from B for positive values. 



QUICK-KETUKN MOTIONS 

Ihe points 1) and K niav he found by desenhinj,' a circle on AH as 
diameter, the angles H 1 :A and HDA will then be each 90^ At G 
and F the angular \clo(itics of the C)lmder ^Mll be r Afi.and r- AF 
respectively. 

Examining log. 531, it will be noted that the < lank, totaling 
uniformly, takes a longer time to ti\neise the lur iHir: than it does 
to traveisc the art' I’J'l). Hence the a\eiage .ingulai viloi ily of llte 
cylmdcr towards the left will be less than that towaids tla* light. In- 
sjjcction of the angular-\elo< ity diagtam will ilhistiale tlie same point. 

Quick-return motions. Ad\antage is taken of these facts in the 
(juick return motion litted sometimes to sh.ijiiiig machines (Fig. 532). 



ri<. —Quick return motion fur .1 slMpinn; marliioc. 


The tool ii cuts the work II on the stroke toward.s tht? right only, 
and it is <idvantageous that this ( utling stroke should be executed 
at a slower speed thjn that of the idle return stroke. 'I’he tool is 
fixed to a sliding ram F, guided so as to move hori/ontally. F is 
(onnected by a short link EO.to the top of a slotted bar AD, which 
may oscillate about A. ^ AI) is driven \fy means ot a unifi^rmly- 
rotating era^ik lU', the crank pm of wind! engages a t)lock at C 
which may slide in the^sl(;t of A I), d be tool will be at the ends of 
its travel when 15 C is in the positions HK and HI., both of which are 
at 90^^ to AD (Fig. 533). 

Neglecting the dTect gf the obliijuity of DE (Fig. 532), the travel 
of the tool may be found thus » . • 

FFalf travel of tool - ito (Fig. 533). 



4^8 


Also, 


and 
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DO^AD 

bk:~ AB^ 

•• Ali 

Travel of tool = </= . R, 

AB 


where R is the radius of the crank BC. 



ti(.. rctiiiii motion ; incchariLsm at the cmls of the Iras cl. 


The avera^a' s[)eial on the cutting 'and return strokes may he 
calculated by fust finding llie times taken by the crank to traverse 
the arcs LM K and KNL respectively. 

Tot T = time of i revolution of cranl;^ hi seconds. 

4 = time to traveise arc LMK, in sec onds. 
/r- time to liaverse arc KNL, m seconds. 
'I'hen /c : 4- : 'T arc LMK arc KNL ; 2TrR. 

arc LMK , 

'2Vir~' 


Also, 


f arc KNr> 

•r~ ' I > • 1 - ' 

*1 27rK 

Average cutting speed - ~\ 


Average return speed- 


cf 

fr 


The maximum cutbng and return speeds may be obtained easily 
frgm Figs. 534 {a) and {b) respectively, *' 
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AD 


V 

“^AM’ 

AM 

V:, 

AD 

. Al> 

V 

AN’ 

■■ '“"''an 



The Whitworth quick-retum motion (I'l;;. 535) is prodiict'd by 
another inversion of the slider < rank ( h.iin. A slotted link (d) 
re\olves on an axis at (', and is ronne( led to the ram of the shaping 
machine by the rod 1 >K. Motion is gnin to CD by means of a 
crank AH revolving round au axis at l> ^ Us crank pin A has a block 




Fig. 57^.— Outline of Whflworth qutek- 
return motion. 


bearing which slides in the slot of CR Inspection of the outline 
diagram (Fig. 536) will .shoNv that BC is the crank in the slider c»nk- » 
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chain, and now is fixed ; AB was formerly the connecting rod, and 
ACD was the line of stroke. 

The trkvel of the tool will be twice CD, and the tool will be at the 
ends of the stroke when Cl) is passing through its horizontal positions 
CE and The arc through which BA turns during the cutting 

stroke is FHE, and the arc during the return stroke is ECF. 'I'he 
average speeds may be calculated in the same manner as*’ for the 
cjiiick-return motion discussed above. 'I'he maximum speed during 
the cutting stroke will occur when A is at fl, and that during the 
return stroke will occur when A is at G. 


Let 


'I'hen 

Also, 


velocity of A, assumed uniform. 
V, = maximum cutting velocity. 

\\ maximum return velocity. 


(U 

CH’ 

Cl) 

''-'cid 

(■) 

Cl) 

CG’ 

.. Cl) 

^ '•'^CG'*' 

(2> 


Comjiarison of (r) and (2) shows that 


Cams. C'ams are employed when the reciprocating motion to be 
given to the end of a rod or lever is of an irregular rharader. In 
Fig. 537 {a) the rod OA reciprocates vertically in the line OA, and is 




Fig. 537.— Two examples of cams. 


driven by a disc B ‘fixed to a revolving shaft C. The rim of B is 
shaped so as t(,^ give the required ivotion to the rod. In f'ig. 537 (^) 
is shown another e.x&mple, ip which the direction of motion of OA 
doei« not pass through the axis of the shafp C. 
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The outline of the cam in Fig. 537 ((/) is drawn by setting off equal 
angles oCi, 1C2, 2(^3, etc., and marking off the distances along OA, 
through which the rod is to travel while the cam is describmg these 
equal angles. The [loints of di\ision on OA are then brought to the 
corresponding radii by means of arcs described with C as centre. 
The outline in Fig. 537 {/>) is obtained by first drawing a circle with 
centre and touching the line AO produced. 'I’angents are then 
dra\v#i to this circle at equal angular inter\als, and the distam'es 
along OA to be described during each of these inter\als are brought 
to the corresponding tangent by means of arcs diawn with centre 


EXERCISES ON CHAPTER XEX. 

s 

1 . A link AH, 2 feet long, is hon/onlal at a gi\en instant .ind is 
moving in a vertical plane. 'I'lie velocity of the left-haiul end A is 10 feet 

second upw.irds tu the right at 45 degiees to AH. i he velocity of H 
relative to A is 4 feet per second downw.iids. Find the actual velocity 
of H. 

2 . In Question i, find the instantaneous centre of the rod and the 
velocity of the centre of the link. 

3 . In a crank and connecting-rod mechanism, the crank C. H is i foot 
long and the connecting rod .AH is 4 feet long. The velocity of the 
crank pm H is unifoim and ecpial to 10 feet pei second Divide the 
Clank circle into mteivals of 30 degrees, and find the velocity of the cross- 
head A for each of the crank positions so determined. Draw diagrams 
of velocity for a complete revolution (<i) on a time base, (d) on a space 
base, of length to rejirescnt twice the stroke of the crossheacl. 

4 . In a double crank and connecting rod (foui-bar chain) the cranks 
are AH, i-r.feet long, and CD, 25 feet long; the connecting link HC 
IS 2 feet lorig '^he bar AD is fixed and is 2 25 feet long. H has a lineai 
velocity of 2 feet per second. For the position in which AiR makes 
60 degrees with AD, find (u) the angulai velocity of AH, (/q Uie velocity 
of C, (c) the .ingul.ir velocity of DC Use the instantaneous centre 
method, and check the result for (c) by the latio given on p 460. 

5 . A four-bar ?hain has cranks AH and DC 2 and 175 feet long 
respectively ; the connecting link HC is i 5 fe^t long and the bar A I) is 
fixed horizontally and is 1-5 feet Ibng. The cranks are crossed. Draw 
the mechanism when AH nijikes 45 degrees witti AD, and fin^a point E 
m the link Hj: (produced if necessary) which js moving m a veitical 
direction in this position of the mechanism. 

6. In the parallel motVm shown m Fig. 498, AC is ij inch and BC 

is I inch long. The line joining AH is horizontal and inch long. AD 
is 1-5 inch long and is vertical when AC is horizontal. Find the length 
of CP, and confirm the result by ^drawing for the positions when AC 
makes 15 degrees with AH. * ♦ , " 

7 . In the mecha.wsm shpwn in Fig. 502, the crank is 3 inches long 
and has a uniform speed of 60 revolutions per minute. The mass oMIit 
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reciprocating parts is 8o pounds. Find the forces in lb. weight required to 
overcome inertia for crank positions differing by 30 degrees throu^ioiit the 
^revolution. Plot these fortes on .1 base line representing twice the stroke. 

8 . In Question 7 the steam cylinder driving the mechanism is 

^ inches in diameter ; the net pressure of the steam urging the piston 
IS 50 lb. per square inch up to half stioke, and is 35, 24 and 20 lb. per 
square inch at o-6, o-8 and the end of the stroke lespectucly. j)raw the 
pressure diagram, and find the turning mtimcnt on the crank for each 
position given in Question 7, making allowance for inertia. Draw the 
turning-moment diagram. • 

9 . Two parallel shafts, 30 inches a\is to axis, have each a crank 
6 inches long connected by a uniform steel rod 30 inches long, 2 inches 
deep and i inch wide. 'I'he shafts aie dtiven at eiiual s|)eeds. 'Pake the 
density of steel to be 0*28 pound per cubic inc h, and find the maximum 
upward and downward foiccs due to the inertia and weight of the lOcl 
when^the speed is 150 levoliitions per minute. 

10 . In Question 9, the stress due to bending of the rod is limited to 
tOjCXX) lb. j)er stjuaie inch. What is the maximum permissible speed of 
the shafts in revolutions per minute? 

11 . Take the data of Question 3 and find the acceleration of the 
crosshead in the line of the stroke when the ciank has travelled 
fxD degiees from the inner dead point. Do this by use of Klein’s (on- 
striK'tion. Cah'ulate also the accelerations w'hcn the t rosshead is at 
each end of the stroke. 'I'he mass of the recipux ating parts is 
500 pounds; calculate the forces required to overcome their inertia in 
these positions. 

12 . In Question 11, the total efTe»'tive steam piessuie on the piston 
when the crank is 60 degiees fiom the inner dead point is ()ooo lb. 
What will be the turning moment on the crank, (a) neglecting ineitia, 
(fi) taking account of inettia ? 

13 . With the data of Question 3, find the acceleration image of the 
connecting lod when the (rank is at <)0 degiees to the connecting rod, 
and hence find the acceleiation of the centre of the rod. 

14 . In Question 13, take the connecting rod to be of uniform section 
and of mass 3 pounds per inch length. Find the resultant fijrce which 
must act on the lod in order to ovcicome its ineitia. 

15 . Draw the bending-moment diagiam for th^ connecting lod as given 
in Question 14, and state Jlhe value of the in.ixmuim b*ending moment. 

16 . In an oscillating-engine mecha'nisni, the ciank is 2 feet long and 
makes 50 revolutions p(?i- minute. The distance between the centre of 
the crank* shaft and tlv' cylinder tiunnion’is 5 feet. Find the angular 
velocity of the cylinder when the crank is passing eafh dead point. 
Answer the same when the ciank is at 45 degrees from the outer dead 
point. 

17 . In Question f6, if the ciank lotates -clockwise, find the time of 
swing of the cylinder (a) from left to right, from right to left. Cal- 
culate the angle throi^gh which the cylinder oscillates. 

18 . The axis of a vertical rod passes thiough tke axis of a horizontal 
shirf. when produced downwards. The rotf hi^s a roller i inch dimneter 



EXERCISES ON CHAPTER XIX 


493 


at its lower end and is dii\en xcrtually by a cam fixed to the shaft. The 
minimum radius of llie lam 2 iiulies, and it simple harmonic 

motion to the kkI dunn^ the upw.ird tta\el of 2 inches, mlhnsed by a 
pciiod of rest while the shaft lotates thiou^h 45 decrees. The downN\artf 
tra\el is simple harmonic. Dr.iw the outline of the ( am. 

19 . Answer Question 18, supj)osm); that the axis of the khI passes 
0-5 inch from the shaft axis when jnodiucd. 

20 . Iffcscnbe the chai.utei of the stiaimnj^ actions to which the 

couphn^rod of a locomotne en^;me is subject, and sketc h an appropriate 
forn^of transverse section. In a Uxomotive having' dnvm^^ wheels of 
6 feet 6 inches diameter, the < oupIiUK nx-l is 8 l('ct lonj^^ between its 
centres, and is atta< hed to ci.mks of i loot i.idms. Suj^pose the fix omo- 
live to travel at 60 miles an hoiii, .and the weiftht W ol the couphng-KHi 
to be uniformly disli ibuled .ilon^ the cS feet of its leny^lh, estimate the 
maximum bendinj.; moment to wliuh it will be subjected. (I.C.K ) 

21. Dcsciibe, without pi oof, a (on^tlU(tlon foi detei mining the 

acceleration of the slider in the slidei -( i.ink mechanism. A|)j>ty the 
constiuction to find the -icc eleiation of the piston of an oidinaiy chicct- 
aclinj4 cnj^ine when the ciank is 30’ fiom the inner cie.ul cenlie. Tenj^lh 
•[)f c'lMiik, 8 inches Length of connecting locl, 36 inches. Speed of 
crank shaft, 200 1 evolutions per minute. State the .iiiswei in feet nei 
second per second. (L.IJ.) 

22 . In a slider-c lank c h.un AU is the connecting locl, 30 inches long, 

liC the cr.ink and A(' the hon/ont.il line of stioke In AH prcxlucecl 
beyond H .1 point 1 ' is taken, HI* being 18 inches. If tlie locus of 1 * 
IS an apj)ioxim.itely vcMtir.il str.iight \\m\ while AH tiavels through .ingles 
fiom o' to 30 with the line of stioke, find a suit.ible Icmgth for HC. A 
load of 2(XXD pounds at 1* .lets at light .ingles to the line of stioke ; find 
tlie piessuie on the ciosshead iec|uiiecl to e((Uilibr.ite, and liiid also the 
thrusts on the guides ,uk 1 cr.ink*whcn HAC 30", ( 1 , IJ.) 

23 . In a foui-lcu chain AHCT), AH is the diivmg, (T) the diiven 

Clank, .ind HC the couplei, U.\ being fixed HC, picxlucc'd if necessaiy, 
c uts Al) in Ik .Show tli.it the i.itio of the angul.ii veloc uy of ( 1 ) to that 
of AH Is HA/T^I). Di.iw the \ c loc ity di.igi.im foi this c h.un when AH, 
HC, Cl) and DA aie i, 6, 3 and 7 feet lespec lively, the angle lOl) being 
C70' and AH and (T) being on the s.ime side of .Al). If tlu' v^loc ily of H 
Is 1 f(K)t per second, find the veloc iiy of C, .iiul check by using the lalio 
given above, (L.D,) 

24 . A simple shell* v.ilve chiven by an ecc entile: has a tiavelof 5 inches. 
The cut-off IS at (>( the stic)ke of (lie piston, .'i,nd the release lakes place 
at I of the stroke. I he le.ul is me h. Assuming that the valve and 
piston have simple harmonic motions, find thco outside and inside laj)s 
of the valve and the position of the piston when c^impression luf^gins, 

' (L.U.) 

25 . A connecting rod l? 5 feet long and 5 inches in diameter, assumed 

uniform throughout its length* Stroke of piston, 2 feet 6 inches. 
Revolutions per minute, i8r. Weight of material, $80 lb. per cubic foot. 
When the crank angle is 60' me.isured fiom the inner de.ad centre, draw 
the load and bending-momtnt curves on the connecting lod due to its 
inertia, and state the value of the maximunj bending mc/ment. (L.U.) 
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FLYWIIEKLS. (iOVERNORS. 

Fluctuations in angular velocity. It frcciuciiily is the case tha 
it is important to secure uniformity of angular velocity in some shaf 
belonging to a machine. 'I'his condition is usually veiy desiral)le ir 
engines sii[)plying motive power. In such cases there may be twc 
kinds of disturbaiKx* owing to lack ol eijualily in the rates ol sup[)l) 
of energy to the engine and of abstraction of energy for dri\in^ 
purposes. In any machine we have the following ecpiation ([). 328 
for the balance of energies during a stated lime : 

Energy supplied energy abstracted energy wasted in the machine, 

Su[)pose the energy supi)lied exceeds tliat rtsjuired in order tc 
satisfy the above eijuation, then the machine must be increasing 
its speed, as the excess energy must oe disposed ol, and the only 
method available is by the storage of additional kinetic energy m the 
parts of the machine. 'I'he converse will be tlu' c'ase if the energy 
supplied falls below that reipiired in older to .satisfy the equation. 

For simplicity, sup[)Ose the moment of resistance to rotation ol 
the engine shaft, supplied by the machinery to be diiven, to be 
uniform. 'Fhere will be a demand then for a constant amount of 
eneigy during each revolution of the shaft. JUit the late of supply 
of energy to the shaft is never uniform, dei)cndmg as it does on the 
turning- moment diagram (p. 470), 'which may show great lack of 
uniformity. I'he result w-oul'd be evidenced in rapid alterations in 
the angular velocity of the shaft, a jerky action w'^ich it is the 
function of the flywheel to remedv. d'his thp flywheel does by storing 
the excess energy in the kinetic form, and its large moment of inertia 
enables it to do so with comparatively small changes in its speed. 
It is evident jthat, if the energy .supplied during the revolution is 
exactly su/Ticient to satisfy the equation, the angular velocity of the 
flyv;heel at the end of the revolution will be equal to that at the 
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beginning, i.e. there is no net gain or loss of speed despite inter- 
mediate small fluctuations. 

A second kind of variation in the angular velocity m^y occu? 
during a [)eri()d extending over several revolutions of the shaft. 
This would be owing to the supply of working fluid to the engine 
being too large or not enough, and would be evidenced by a steady 
rise or fall in the sj)eed of rotation. 'Llx' flywheel alone is incom- 
petent to deal with this mattei, which must be remedied by a 
conftivance called a governor. d'hc governor is diiven by the 
engine, and is constructed so that the relative positions of its parts 
alter with change of sjieed. 'I'hese movements may be made to 
operate valves which control the siip(fly of working fluid, and thus 
the shaft is kept lolating at a speed which may vary only slightly 
above and below the mean speed. Absolute steadiness of*speetl 
cannot he attained, for change of speed must occur before the 
^mvernor will move into another position, and so operate the control 
valve. 

Kinetic energy of a flywheel. Some calculations regarding the 
capacity for energy of a given wlieel and of its changt* of angular 
velocity in giving up a stated amount of energy will be found on 
p. 420. 

Let I -the moment of inertia of the wheel, pound and foot units, 
its angular velocity, in radians per .second. 

'I'hen Kinetic energy of wheel =* ** I foot-lb (1) 


Let the wheel change its speed from Nj to N.^ revolutions per 
minute. Then 


Also, 


(diange in kinetic energy = I - 1 . 

Nj 'ttN, 

w-;‘.27r= \ 

' 60 30 


ttN., 

30 ‘ 


}^Ience, 


(Tange in kinetic energy = J 

° ® 2g\ 900 J 900 / 


1 800^ 


,1/ 


’ =0 00548 ^(Nf-N/) foot-lb.... (2) 

Again, the kinetic energy at any speed N rt^'oli/tions per minute 
varie? as ; hence, ^ if M be the kinetic energy at one revolution p^r 
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minute, the kinetic energy at N revolutions per minute wilt be 
MN‘^. Hence, the change in kinetic energy in [)as.sing from Nj to N2 
revolutions per minute may be written : 

(Change in kinetic energy = M(Nj“ - N./) (3) 

The fluctuation in speed of the wheel may be defined as (Nj - N.^), 
and the coefficient of fluctuation of speed is taken as the ratio which the 
fluctuation in speed bears to the mean s[)eed. It is sufficiently 
accurate to write 

Mean speed = 5 (N, + N^). 

” N - N., 

Hence, ("oefficient of fluctuation of si)ecd-r7.i 

In practice, values of the coefficient of fluctuation of s[)eed are 
found varying from 0-05 to 0*008 depending on the type of 
machinery. 

Dimensions of an engine flywheel. In estimating tlm dimensions 
of a flywheel for an engine, sufficient information must be given or 
assumed to enable the fluctuation of energy during a complete cycle 
to be ascertained. 'I'he process consists in reducing the driving 
effort on the [)iston to a tangential force acting on the crank pin, 
making proper allowance for the inertia of the reci[)rr)cating parts of 
the engine. A crank-effort diagram showing the \ allies of this force 
thioughout a cycle is drawn. Another diagram is diawn on the same 
base, showing the driving resistanc'cs to be overcome reduced to 
another tangential force acting at the ('rank pm. C'omparison of 
these diagrams will enable the fliu'tuation of energy to be obtained. 

The turning-moment diagram may be used in oidcr t(' calculate R, 
the tangential force acting on the crank [)in. 'riucs, 
r- Rx H(\ 


w'here BC is the length of the crank in feet and '1' is the turning 
moment in Ib.-feet. 

Values ^of R for a steam engine having a single cylinder are set off 
in Fig. 538 on a ba.se having a length equal to the 'drcumference 
of the crank-pin circle. 'I’he resulting crank-effort diagram OCBDA 
shows the work done on the crank pin per revolution, neglecting 
friction. ^ 

'I'he whole of the work done on the. crank pin is utilised in 
overcoming (a) frictional resistances in the engine, (/’) the external 
resistances which are opposed by the machinery being driven. 



FLYWHEELS 


497 


Assuming both of these to he uniform when reduced to a tangential 
force at the crank j)m, it is e\ident that both will be taken account 
of by constructing a rec tangulai diagram Oh' FA of heiglu e(}ual to 
the average heiglit of tiie (rank-elTort diagiam. 'Hus rectangle will 
express graphically the c<}uality of energy supplied and energy 
abstracted dunng the rc\olution. The driving efTort and the resist- 
ance to be o\er('ome are e{}ual at (i, H, K and F. 


D C 



hi<. 5 i 8. - Mill III ilMii 111 <iKi}^y 111 a slrani rriKiiK-. 


Consider the jKations of th(‘ diagram showing the energies while 
the crank pin travels through the aic rcjiiesented by (111. Wotk is 
done on the crank to an amount rc‘i)resented i)y the area (1M('NH, 
and the vVork abstracted is ri'presented by the area (IMNll. Hence, 
surplus \v()rk, represented by the area M('N, has been done, with 
the result that the ilv wheel will have its angular velocit) ini leased 
while the crank is passing from 0 to H. 

In the same way, while the ciank is passing from H to K, cneigy 
re[jresenied by the sum of the areas HNH and 1>FK has been given 
to the crank and energy represented by the redangle IINM’K has 
been abstracted. Insuffa ient (‘nergy, representi'd by the area NHl’, 
has been supplied during this interval and the Ilywhetl will be 
decreasing its angular vehx'ity. Hence, maximum spet'd will occur 
when the crank is at H and minimum speed when the crank is at K. 
Assuming that the spi'cds of the flywheel at (I and K are eijual, it 
follows that the excess energy represented by iM('N will lx; etjual to 
the deficient energy NLP, and it may be said that the energy repre- 
sented by the area M(iN has been given to tiie flywheel and taken 
away again while the cranl^^ is jrassing from C to K. 'I'he fluctuation 
of energy is therefore given by either of the cv’jual areas M(.N or 
NHP. In the same way, the area 1 1)() is e(}ua^ to the .sum of the 
areas QAF and FMO, and represents the fluduation of energy 
during the remaiialcr of the revolution. 

The ooeffleient of fluctuation of energry may be defined as the ratio of 
the maximum fluctuation in energ) to the total work done in one 
cycle, the cycle occupying one revolution in a .steam engine and 
two revolutions in an internal combustion engine vorking on the 
four-stroke cycle. 
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Let E---thc area MCN, expressed in foot-lb., representing 

the maximum fluctuation. 

o)| and w_, = the angular velocities of the flywheel at H and K 
re.spcctively, in radians [)er sec. 

I =thc moment of inertia of the whe(‘l, in pound and 
fool units. 


rhen 


-‘-I - I = Is 

2,1^ 2J^ 


I 


'(O 

Let .'/Oj, 

where is a fr.u tion expressing the minimum j)erimssil)le ratio of w.. 


to w,; 


Then 


(wj- - “ I'v, 

<".“1 . 


(-’) 


(■ 

T. ,, 

The moment of inertia which lh(i flywheel must possess may be 
calculated from this cspiation. 

Centrifugal tension in flywheels. In Fig. 539 is shown the rim 
of a revolving flywheel, the other parts of the wheel being disregarded 
in what follows. 'I’he centrifugal fevees produce radial loads on the 
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rim of a kind siipilar to'^ those produced by internal pressure on a 
cylindrical shell (p, 94). 

Let V ^ the velocity of the rim, in feet per second. 
r=the mean radius of th*6 rim," in feet. 

;;/-the mass of the rim, in pounds per foot ciicumferencc. 

Then Centrifugal force per foot circumference lb. 



GOVERNORS 




1 'he resultant centrifugal force for half the wheel, corresponding to 
{py.d) in the cylindriiMl shell, will be 


W7’- 

R X 2r 


' - lb. 


Let 

a ^ 

-^sectional area of the rim, in S(p inches. 




^ tensile stress (ui u, lb. pc*r stp inch. 


lV>ir 

, assuming y to be distributed uniformly, 



R 

-2,1a (Fig. 540 ), 



2W7'' 



or 


ayrr, 




W 7 '" ,, , 




- 11 ). pm s([. ini'h. 

s‘^ 


IaA 

P 

- the density of tlu' material, in jioiinds per cul 

)K' foot. 

• 'rheii 

)H - 

/> X i ^ pounds |)cr fool ( ircumfcience. 




Ml 


and 


pav- 





or 

- 

- 11 ). per sti. iiK'h 

• (<) 



M4A' 

d’his : 

result shows that the stre-ss due to <'(‘ntrifugal force 

IS inde 

pendent 

of the 

sectional area of the rim and of the radius 

of the 

wheel. 

F(]u;ition (i) may lx* wiitten 




We may deduce from this result that, for a given material having 
a density p, there is a maximum speed of rim corres[)onding to a safe 
stress (/ for the nntcri^ll in ciiU'Stion, and that this speed is in(lc[)(‘n(lent 
of the dimensions of the wheel. ♦ 

Governors. In Fig 541 is shown a sim|jle type of governor sucli 
as was used by James Watt for controlling the sjiced of stc^im engines. 
'I'w’o lieavy devolving masses A, and A_, are suspended by links A,H 
and AoB to the upper end of a shaft RF ; the joints at U permit of 
Aj and moving outwards or inwards in circular arcs. Another 
pair of links Ajf'i and A._,r_, connect Aj and A. 2 *to a sleeve 1), which 
will move upwards if A, and A.^ move to a larger radius. 'I'he sleeve 
is connected by means of a bent levor, pivoted a*t fi, and a rod II 
to a throttle valve’ K, which is situated m the pipe supplying ^tcani* 
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to the engine and controls the supply of steam. 'I'he shaft BF is 
driven by the engine by means of bevel wheels at F, and hence the 

masses Aj and A, will revolve 
about the axis of BF. The 
action of the centrifugal force, 
the weight, and the pull of the 
links on each revolving mass, 
will cause the mass to take up 
a definite radius depending on 
the engine speed, d'he working 
positions of the revolving masses 
arc .settled by the considera- 
tions that when they are at the 
extreme outer or inner working 
radius, the throttle vahe should 
be closed com[)lctely or opened 
fully respectively. Ivach of these 
radii will correspond to a definite 
speed of rotation, and the engine 
controlled by the governor will 
5,..-si„.pic unloaded governor >><= Capable of a range nf speed 

between these limits. In order 
that the range of speed should not be too great, the difference 
between the e.xtreme working radii oflhe revolving masses should 
not be too large. 

In Fig. 542, three forms of simple governor arc shown in outline ; 
these differ merely in the position of the point of susp'uision of the 




Fig. 54* — Forms of simple g'j\crn,rs. 


upper links. In {a\ the joint B is on the axis of rotation ; in (^), the 
joints Bj and B.^ a ’*6 outside the axis, ^ and are situated at the ends of 
a short cross pie<J:e BjB., which is fixed to the shaft; the same 
arrangement is used in (c), but the links are open in (/f) and are 
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crossed in (c). 'I'he followin^^ argument applies etpially to each of 
these cases : 

I^t w^lhe angular velocity of the governor shaft, in radiaiv 
per sec. 

/;i = lhe mass of either A, or A.,, in pounds. 

r=tlie radius in feet of the re\olving masses, corresponding 
to w. 

/^ = the lieight in feet of the cone of revolution described by 
the links and shown by Y}1 in (n) and by VO in 
and (t). 

-= the pull in eai h link. 

Considering one revolving mass, it will be in eiiuilibrium under 
the ai'tion of three forces, \i/. its w'cight poundals, the centrifugal 
force or//i/' poundals, and the pull ' 1 '. It is evident that AjYl! in (^/) 
and A ,\’0 in {/>) and (<) will be the triangle of Ibices for these 
• forces in eiiuilibrium. Hence, 

h' r uihnr r 

^ , or, - . ) 
h mx n 

’“'“/i’ 

and // = ’C* . • (!) 

<i>- 

d'his result neglects the *:ffects of the mass of the link and also 
fiiction, and sliows that the height is independent of the weight of 
the revolving masses. 

Such governors can be used for low speeds onl)’. For example, 
if o) = 47r radians per second, corres[)onding to 120 revolutions per 
minute, h would be 0-2 foot nearly, a height which is nok practicable. 
Running at low speeds, comparatively small forces will be available 
for operating the throttle valve unless the revolving masses are made 
heavy. Accordingly, simple governors usually have revolving masse-s 
of large dimensions, and aie run at sj^eeds rarely exceeding 60 
revolutions per minute. • • 

Loaded fjovernor. J’he speed may be iruireased and die revolving 
ma.s.ses kept small by the addition of a load on the sleeve (Fig. 
543 (rt)). If .M be the mass of this load, half its weight M.^ will be 
carried by each pin and (b- C, is in equilibrium under the 
action of the three forces the pull P in CjAj and a horizontal 
force 0 supplied by the sleeve (Fig. 543 (^))» ^ trans- 

mitted to Aj by, the link, and applfes a force P to the revolving 
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mass which may be resolved into a vertical force and a 

horizontal force Q. If all four links be equal, the triangle of forces 
ADA will «ive Q = // : r, 

where h and rare e(jual respectively to BY and AjY in Fig. 543 (a). 


Hence, 


() - 


M.Cr 

2/1 



The revolving mass Aj is now subjected to three forces, viz. d', the 
resultant {V-Q) of the centrifugal force F and (^), and the resultant 
of the weights (Fig. 543 (< 0 )* AjBY will be the triangle 
of forces. Hence, 

//’ 

urmr , - 

2/1 r ‘ 

or rn — = 1 1 



Comparison of these results wath equatioi\s (1) and (i') for the 
simple governor will sh.ow that, for the same value of w, h in the loaded 
governor will be greater than that for the s-mplc governor in the 
U + m' 
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Equation (2"^ for the loaded governor shows that h will be made 
larger or smaller by an increase or diminution of M without alttaaiion 
in the values ot m and w. The anangu nient iheu tnie admits of 
adjustment of the working ladii of the re\olving masses by mean.-^ of 
vaiying the load. 

Frictional effects m the governor mechanism ma\ be taken into a( count 
by the artilice of (‘liminating the fnctional f{)r('esaiKl aj)pl)ing instead 
a farce t<i the slee\c, whuh will ha\e the same effect. 'I'his lore e 
must be applied alwa\s()f sense opj)osii(‘ to that of the diiection of 
motion of the slee\e. 'The efieit might b(; jiiodiK’ed by imagining 
a mass Mj pounds to be added to the load M il the slee\e is rising, 
and to be abstracted if the sleeve is tailing. hapialion (j) then 

llf'f • HI** X , ^ , 

+ ,V;, 

m J h \ m ) n 



or, 


h 


m j or 


(,i) 


the positive sign being used if the sleeve is rising oi atU'inpling to 
rise, and the negative sign if the sleeve is falling or attempting to tall, 
d'wo ^\tleme values of// may thus b(' (ahulated fiom (3), indi- 
cating that, owing to fiution, the governor may remain at an) height 
intermediate between these extreme values while luimmg at a given 
steady speed <0. 'I'he effect on the engine is to peimit some variation 
in sjieed to occur before the governor will Ix'gin to respond by 
altering its height. * 


Effect of the governor arms. In Fig. 5^4, All is a lod hinged at 
and ’'otating about the veituad axis AK. (Aaitrifugal lone and 
gravity vvih comj)el the rod to assume an angle d to the veitieal, the 
value of a de{)ending on the speed of rotation. Stead]^ (ondilions 
will be obtained when the total moment of gravity about A is ecjual 
to the total moment of the ( eiUrifugal force. ('onsidei a small 
portion of the masi^of the rod at \\ and let the rod be uniform. 

;;/^the mass of the small portiop, in jiounds. 

/'=the radius of the small jmrtion, in feet. 

J’ ~ its distance from A, in feet. ^ 

M = the total mass of the rod, in pounds. 

Y = thc distance of the centre of mass G from A in feet. 

L = thc length of the rod, in feet. , 

R the radius of P>, in feet. 

H = the vertical heighf of Apver B,*n h e^t. 
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Then, taking moments about A of the forces acting on the small 
portion, we liave ^ j, ^ ^ 

or xy sin a ^ m(o'^y sin axy cos u, . • • •( i ) 

y . my = cos a . my\ 

for the whole rod will ])c obtained by 
integrating both sides of this eciuation, 
giving 


The total moments 
, ^ 



f' f 

.V I ~ 1 ^ 


cM 


= w-cos ul 


where is the moment of inertia of 
the rod with res[)e(:t to A, mz. I ML- 
{[). 415). Hence, 


.3 




■ R 

^ It,. 544. — .A retulvmg umfoiii 

In the actual governor tin 


This result determines the reejuired 
relation of a and (o for a given uniform 
rod. 

arm is constrained by the action of the 


revolving mass to rotate at an angle to the vertical, differing fiom 
that given lor a Iree arm in (2} above. In this 
case, the moment of tlie weight ol the aim may be 
calculated still as above by imagining tliat the whole 
arm is concentiated at the centre of gravity. 'I he 
moment of the centrifugal force may be calculated 
by first im.igining that the whole arm is concentrated 
at the centre of mass and calculating the centrifugal 
force / produced thereby, 'bhen find the position 
of /(Fig. 545) in order that its moment may agree with the integrated 
result of the right-hand side of (i). dims, 

/= 



Moment of /= /x ^ Moj- - a' - co-sin a cos 


..f 


- or sin « cos a 


my- 

ML- 

3 


oR 

= " L 


,MR 


H 
L ■ 

RHM 
— , 
3 


ML- 

3 


(see Fig. 544) 




•••(3) 
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Effect of the arms in a loaded governor. I bis result may be 
applied to a loaded Porter governor lia\ing ecjiial arms (Fig 546(«)). 
w;'' is the weiglit of ca('h arm, and in the case of AH is etpii valent to 
a force at A and an eijual force at H (Fig. 546 (/d). / lor eacti 
arm is equnalent to a hjice ^/acting at H, together with a force 1 / 
acting at the \ertical s])indle A(\ 'The mass of the re\ol\ing mass 
being AT, its weight will be and the centrifugal force will be 



Fig. 546 — torccs lu a loaded I'orler ijoveiiior, mtliuiing effects due to the .unis. 


MorR. 'The ni.iss of the load is L, and half its weight, \i/. 
will be borne by the right-lr^nd arms a.s shown. 'The forces at A are 
balaiK'cd direel by the rrattions of the j)in seiairmg AH to the 
Sjiindle at >\. 'I'he force J/ iit (' is balaiKX’d by the leadion on the 
sleeve produced by the spindle. Draw (^D [lerpendKular to A(', 
and product'^ AH to cut CD at 1 ) (Fig. 546 (/d). 

'Fake moments about I) of the remaining forces, remembering 

1 r 0 Iv 
that /=ww-- • 

2 


{Mi-ni i- y)H (Ma^+ D//-) R + w.v : R + • 2R, 


^Mw-R F J wo/- ^ ^ I { M o R F 1^0 K 4- .]w,i,'R F I 

w-(M F ]w) D = M.i,"F 2W? F I.j,, 
j j F 2rn F I 


M F /o>“ 


(4) 


Stability of a governor. Considering one revolving mass of a 
governor, the centrifugal force i,s given by ,, 

(r) 
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Suppose (0 to be increased by a small amount and that, in con- 
sequence, r increases by and F by 6F. For the new position 
we have j,- -f 5 F - ni (w + {r + hr) 

— (toV + 20)/'. Sio + (sj~. Sr), . . ... {2) 

by neglecting the scjuare of 5 o), and also the term involving the pro- 
duct of the small (juanlities 60) and Sr. Subtraction of (2) and (i) 
gives 

^F ~ m{2«>r . Sio 4- ur. Sr) (3) 

Dividing (3) by (r), we have 

<SF 2 0)/* . 8(u -f o>“ . ^0) Sr 

P ^ ■ •> - 2 - - -f , 

P lo-r 0) r 


<3(t) ^F Sr 



U) 


If 8(1) is an inc rease in angular velocity, the left-hand side is posi- 

, 8F , , Sr . , - . ,, 

live; hence -j.- must be greater Ilian i c. the late ot increase 01 

the centrifugal force must be greater than the rate of increase of the 

radius, d'he result expresses 
the condition of stability in a 
governor, t.c. the moving to a 
definite new radius and remain 
ing there when the revolving 
ma-'ses suffer a change in speed. 

An interesting example of a 
governor whi( h exhibits neutral 

Fk>. 547 -Parabolic governor. ecluilibrium IS produCcd by 

arranging that the revolving ma.sses move about b 111 parabolic 
instead of circular arcs (Fig. 517). Here the i)ull of the link on 
A is supplied by a normal pressure ' 1 ' given by the guide Hence 
wc have, as before, 

F ^AY^r 



or, 


iu-mr r 



Now h - BY is the subnormal to the dotted parabola, and it is 
known from getimetry that the subnormal to a given parabola is 
constant ; hcncc h is constant,' and thcrefoie o) must also be constant. 
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A governor of this type is isochronous, />. it ^\lll iiin at one speed 
only if fnaion he absent, and any change from tins speed will send 
the revolving masses immediately to one or othei extreme tnd o( the 
range. 

I he question of sensiineness of a go\einor is allical closely to its 
stability. Tlu* change of ladiiis for a gi\en fractional change in 
speed IS large m a seiiMtue gc)\ernc)r, but if loo l.irge, as in the paia- 
bolic goxeinor, the st.duhl) may disappe ar. 

Hartnell governor. In the* spring loaded Hartnell governor (f'lg 
54^), the re\ol\ing masses A, and A^ aic' siippuited by bent 
levers, which aie pivoted at 1>, and lb on 
Jims supported by a biac'ket (not shown in 
the illustiation) which is fixed tej and diiven 
by the shaft. A spring bearing on a slec-ve 
1) preesses downw.irds the c-nds of the 

b^nt levers. 'The revolving masses iiavel a 
small distance onlv Itom the' veiiicals passing 
through bj and b., , hcMic e the* edfee t of ihc-ir 
weights in exeieising control m.iy be iic-glcrtc-cl. 

Su[)posing, for simphcitv, that .\,b, and b»,( 
are ec[ual, then, by taking moments about H, 
centrifug.d force h ac:tmg on A, will be espial to one half of the 
total fcjirce 2() e.xerted bv the spring, brcnidcai that the adjustment 
of the spring is c'oirec t, this govcrncjr will possess great sensitiveness, 
but easily may be made unstable. 

Suppose that the revolving masses are disj)lac'ed fiom to a 
slightly grcaWir radius withcnit changing the angular velocity c.>, the 
centrifugal forcc^will be increascjd to F-foIg and () will be mcTeased 
tc.> Q + cnving to the additional c'ompression of thv spring. 
Assuming that these forces are capial, we have 
^ F + c3F-Q + (SQ, 

or * = Q + SQ. ^ 

Wcu'^j t Q 

- ^1) = dQ. 

niio-r^ Q ’ 

'.Sr i)() 

- (S- 

The condition, therefore, that the governor .nay/'remain in the 
new position with thv speed unaltered is that the rate of increase of 


we see that the 


Also, initially, 


Hence, 
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the force in the spring is eijual to the rate of increase of the radius 
of the revolving masses. 'I'his condition may be secured by adjusting 
the spring ; but as the stability of the governor then would be 
neutral, the practical adjustment is made so as to disagree with the 
condition above expressed. 

Effort of a governor. Suppose that the speed of a governor is 
increased from o)j to o),, and that the sleeve is held so as to ])revent 
outward movement of the revolving masses. 1'here will be additional 
centrifugal force, and conseciuently an effort will be exerted on the 
sleeve which may be utilised in overcoming the resistance offered by 
the control valve mechanism. It is evident that the effort will 
diminish if outward movement of the revolving masses be permitted, 
and will att.iin zero value when they reach the position corresponding 
vsith the new speed of rotation. The effort of the governor may be 
defined as the average effort exerted on the sleeve during a given 
( hange ot speed executed in the manner described above, and may 
be taken as 0-5 of the maximum effoit. 

'Taking a sim{)le governor (p. 501) for which 



if V is the maximum effort in lb, it may be imagined that P is 
produced by the weight of a load M, arranged as in the loaded 
governor (p. 502). Hence, 


Hence, from (t) and (2), 


/// + My 
m J/i '■ 






effort of a simple governor = I {n ’ - i )?£' ’b. 


(2) 


M.=yyv)„,. (3) 

Let P = weight of M, in lb. 

7tz= weight of w, in ib. 

Then = = 

I .et ^ , 

so that n expresses the fractional change in speed. Then 


(4) 
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In tile cit^e of a Uxided goMMiior (|). 502), P may he taken as Ix'ing 
equivalent to the wei[^hl of an additional mass M, applied to M. 
Similar reasoning to that emphned foi thi* simple goiernor will give 


ElTort of a loaded go\ernor-- (//- 



• (5) 


where 7 V and W’ are the weights of one icNohing mass and of the 
load rispertivel) in lb. 

Balancing. 'The comjilete treatment ol (he piineijiles of halaneing 
the mo\ing ptUts ot an engine or other nwuhme is l)e)ond the si'ope 
of this hook.* Reference will he made to some 
of the easier [irinciples. 

'Two rotating bodies may he made to balance 
each other li both ha\e their centres of mass 
in the same plane whu'h is piTpendii'iilar to the 
a\is of rotation, and if the centie ol mass of 
tl^c combined bodies is in the axis of lotation 
([). 426). 

'Thus, in Fig. 549, w, and ///_, will balance, 
j)rovided the foiccs \\ F au.* equal and are in 
the samt' stiaight line. 'Fins will lu' tin* (ase 
if -- and if the line joining (), and (]_, 
passes ihioiigh the axis at light angles. 

'Three re\ol\ing bodies may balanci*, provided the lesultant I'entri- 
fiigal force of two of them, jq and Iq in log. 550, is e([ual and 
opposite to the ccaUrifugal force, F._,, of the other. It is thus iwident 







Tsv, 



r II, sv) - u.'i.iiu I' of two 
M \ i(l\ inn 



that all three centres of ma.ss must be contained bv the same plane 

* For a complete discussion on this subject, the student is referred to The 
Balauci}v^ of Engines^ by Trof. W. K. Dalhy; (Arnold). 
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wilich also contains the axis of rotation, and that the bodies must be 
disposed as shown in Fig. 550. 

d'aking dimensions as indicated in Fig. 550, 

F, + F,--F., (1) 

and . • (^) 

'rhcse e(]uations indicate the ('onditions of e(|iiilibrium to be 
fulfilled, and may be reduced thus : 

From (i), mhn/.y, 

or m ^r.^. (3) 

d'his r('sult shows that the centie ol mass ot the (’0101)1110(1 bodies 
falls on the axis of lotation. 

From (2), (./’wpyi, - 

or ;//,/,(!,- . . . . (4) 

'I'his ecjiiation siaaiies that there shall be no locking ('ouple set up. 
In this ('ase, tluae are two eiiualions, (3) and (4), and eight ([uaniities 
involved , hence six of these must be given or assumed 

'I'he balancing of four or more revolving masses is ca[)able of 
many. solutions, and graphical or semi gia[)hical methods aie best. 


Locomotive balancing. As an illustration of the method by 
means of which the balancing of four revolving masses may be 
carried out, the following example of a locomotive should be studied. 

lC(]ual masses and m., are given (Fig. 551), rotating at e(}ual 
radii r, and symmetricafly disposed m relation to the wheels A 
and U in the planes of vvhi('h balance weights are to be placed. 
The term “balance weights” is used to denote bodii'S which must be 
attached to the mi.'chanism for the purjKise of obt’aming balance. 
a is the' distance of w, from A and of m., fiom H ; d is the di'^tance 
of from H and of m, from A. 

balance the ('enlrifugal force of w, s(>paralely by attaching balance 
weights to A and b at the same radius r, these balance weights 
be represented by Aj and b, res|)ectivcly, then masses will be 

A, + 1!,-/«I . (0 

and Agr- b/c . (2) 

From which, Aj y . (3) 

' a ■\rO 


and 




VI 

(1 4 - /) 


■(4) 


In the same way. balance F.^ by attaching balance weights to A 
and b at the .same radius /. Let these be A., and B.> respectively. 
. The" it is evident from symmetry that A^ and b/are e(iual ; also A., 
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is equal to These balance weights arc shown in the elevations 
of the wheels in Fig. 551 : the views are taken in the directions of 
the arrows rand shown in the plan. Find the centres of gravitv'^ 
of AjA 2 and also of BjB._, by joining their centres and dividing the 
distances in G ^ and Gu so that 

A, .A..^^A.,G,;A,(G 
and B^ : B 2 = B ,G» : BjGu. 



Kk.. --Il.'il.intint; id .'\d inside cj liiulci Im omolive. 


Now', since .Aj -f Iq =-w, and B, - it follows that Aj + A 2 - w,, 
and lor a similar rea.son Bj + lienee, if instead ol A,, A^, 

Bj, Bo, a mass e(iu'd to w, be phu'ed at (G, and il another eciual to 

Wo be pin ed at G|o the four masses will be in balance. Or the 
ordinary practical soliitioii may be obtained by ajiplying balaiK'c 
weights having their centres of mass in OGa and OGjj j>rodiK'ed. 
Let and xAIu be thl’ir masses respectively. 'I'hcn balance will be 
•secured if Ma x =’w, x GaO 

and Mb X K„0 - Wo X G„(). 

Ma and Mb wiP be eijual, provided their radii KaG and KbO are 
equal. 

Graphical solution of balancing problems. I'his brduiion depends 
on the principles that the (cntnfugal forces must not produce (a) a 
resultant force ; {/') a resultant couple. Referent^e is made to 

Fig. 55-’- \ ^ 
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Since the angular velocities of all the bodies are equal, the centri- 
fugal forces Fj, Fj, etc., may be represented by the products w,rj, 
m.2ry, etc. Each force, such as Fj, lies in a plane which also con- 
tains the axis of rotation, and may b« moved along this plane until 
it comes into a reference plane OZ which is peri)endicular to the 
axis of rotation. To leave matters unaltered, with Fj acting in OZ, 
a couple must be applied in the plane containing F^ and the axis of 
rotation; the moment of this couple will be L, = F,f7j, where is 
the distance of the plane of rotation of F, from the referei.'ce plane. 



The couple can be represented by an axla, or vector similar to that 
used in representing angular velocitier (p. 400), and this may be 
drawn as from O in the reference plane. Treating similarly the 
other forces, we !iave four forces Fj, F.^,, F.j and F^ acting in the 
reference plane at 0 , together with four coupLs represented by 
the axes Lj, Eg and also in the reference plane. 

'I'he first condition of equilibrium' will be satisfied if the polygon 
of forces ABCD closes. Tl>e second condition of equilibrium will 
be satisfied if the polygon of axes of couples EFGH closes, 
ar It will ‘be clear that, in order to satisfy these conditions, some 



BALANCING OF ROTATING MASSES 


5L1 

attention must be imid to the data. I'he polygon of forces will be 
impossible or insoluble if there be less or more than two unknown 
(juantities. These may be the magnitudes of two of the forces, or 
the 'direction of two forces, or one magnitude and one direc ticm. 

Similarly, the polsgon of eoupK's reijimes two unknowns, \i/, the 
magnitudes of two ('ouj)les, or the diiections of two a\cs, or oite 
magnitUQ> and one direc tion. 

Aj}paj:atus for testing balance. 'The above solution may be 
applied to any number ol i evoking masses exceeding three in 
number. A coinc'iuent apparatus for te.sting its truth is illustrated 
in Fig. 55^ A wooden fr.ime is 
slung from a suppoit by thiee 
chains and caiiu‘s a shaft having 
four discs. \'anous vviaghts may 
be attai'hed to the* discs, which 
^lay be [ilaced at any angle icKi- 
live to one anothei .tnd may be 
fixed at any place on the length 
of the slialt. 'Ibe slialt is diiven 
by means ot a small cleclio motor 
^Iso carried by the Irame. If the 
revolving mas^es are in bahmee, 
no vifiration of the frame will 
occur w'hen the machine* is 
running. A pioblem workc'd out 
on paper theiefoie can be tested 
easily. Another interesting point Kio. 553.-App»ntiis for .Mxrimmts on ihe 

kthmunn of n-nolvin^i l>o<li< > 

illustrated by this apparatus may 

be noticed as the speed rises ; if there be want of balance, violent 
vibrations will oc'cur at a certain sjieed, vi/. that speed at which 
the natural period oi ^iseillation c)f the whole apparatus is erjiud to 
the speed of rotation of the shaft. ^ 

Expr. 49. The following da*ta will serve to illustrate one of the 
many problems which may arise. f>et tftere be four.^ revolving 
masses, ;//j, m.,, all known and of vaftics selected Iruni the 

weights supplied with the apparatus. I.et the radii be equal. Jhen 
tn.^ and //q may ITc piken to rcqiresent hj, and F4 

respectively. Assume the directions of Fj and and fmd, by the 
polygon of forces, the remaining two directions. Ihis will also 
settle the directions of all* the axes of couples, lyid, as there must be 
still two unknow'iis, assume values for.^rj and a.^ in Fig. 552, and 
find the remaining lAes by*use of the polygon of couples. 

2 K 



D.M. 
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The values taken to represent the couples may be Wjrtj, etc., 

as the radii are equal. The |>olygon gives the values of and 

and and a^ may be found by dividing these by and 
respectively. Having worked out the .solution on paper, arrange the 
apparatus in accordance with your solution, and then test by actually 
running it. 

Balance of reciprocating masses. Referring to Fig. 554, in which 
is shown a set of four balanced rotating masses, Wj, Wo, and W4, 


1 551"— ComiwiH-nts of the cenlriftig.-x! forces in a set of four balanced revolving Ixxlies. 

the balance will not be affected if we imagine Iq , ‘^nd to 

be resolved horizontally and vertically. It will be evident no\/ that 

the horizontal conijionents must 
bi^lance independently, and so 
also must the vertical com- 
ponents. 

Let the masses be removed 
and arranged so that they may 
be driven in vertical lines by 
means of cranks taking the places 
of the discs, and connected by 
rods of length sufficient to give 
the masses practically simple 
harmonic motion (Pdg. 555). It 
is evident that wo have got rid 
. Fig. 555--The^^jM^iT.^ arranged as simply of the horizontal Com- 

ponents of the forces F,, F,, etc., 
and retained the vertical components. Hence, if the masses were 
in balance in their original positions on the discs, the forces 
due to their inertia Svill also be in balance when the same masses 
vibrate in the manner illustrated in Fig. 555 vdth simple harmonic 
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motion. 'I'his leads to the rule that primary balance (/.f*. Uilunee 
neglecting the oblique action of the connecting rods) may bi! secured 
by imagining the recipiocaimg masses to be attached to discs, and 
treating the problem as one m re\()lving masses. 

Approximate equations for the velocity and acceleration of the 
reciprocating parts. In Kig. 556, let the crank and connecting rod 
be R and I. feet long resj)ecti\ely, and let the crank make an angle 



a with the' c'cnlie line', the angle' which the connecting rod makes 
w'lth the same line being ji PD is peijiendicular to A( ' and x is 
the distance between A and ('. 

J.el the angular \el(X'ity (o ot ('P be uniform. 'I hen 

A -CDt DA 

R cos u T L cos /i ( I ) 

Also, PD ■!< since Lsin/:^, 

.. sin/)--j since; 


and 


Cc )S /i - - s/ 1 


sm-/^ 

R 




■(2) 


Substituting thi' valTie in (1) gives 
r ^ R cos a + 


R" . 

I - , , sura 
Jr 9 


On expan(>’i;g the factor in brackets by ftie binomial theorem, 
two terms only need be taken, as, for ordinary ratios of R to L, . 
the remaining terms are ne| 5 lig^ble. Hence, 


r =- R cos u + L I ~ 2 L' ^ 

siRcos^ji + L- , sin“« 

2P 


••^•( 3 ) 
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'I'c obtain tl^c velocity of A in the direction of AC, differentiate x 
with respect to the lime, giving 


Also, 

and 

Hence, 


dx 


\\ 


- R sin « . 


da 

dt 

da 

dt^ 


\K^ 

2I/ 


: sin a . cos a . 


da 

dr 


2 sin a cos a ^ sin 2a. 
dx .. wR“ 

~dt 


- odR sin a - 


(1) 


h'rijm this ecjiiation, tlie velocity of A may be ('alciilated for any 
( rank position. 'I'o obtain the acceleiation of A in tlie line of Af', 
differentiate (4) with lespei t to the time, giving 


dt 


- oAi cos 


da 




(iS)S 2n)2 


— - <i/’R cos a - 


1 . 


(5) 

Tlie acceleration of A may be calciilat(.*(l from this eipuilion for 

any ( lank angle. Ja 4 M be the mass ol the recqiroc'ating parts, 
'riieii the force reipnted in order too\ercome iheir inertia when the 
Clank is at an angle a is 

1 ’ ~ - M«>-R('ostt - -j-^cos 2 a (6) 

Sigipose that the mass M is coneentialed at the crank-pin centre 1 > 
(log. 5'57). 'i'hen the ('ential force 
re(jiiired will be Ma>-R, and the 

component of this foice parallel to 
the centre liiu; A( ' w ill be j^lo-R cos a. 
Evidently this is e(|ir.l to the first 
term of (6). 'I'he lacloi (os2a in 
the .sec'ond term, ha\ing refeieni'e to 
an angle 2(x, w-hich will l)e double of 
the crank anglg in all crank positions, 
may be inleipieteO by reference to 
an iijragi nary crank rotating at twice 
the angular velocity of the leal crank, 
/>. <0^ fofthe imaginary crank would be ecjual to 2m. Hence, 



- Kqiiiv.Tlent iinaKinaiy piini.siy 
mass. 


2 

(u,,“ ‘ 


Therefore the sec(;jnd te’-m in (6) becomes 


Mor^R-’ 




•(7) 
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I/Cl a m.xss e(jiial to M l)e (’onrontrated at a ciank radius r 
(Fig. 558), sol at an anf^le 3« and rotating 


\Mth angular \elonty 'Then 
( ’('ntral lorrc 

(component of this Tone par.dicl to tlic 
line ol stroke - McO|j'V< os 2<i. 

If be made eijual to (7), ue liave 








. C 


} t OS 2<l -- (OS 2<i, hii, s5-'' rinin.ilntt I’maRm.ity’ 

4 * ■* y 111 l^s 


4I; 


(S) 


IleiKa.' tlK‘ se< ond term in ('(juation (6) \\oii1d be produc ed by a 
mass M ecjiial to that of the reciprocating parts, concentrated at 

a crank radius , its crank rotating at an angulai \elocity double 

•that of the engine c rank and making an angle with ('A in Fig 556 
double of that made by the* c-ngine c'rank. 'The complete' ec[ui\alent 
systcMii is shown in Fig. 55cy whe-re ('B is the real c'lank and ('!) is 
the imaginary c rank. 'I'hc balancing of the effec'ls of M at B is 



Fi(. 5S'j I’.fTei Is of the riciproo.ntinj; ni.i*;scs j>ro<lti<.<;a hy .in iin.ij^in.nv rtvolsiii).' system. 

♦ 

called primary balancing, and balancing the^.'fiecls cjf M at 1) is called 
secondary balancing. 'The disturbances j)roduced in the direction of 
the line of the stioke, if no attemjrt'at bafanc ing is mn/le, may bc^ 
calculated rasily from the first term of eefuation (6) for primary 
disturbance.s and from the* second term of the .same ccpiation fos 
secondary disturbances. It •will be understood, of course, that, if 
the disturbances on the engine fiame are being c alculated, the senses 

of the forces shown in F[g. 55CJ must be reversed. 

• 

Ex.\mi»i,k. a hrjj-i/ontal^ engine, St rol?e 2 feet, mass of reciprocating 
parts 300 pounds, has a ‘^pcrtl of 240 rc\ elutions per minute. Fffid the* 
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primary and secondary disturbances on the frame when the crank is at 
45°, 90 , 135° and 180° from tlie inner dead point. The connecting rod is 
* 4 feet long. 

M(i>2R 

Primary disturbance : P, = — ^ cos a Ib. weight. 

w = 27 r = 8r ladians per sec. 

60 ‘ • 

.. 300 X 647r'^ X I 

cos a 

‘ 32-2 

— 5880 cos a lb. weiglit. 


a ... 

o’ 

45' 

ip 

US' 

180° 

cos a ' 

+ I 


0 

I 

"s^2 


Pj, lb. weight 

+ 5880 

4 - 4 it'x) 

1 ^ 

- 4 1 60 

■ 5880 


Pi IS denoted positive when the disturbance on the frame is in the sense 
from P towards A (Fig. 556), and negative when of the opposite sense. 

Secondary disturbances : 

MionV 

cos 2a 

' .CL 

300 X 647r“ X I 
= '^ cos 2a 

32-2 X A 

I47ocos2a 11 ). weight. 

'I'he same convention regarding signs being adopted, tlic djstiirbances 
will have values as given below' : 


§ 

a ... 

0’ 

45' 

90” 

' 35 ' 

180° 

2a - - - 

1 

0” 


180"^ 1 

270' 

3 ^) 0 ° 

1 

cos 2a - 

Vi 

0 • 


0 


l^j, lb. •'veight 

^-+-1470' 

0 

- 1470 1 

0 

-» - 

+ 1470 


The combined primary and secondary disturbances will be obtained by 
taking the algebraic sum of the corresponding values of P, and P, : 


a - - - 

^ f 

0” 

45 ^ 

90° 1 


180“ 



(P, 4 - Pj), lb, weight 1 

+7350 1 

4 - 4 ifx) 1 

V 1470 1 

-4if)0 

-4410 
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Whirling of shafts. In Fig. 560 is shown a vertical shaft AH 
running in swivel Ix'arings at A and B : the.se bearings do not in any 
w'ay restrain the directions of the shaft axis 
at A and B; hence, bending of the shaft 
will correspond to the case of a beam simply fl 

supported at the ends. A heavy wheel is t 

m()imtec> on the shaft midway between the j 

bearings, and it is assumed that its centre j 

of mass C does not fall (piite in the shaft • CZ^'p 1 

axis. 'The effects of centrifugal forc e may 1 

be examined as follows : Ro 

Let M -- th(‘ mass of the wheel, in pounds. 

=the distance m feet of lh(‘ centn' 
of mass of the wheel from the 
shaft axis. 

A-^the deflection produced by cen- ^ 

* trifugal forc e*, in feet. / - \ 

cii - the angular \elc)city, in radians / | \ 

'>ec / ic ^ I 

L -- the length of the shaft, in inc'hes. I Y pi 

I ^ the moment of mc*rtia, c^r sec ond \ j j 

moment of area, of the shaft \ : / 

sec tion about a diameter, me h 


Is - Young’s modulu‘^^lb. ))er sep inch. 


I'Kj - Wlnrlinj; of a lo.ulccl 


('entrifugal forc^e ^ P 


Mco-( Rj, -t- A) 


11). weight 


PIA . 

Also, . r 2 A inches (p. i6c;), 

, I‘IA ^ 

aiid * = ( 2 ) 

^■a|uating ( 1 ) anil ( 2 X «e lia'v/; 

Mi./-^(K„j^A) ^ 576 I'IA 

. " ■ 7 '" 12 ’^ ’ • 

M.«2I/(1<„ + A) = 576I-:UA 

or 57r)EI.!,'A - lii^ML^A ; 

. Ma,-'OR„ . 

•; '576EU’^'-<.-'MI,'' '3' 

It is evident that a critical .speed wiU occur when the denominator 
of this fraction beeftmes .tejjp ; the deflection will become vcr> large. 
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then, and the shaft is said to whirl. 'I'o obtain this speed, we have 

. yfiEI.i,’' , 


If the shaft is of steel, this equation will reduce to the following 
form by using the usual values of the coefficients ; 


0)= 746000 


Vmi,’' 


If the wheel in Fig. 560 be removed, the plain shaft will whirl, but 
at a much higher speed of revolution. 'Fhc effect is owing to some- 
what similar conditions to those which produce elastic instability in a 
long strut (p. 228), vi/. want of perfect straightness and of perfect 
uniformity in elasti<' properties. Any slight deflection will be in- 
creased indefinitely when the whirling speed is attained. 



V ti + K ^ 




e 

Je )jv >1 

(b) 

Fig. 561.— Whirling of a uniform shaft having swEcl l)c,'irin^<i. 

Fig. shows a uniform shaft in swivel bearings at A and B 

and dellected to the curve ACb by wiiirling. 

Let w = the mass in pounds per int h length. 

L~-the length of the shaft, in inches. • 
v = the radius in^nches at P, distafi;*v inches from 0. 

A = the maximum radius 0('', in inches, 
w the angular velocity, in radians per second. 

F = the centrifugal force at any jioint, in lb. w’e^ght j)er inch 
length. ^ 

M = the bending moment at any .section, in Ib.-inches. 

I -^thc morficnt of inertia of the shaft section, in inch units. 
F = Young’s modulus, in lb. weight, per s(piare inch, 
^--acceleration due. to gravitation, Inches per .second f>cr 
second. 
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1 hen, at P, F == ih. ^\ eight per ineli length ; . . ( t ) 

F oc e. 

This result indieates that the eiirve in Fig. stn (r/) not only repre> 
sents the deflection, hut also the load per uiut length to another 
saale. fjence, we may write 

F-cr, 

W'heVe c is a numerical ('ocfli('ient rectihing the scale. 

Now', if the coordinates r and i refei to a gn(*n defhs tion ('ur\(', 
the second differential ('oelhiients, when plotted, will represent .t 
curve of hending monu'uts, and the /omth diffcTcntial ( oeffa kmUs 
will represent a ( urve of loads wlm h would produce the gi\en deliei - 
^'tion curve. Hence, in tlu‘ present case, 


* From this expression, the shape of the deflcclion (iirvc* lias to he 
obtained, and m<iy be inferred to he a ( urve of cosiiu s I'lms, lake 
the C(}uation r ^ c os and obtain the lourth diffeiential (oefticienl : 

. (iv ^ (f-y r/'V ^ r/'r 

y^cos^;-; - sinf/ ; - cos M ; /„ - sin , /, cost/. 

//r //i - //»•* 


'rherefore, in the nirve representing the e(juation v- (os 6*, 


(i\v 

(U 


cos 0 --- V. 


In Fig. 561 (a), there is zero defledion at A and li and maximum 
deflection at (\ Hence the corresponding ( osme curve (log. 561 (/>)) 

will have tfie 'r'rigin at O, OE and 01 ) will represent + ’ and - ^ 

respectively (for which the cosines are zero), and ()(i wilt represent 
COSO- I. HK, ('orresponding to v in Fig. 561 (r/), will represent 
cos where 6 is the angle rej)resented by OH, corresponding to .v in 
Fig. 561 (d). Frcyn tht* diagrams, we have 


Also, 



y 0 TTc 

\ - -cos .v; 
iA <'os o L 

* 1 A 

. . y - A cos j • 



Obtaining the fourth differential coefficient onhis, 
(f^y .IT* • - 
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V M 

* ‘ ^/^r‘ El * d'.r- ‘ 

Also, -^^,=1.; 

• ' M 

“ ^v‘ El 

Hence, from (r) and (5), 

/-/S' M(o~r 



Ecjiiating (4) and (6), 

m(»~v ,r' TT 

KI,;. 

This cqu.ition is true for any ('orresponding values of j’ and .v. 
Take the value a o, when * 


cos j A ~ cos o - 1 


//i(o-A ^7r‘ 


’ EIv- “ 1>‘ 

'The deflection cancels from both sides of this e(juati()n, indicating 
that a critical speed <0 has been attaine^l, and going the result 




/KIv 

■ifW ;;/“■ 


'I'his restilt expresses the whirling speed. If the bearings restrain 
axially the directions of the shaft at A and b (big. 561 {ci))-> then it 
may be shown that the whithng speed is given by 

. ....-I-VC /!% * • X 


EXEI^CISKS ON CHAPTER XX. 

1. Find the M of a flywlicel wlndi, wlam running at 200 revolutions 

per minute, ^\ill incicase its speed by ’i per cent, while storing 5000 
foot-lh. of energy. • * 

2 . A solid disc of cast iron, density 459 pounds per cubic foot, is 
8 inches in diaixeler by 2 inches thak and runs at 3500 revolutions per 
minute. What percentage increase in speed will 0(,cur if it is called upon 
to st^Jre an additional 200 foot-lb. of energy? ^ 



EXERCISES ON CHAPTER XX. 


523 


3 . A cast-iron flywliccl is 30 feet in mean diameter. Tlic safe tensile 
stress is 2000 lb. per stpiarc inch. Kind tlie ma\muim permissible speed 
of revolution of the wliecl. Take the density as 450 ])oimds per cubic fool. 

4 . A mild steel luxip is 18 imhes m mean diameter and the clastic 
limit of the inatcri.il is 18 tons pei sijuaie inch. At wliat speed of 1 evolu- 
tion would pennanent damage begin to odiii 'l ake the density as 480 
pounds per cubic foot. 

5. What*.s the limit to the \elocity of the iim of an oidmaiy flywlieel? 

Does it depend on the di.imeter.^ 1 ‘iovc your sl.itements (11 1 ' ) 

6. In the m.'inuf.H'tuie of ,i large dium for a steam tin lime ;i hollow, 

red-hot steel billet is, <it a high speed, lolled l)etween internal anil 
external rollcis, wliiih elTect a gi.idiial im lease of di.imelei .ind diminu- 
tion of thickness .Show that tlie intensity of the tangential sticss ol 
the inatciial of ihedium lem.iins constant duimg the lolling ojiei.Uion, 
assuming a constant speed of the lolleis. Delcimine the limiting speed 
of the lolleis to keep the tensile stress witlim 1 ton per si|U.iie im h. 
(Weight of steel, 485 lb. per i ul)i( foot ) (I.CM^) 

7 . The indicated hoisc-powcr of ;i steam engine is too; the mean 

crtiiik sh.ift speed is 200 levolutions per minute '1 he eneig)^ to ))C 
taken up by tlie tl\w!icel of the engine between its minimum and maxi- 
mum speeds is to jier cent of tlie woik done in the < xlmdeis pei rc\olu- 
tion of the crank sh.ift. If the ladius of g>i.»lion of the t 1 ) wheel is 2 feet 
6 inches, detciininc its weight in older that the toi.il tluciii.ition of speed 
may not exceed 2 per cent of the me.in speed. (L.U ) 

8. .Show from fu st piim iples that two flywheels of the same dimensions 
but of mateiials of different densiiies will have eijual kinetic eneigics 
w’hcn run at the speeds w’hicli gi\c ec|u.'il hoop strc'sses. Calculate the 
kinetic energy stored per jiound c'f iim in a cast-iion flywheel, when the 
hoop stress is 800 jiounds per sqinuc inch. Cast non weighs 450 pounds 

' per cubic foot, (hi-) 

9 . In a simple W.itt goxernor, the* height of the cone of icxolution is 
4 inches. WIak is the speed m revolutions ])er minute^ 

10 . A I’oiter gcncinor has rc\ol\ing masses of 2 pounds each.* 'I'he 
arms are all ccpial and 8 inches long. If the height of the c one of ic*\oIution 
IS to be 5 inches at 180 revolutions per minute, lind the dc.id load 
required, 

11 . In Question lo, thcMnottle valve is full o[)en when the height is 

5*5 inches and closed entitul/ when the height it. 4-5 inches. Kind the 
limits of speed of 1 evolution contiolled by the governor .State the 
total variation in speed as a percentage of the mc^n speed of 180 1 evolu- 
tions per minute, , 

12 . A uniform lod 8 inches long, mass 4 pounds, is hinged at its upper 
end to a vertical axis of revolution, find the speed at which the .irm 
will describe a cone of semi-vertic*'al .ingle 45 degrees. Supposing this 
speed to be doubled without* alteration in the positicn of the rod, what 
controlling couple must be applied to the lod 

13 . The m.iss of each o^ the balls of ,1 sjinil’g Icxadcd governor 
arranged as m Kig. 548 is 5 pounds, WhcA the radius of the balls is 
6 inches the governor makes 25a/(evolutions per minute. Kind the total 
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compressive force in the spring, and, neglecting fru tion, find the stiflncss, 
ti\ the force per inch compression, of the spring tliat the governor may 
be isochionous. Show that the effect of friction would be to make the 
governor stable. (L.U.) 

14 . A Porter governor has equal links ro inches long, each ball weighs 

5 pounds and the load is 25 pounds. When the ball radius is 6 inches 
the valve is full open, and when the radius is 7-5 inches the valve is 
closed. Find the maximum speed and the langc of sp^ed. If the 
maximum sjieed is to be increased 20 per cent, by an acldition to the 
load, Imd what addition is requiied. '(L-U.) 

15 . 'I'liree Ixxhes of 2, 3 and 5 pounds mass respcctncly revolve at 
C(|ual radii round a hon/amtal axis. The axial distance between the 
oiilei p.iir of bodies is 18 inches. Aiiangc the bodies so that they shall be 
in balance. 


16 . 'Fhc four weights 7i',, tc,, (F'g- 562) rotate in one plane 

al¥3ut an axis, their magnitudes and the tadii at whu h they act being 



nc. 56?. 


given m the t.ible : 


vv.iclit 

M.i>;iiitii<lc til ll> 

ICKilllS III feet 

7c', 

10 

0-5 

7t'.j 

8 

I 0 

7^3 

6 

> -^5 

7C', 

I 12 

0.75 ^ ^ 


Find graphically the equivalent single mass m m.ignitudc and direction, 
acting at a radius of i foot ; and calculate the total displacing force on 
the shaft when the revolutions are 200f)er minute. (l.C.E.) 


17 . A shaft runs in ])eaiings A, B, 15 feet apart, and carries three 
pulleys C, D and F, which weigh ^>0, qcx) and 200 pounds respectively, 
and arc pi. iced at 4, 9 and 12 feet fiom A. Their ((Mities^of gravity are 
distant from the sh.ift icntic line by amounts . C iii<'h, 1) J inch and 
FL } utch. Arrange the angular positions of the pullcvs on the shaft so 
that thert? should be no dynamic force on B, and find for th.it arrange- 
ment the dyn.imic foice on A when the shaft luns at 100 revolutions per 
minute. (L.U.) 



18 . Find the positions and magnitudes of tht? balance weights required 

to b.ilancc all the levolviing and '-J of tjie re(N,n,rocating masses in a simple 
inside cylinder locomotive specified as follows : masses per cylinder at 12 
inch radius, revolving 4^20 pounds, reciprocating 630 pounds ; centre to 
centre dt i ylinders, ^6 inches; pl.ines of balance weights, 58 inches 
apart ; railius of balance weights, 32 inches. • (L.U.) 

19 . The rciiprocating masses for the ffist, second and third cylinders 

of a four-cylinder engine aic 4, 6 and 8 tons, and the centre lines of these 
cylinders are 13, pfiiul 4 feet rcsjiectivcly from that of the fourth cylinder. 
Find the fouith rc( ipioi atirg mass, and the angles between the various 
Clanks, m OKlcr th.if these may be balanced. (B.E.) 

20 . Show' that the distmfimg effect of 41 reciprocating mass connected 
to a crank by the ecjuivalent of an mfin'i'src cpnnecting rtxl is the same as 
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that pnxkired in the line of slioke b\ an etjvial mass jdared at tlie riank 
pin. An cnpinc has thiee tyhnders A, It and C whose axes aie p.u.illel 
The axis of B is at a distant e </ liom tlie axis of A and a distant e i liom 
the axis of C. I'lie mass of the ict ipiot aimi; paits of B is M. Assuming 
that all the pistons have liarmomt motion and the same length of stroke, 
show how the cranks on the tiank shaft must he plated, and tind the 
masses of the leciprocatmg paits f)f A and (' in ordei that all the 
leciprocatii^ paits may be tomplelely balanced. t,L 0 ) 

21 . A four-t ylmdei \eiti(.il engine, tianks at light angles, has its 
riank'^ etpially sjiated bctwtrn the be.iimgs, the pit< li being 

d'aken fiom the left, the older is A, B, I) 1 he ^ 

retobing mass foi eat h eylindei is M, and the iecii>i<K ating 

mass .\k,, anti the sj)eed is w ladians pei seetmtl. 1 he 

( lank radius is r .ind the i onnecling-iod length / Kxammc D B 

the piimaiy and secondaiy bakinee, forces and touples 

when (<i) the eianks aie as shown in big. 5^3, (/•) the t tanks C 

aie at 45 tlegiees to the line ol stn)ke. (L I'.) Fi<. 5r>i. 

• 

22 . A teitaal sietl sh.ift f mt h in tliaiiielet luns m swnel beaiings 36 
inches tentie to teiitie. .\ wheel t>f mass JO ptninds is iiiounled at the 
(etitieof the shaft, anti its t enlie of mass is at .1 small tlistaiu e fiom the 
shaft axis. At what speed t)f ie\olutu»n will whiilmg ottui.'^ lake 
K -- 30,0(xj>,(xx:> lb pei stpiaie im h. 

23 . A steel shaft 2 inches in tliametei luns in swi\el beat mgs 9 feel 
ceiUieto centie. At what spt'ctl will whirling ottiii t iakt* K- 3u,oc)tj,CKX) 
lb per stjuare mt h and the density o 28 pt)untl jier t ubit mt h. 

24 . Answer (,)ueslion 24 if the beatings constiam the diieclions of the 
shaft at Its ends. 

25 In Question 23, tlie s|)eed t>f the shaft is f)Oo ie\t)luiions per 
minute. Find the limiting distance t entre to centre of th.e bearings. 



niAlTKR XXI. 

TRANSMISSION OR MO l'ION liV RKL'l S, ROPES, CHAINS 
AND TOO'llIEI) WliEEl.S 

Driving by belt. Motion may Ik‘ Iransmiilctl liom one shaft to 
another l)y means of a b(‘lt i mining on the rims of j)iille)'s which are 
fixed to thy shafts. 'I'Ik' (hiving effort is transmitted from tlie h'dt 
to the [lulley by the agency ol the frictional icsistance to slipjiing of 
tlK' licit on the {iiillcy. A will dii\e R in the same direction of 
rotation if the belt is open (Fig. 564), and in the op[)osite direction 
if the belt is crossed (Fig. 565). In the latter ca.se, each portion of 



l'!(. S64.— eipcn belt. Fig. 565.— Crossed belt. 


the belt is given a half turn in order that the s#me side of the 
material niay bear against the rims of both A and R. In the.se 
diagrams the .shafts are parallel, and both pulleys are arranged so that 
their planes of revolution coincide , if this cimdition be not attended 
to, the belPwilDnot remain on the 
puUey.s. is customary also to 
round slightly the rims of the pulleys 
(Fig. 566), with a view to enable 
the belt to ride on tl'e centre of the 
rim; the action ^^ill be understood 
by reference to Fig. 567, which 
shows the exaggerated case of two 
frusta of -cones placed base to base. 
The belt, in bedding down on the conical surface, bends as shown ; 
congequently the points a and a will >>e liigheV up the cone than 
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and //, which came into contact a little IxTore d and </'. Hence 
the belt will climb to the hij^lu'st ]),irt and remain there. 

It w’ill be evident that the pan of the belt wlmli is advancing 
towards the pulley must be mo\iiig m llu' same plain* as that in 
W'hich the pulley is rotating. 'The jniit receding liom the j)ul!ey may 
do so in a plane which does not coincide with the plane oi rotation. 
Advantag* is taken (jf these ('ondilions in the (.ist* ol two shafts 
havigg dio'ctions at light angh's ( 1 ‘ig. A is so aiianged on 

the lower shaft that the jwrt (' ot the belt leaving it is moving m the 
|)lane in winch 1» rotates, similailv B is so aiianged that the portion 
D of th(* belt le«ivi*s B in the same j)lan<' as (hat in wlm li A is 
rotating. 'The belt will iide safelv on both pulk)s, provided that 
the dircn'tions ot rotation aie not leveisedat any tune. Reveisal ol 



par.. vn shafts .if 90' conni( C'd Fi(.. rfw;.— Ust* of jix k«-y piilh > s. 

by hirlt 


direction must be preceded by a learrangement of the jaiireys. The 
distance between the shafts should not be small enough to render 
excessive the angle at v hu h the belt leaves the pulleys. 

In Fig. 569 is shown an arrang(*ment ifi wliifh A drives B by 
means of a belt which is guided into the proper planes by Jockey 
pulleys running freely at C and I). * ’ 

Velocity raifio of belt pulleys. A certain hinount of slipping is 
always present in belt driving ; in the best cases there may be i to 2 
per cent, of the motion of the driven pulley lost in slipj)ing. d'he 
belt usually comes off tlfc pulleys if the slip e.^cccds 10 [)er cent. 
Neglecting slipping, it wa’ll^be evident that the s[)eed of the belt will 
be equal to the speeds of the rims of both pullej s. Referring to 

Fig- 570, * ’ / 
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Let \K ^ tJie diameter of A, in feet. 

J )|5 ^ the diameter of B, in feet. 

V - the velocity of the belt, in feet per minute. 

Nyv ^ revolutions per minute of A. 

N» - revolutions per minute of B. 

Then, Distance travelled by rim of each pulley = V feet per minute. 



Uence tlie speeds of revolution are inversely proportional to the 
diameters of the pulleys. 

Strictly speaking, the diameters should be measured to the me^ 
thickness of the belt, i.e. the thickness of the belt should be added 
to 1 ),^ and 1 ),,. 'The presence of slip usually rcndeis this correction 
an unnecessaiy lefinement. 

In log. 571, IS an engine pulley driving a line shaft pulley H; 
a couiUei shaft has a pulley I) driven from a pulley C on the line 



Also, 
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Hut 

Nc 

-N,. ••• 

NV . 

1>„' " 

Again, 


I>i 



N. 

^1). ’ ■ 

VT 

N. = . 

1>. 

•N',. 

And 

Ni 

^ N,>, 





I), X Ik 

X X 



1)„ X 1),) 



Now A, (" and M are drivers and H, 1) and 1' are diiven pulli'ys ; 
hence we have the rule ; To obtain the speed of revolution of the last 
wheel, multiply the speed of the first wheel by the product of the diameters 
of all the drivers and divide by the product of the diameters of all the 
driven pulleys. 

Siipj)osin,i( that each pair of |)ullc\ s connected by a Ix'lt i“\p('rie’ices 
a j)ercentage slij) /, t c. the diueii pulle) loses by slij) /> re\oluiions 
in e\yry loo , tlau 




/ I oo • />' 
' \ I oo 


N 


1 ) 


N, 


I), 

Dn 

l>. 


N. 

N. 



Sinc() Ni, - i\V and N,, N Jiesc reduce to 




"a 

i)„ 1 >u ' \ 100 / 


and 


Dv X I), X I), 
1 )„ X 1 ),, X I ), 



Friction of a belt on a pulley. 'I'he grcat(‘st po.ssible dilference 
which can exist between the pulls on the tight and sku k sides of a 
belt will depend on ihe^niaxiimirn Irictional resistance to shp[)ing ot 
the belt on the pulhy. (m log. 572 br) is ,<)hown a pulley having a 
belt einbnuing it o\ei .in .iic ol contact AH. l.et i'j and 1 '^ be the 
pulls at the ends when the belt is on lhi5 |Mun'i' ol slipping, and let 'I', 
be the laiger }ir.ill. l.et the angle subtended b"^ AH at the I'cntre ol 
the pulley be 0 radi.ins, and (’onsider a small ari' ('D subtending a 
small angle Sa radian. 'I’Re, portion (d) of the belt will be in 
equilibrium undi'r the action ot lorces and I 4-^1, these being the 
pulls at 1) and (' rcsjiectnely (Fig. 572 (/A), together with a normal 
reaction / ftom the pulley rim and als(^ the fnctiomW resistance to 
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Resolve T into components along and at right angles to/; these 
will he 'I'sinili^a and 'J' cos respectively. In the same manner, 
T + will have components (T + 5'r)sin atid ('!' -H 5'!') cos 


c D 



(a) (b) 


Fk.. 572.— Friction of a belt on a pulley. 

respectively along the s<ime lines, 'I'he sum of the components 
along / must be etpial to /, hence 

/ ^ 'r sin 4- (d' 4 d'J') sin 
= ( 2 'r 4Sd') sin 

Neglecting the [)roducts of small quantities, this reduces to 

/^ 2'rsin 

Again, the difference between the sine of a very small angle and 
its radian measure is infinitesimal. Hence, 

/ = 2'!' . 

(0 

Let the coefficient of friction be /x. Then 

Lriclional resistance of arc C\)~fi/> 

> /fl' (2) 

This frictional resistance must be equ-^l to the difference in the 
components of '1' and d’ 4 ^d' taken at right angles to /, hence 

//!' . 8a = (d' 4 8d') cos - T cos ^8a 
= 8d' cos ISa. 

The angle iSa being very small, its (Cosine may be taken as unity 
and the equation r educes to 
/xT8a = 8T, 


(3) 
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In tlie limit, uritini," da and //'!'. and intOLTalin*; botli sides, we 


•og-j.* - 1 ^ 0 . 


'I'his equation may be ^\rllten 


(4) 


where c is the base of the h^peiliolio logarithms (p. 1 1). 

The physical meaning ol th.is equation may be understood by 
dividing the total ar(' ofcontai t into a number of ecjual arcs AB, IK', 
CD, etc. (Fig. 573). J.et c‘ach arc sub- 
tend an angle a at the centre, and let the D 

pensions in the Ix'lt at I>, (', D, etc., be 
denoted by 'I'lt, 'r, , 'I',), et('. I'ajuation / \ 

(4) al)ove ap[)lies to ea<'h ar(\ Hence, \I/' 

Tn ’ T, ’ T„ /U 

As the right-hand side is constant in ' 

each of these expressions, the r.itios of \ 

the tensions will be constant, 14. T, \ 

'p 'p ''p t'l*.. S73.— Teiibions iii the hell at 

— ** _- 1 _ . constant aiflcrcnl I>arl^ of the arc of Li»iilaLl. 

Cl i C h) 

Hence, if the value of the constant for a given angle is known, the 
ratio of the tensions for any angle when slipping is about to occur 
may be calculated easily. 

Example i. A rope is roiled lound a fixed drum over an aic of 
contact of cp". It is found that slipping occurs when the ratio of the 
pulls is 'i- Find the ratio rvf ihe nulls for an aj;c of contact of 270“. 


^l<.. S73.— Teiibions iii the belt at 
<]iflcrciil |>arl^ of the arc of li»iiUilI. 


Example 2. A leathe? belt laps 180” rounfl a jast-iron pulley. 
Taking /z- 0*5, calculate the null on the slack side when slipping i!^a)>out 
to occur, if the pull on the tigl.i sid" 
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Here 6^ = i8o'^ = 7r radians. Hence, 

log,,}r’=/A^=o-5;r=i‘57o8 ; 
* 2 




= 4-8i, 
-300 


T, = f‘"= 62 . 4 ll,. 

4-81 “ 


Horse-power transmitted by a belt. It will be observed that^the 
diameter of the pulley does not enter into the expression tor the 
ratios of the pulls of a belt or rope. For exam[)le, in the last result, 
the pulls would be 300 lb. and 62-4 lb. when the belt is embracing 
a pulley 3 feet in diameter or 6 feet in diameter, provided the arc of 
contact is 180° in each case. Some other cause must be looked for 
to’evplain the known fact that a belt which constantly slips on a 
certain drive may be remedied by substituting pulleys of larger 
diameter on l>oth sitafts, keeping the ratio of the diameters as at firs^ 
so as not to alter the s[)eeds of the shafts, d'he explanation lies 
in the fact that the belt is now running at a higher 
speed, and will therefore do the same work per 
minute, or will transmit the same horse-power, with 
a smaller difference in pulls. Thus, 

Let 'F, ^ pull on tight side, lb. 

'Fo^pull on slack side, lb. 

V = velocity of belt in feet per minute. 
Considering the driven pulley (Fig. 574), T, is 
urging it to turn and T.^ is tending to prevent rotation ; hence the 
net driving force is ('1\ - 

f \Vork done per minute -(Tj V foot-lb. 

Horse-power transmitted ^ ~ ^ ^ ^ ( i ) 



Fig. 574. 


Now let V be increased to V.^ feet i)er minute by the substitution 
of larger pulleys running at the same revolutions i)er minute. 'I'he 
horse power transmittedt being the same as at fust, we ha\e 

33»oc)o 

where and dV denoted the altered pulls in the belt, d'his gives 

^(t,-t,)v^(t;-t/)v., ( 2 ) 

As V,, is greater ^han V, it follows that (d'/ - dV) must be less 
than (d\ - d’.,).' Hence thete is now less frictional resistance to 
slipping called for, and consequently tfF;nsk of'slipping is reduced. 
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Kquation (i) alK)ve for the horse -power may be written in terms of 
the maximum pull 'I'l in the belt. 'I'hus, 


'r 


Substituting in ( r) give.s 

Horse power transmitted - 




( 3 ) 






■l-iV 

33.000 


■U) 


h'roni this eipiation the dimensions of a belt suitable for trans- 
mitting a given horse power may be obtained. 'The strength of a 
belt is stated in [lounds per iia h of width generally. 

Let width of belt in inches. 

/-safe [Hill per inch width of belt. 

Then 

//A’ 

' 33.000 

, 'The width may be calculated from this result when the other 
quantities invohed are given. 

Driving by rope. Ropes (?f cotton, hemp, manila or steel wire 
may be used for transmitting motion. In stu b ca.ses the rims of the 
pulleys are grooved to receive the ropes. The section of a pulley 


and H()rse-[)ow er - ^ i - - 


( 5 ) 



t re. 575 —Section of the rim of a rope 
pulley. 



rim suitable for ropes of cotton or similar material is given in* 
Fig. 575. The ropes bear on the sides of the wedge shaped grooves, 
thus increasing the frictional resistance to slippifig. In Fig. 576, 

Let a = half tlje angle of the wedge., 

p = the normal force on*a small arc of the rim, in lb. 

= tTie coerf* .lent of friction. ^ 
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Then / will be ecjual to the sum of the vertical components of 
the normal pressures q, q on the sides of the groove. Hence, 
p~ 2^ sin a, 

i/COSCC (i) 

Now the frictional resistance to sliding on the small arc considered is 
f = 2\iq = ijjih p cosec a * 

= /./iCOSCCa 4(2) 

Had the case been that of a ilat belt on an 01 dinary pulley, the 
frictional resistance would be \f.p. Hence, the results already 
obtained for flat belts may be used for ro[)es ^^hich bear on the sides 
of the groove by writing /u'oseca instead of \i. I'hus, from ecpiation 
(4); 1>- 53 f. (-'quation (4), 1). 5,53, wc have 


T, 


. cobcc a 





cosa, a 


) 




(3) 

* 

(4) 


In the case of wire ropes, the -rope should not bear on the sides of 
the groove, as it would suffer injury theieby. Fig. 577 shows a 
suitable form of rim, in which the rope beds on the bottom of the 
groove ; it is found advantageous to line the bottom of the groove 




F«<.. 577.— Section of .q wire Fig 57^— Section of an idle 

lopi piilloy. pulley for a wire rope. 

r 

with leather, with a view of increasing the frictional resistance. 
^Vhere the ropes are very lofig, idle bearer pulleys may be used at 
intervals to support tifh ropes. 'I'hese run loose on their bearings, 
and may have rims of a section shown in Fig. 578. 

The equations for a flat belt apply wjlhout alteration to the case of 
a wire rope beddings on the bottom of the groove. 

Centrifugal tension in belts and ropes. The portion of a belt or 
rope w'hich la}>s on the pulley is subject to centrifugal forces when 
the Ixlt is running (Fig. 579). 
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I/Ct ;// = the mass of the belt per f(K)t run, in }X)unds. 

V the veloc ity of the belt, ir. feet per sec. 
radius, in feet, to the centre ol the belt. 

Then the centrifugal force per foot length of arc will be given by 


lb, weight. 

'Uhese radial forces will have a 
resultant R directed towards the 
left in Fig. 5 yt), and w ill be balanced 
by tensions 'I', ' 1 ' in the belt, which 
are in addition to those re(|uired 
for driving ])urpos(‘s. ’l‘he c'ase is 
analogous to a boiler slu'll sub- 
jected to iiiteinal jiressuie, and may 
..'11 pp. p5 luul (/>. 

mv' 

. 2r --- 
.C'' 

Also, 2 r - R ; 




be sohed by the method given 


' 11). weight 

.s 

vight. 


For leather belts, m may be ^ken as 

--o* 4A pounds per foot run, 

w'here A is the cross-sectional area of the belt in square inches. 

'I'he general effects of centrifugal foice are to increase the j)ulls in 
the belt, and also to reduce partially the radial pressures on the rim 
of the pulk'y As the latter are relied on for the production of the 
frictional driving effort, it follows that excessive slipping will occur at 
speeds which are too higli, and the power transmitted will be reduced 
thereby. ♦ , ^ 

Belt striking gears. 'Fhe intermittent motion reipiired for driving 
many classes of machines may be oblatned by means of two pulleys 
on the countt^shaft driving tlie machine. In Fig. 580 a pulley A on 
the main or line shaft drives a countershaft having two pulle‘ys, one , 
running loosely on the ebuptershaft and the other B., fixed to the 
shaft. The belt may be moved from one pulley to the other by 
means of forks C, C', which loosely embrace the belt. The forks are 
operated by a sliding bar 1) and a hagdle F, Carried to a suitable 
position for the operator. T^e pulley A is made specially wide, so 
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as to permit the belt to ride on either Hj or lb_, ; in tlie former aise, 
the countershaft and machine will be at rest. 



Another arrang(‘mcnt is shown in Fig. 581, 1 'he countershaft B 
has two loose pulleys Lj and !>._>, and also a pulley F fixed to the 
shaft. There are two belts, one I) open and one E crossed ; these 
are operated by the belt-striking forks and bar shown at C. No 
motion w’ill be transmitted to the countershaft if both belts are on 
the loose pulleys, and motion in either one or the other direction will 



occur, depending on w^ich belt is made to ride on,F. ‘The arrange- 
' ment forms a convenient reversing gear. 

Variation in the velocity of rotation of the driven shaft may be 
accomplished by md\ns of stepped cones or speed pulleys (Fig. 582). 
These consist of a number of pulleys of different diameters mounted 
on the shafts sefas to oppose /.he smallest and the greatest. The belt 
may i^de on any corresponding {mir. 
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'I’he length of belt reijuired enters into the (juestion of stei))>e(l 
cones, as the belt hits to lit any corresponding ])air \n it bout alttTution 
being made in its length. For a crossed bell it may be sh»)un that 
the sum of the diameters of any corresponding piillt‘\s should be 
constant for the whole set. With an open belt there is a small 
divergence from this rule, which becomes negligd>le il tla^ distance 
between *the shafts is large (ompared \\ith the pullt'y diamelcis ; sik h 
is ivsually the ( ase. 

Transmission of motion by chains. Iti casi s whcie the dri\iMg 
effort is loo large to be Ir.nismitted by a belt (ir lojie, or where 
slipping is inadmi.ssible, chains ma\ be us(‘d in combination with 
t(K)thed or sproi’ket wheels. A few patterns of suitabli' chains arc* 
given in Fig. 583. (a) is a block chain in whic h a number of small 



blocks are connected b^ pairs of links and riveted pins. C hains of 
this pattern are used . for conveyors, as» tiie carriers are attac hed 
readily to the blocks. (/^) is a similar pattern, but made entirely of 
link.s. (c) is a better form, and works more 'easily.' The •inner links 
are connected by a tube riveted over at its ends, and a roller runs 
on the tube ; the outer links are connected by a [)in passing through* 
the tube and riveted over at ite ends. 

A sprocket wheel is .shown in Fig. 584. The*centres of the chain 
pins lie at the corners of a polygon having side-^ecjual to the pitch p 
of the chain, d’he driving force P may act at radii Vhich will vary 
from Rj to R2, and thus c^uv^^ variations in the turning momedt and 
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in the velocity ratio. These variations will be small, provided the 
number of teeth on the si)rocket wheel be sufficiently large. 

The form of the teeth may be constructed by first drawing semi- 
circles of radius r e(|iial to that of the chain pin, or roller. Using 
radii slightly smaller than {p-r) and centres nearly coinciding with 
the adjacent pin ('entres, the sides of the teeth may be drawn. These 
w'ill be such as to enable the ( hdin to leave the wheel at* the toj) 
without the pin or roller touching the face of the tooth. ^ 

In general there is [)ractically no pull on the slack side of a chain ; 
hence, the w'ork done per minute ts given by the product of P and 
the velocity of the chain in feet per minute. 'I'he chain is liable to 
stretching of the links and to wear at the pins, both of which tend to 
iiKTcase the pitch. 'I'he effe('t of this will be ultimately that the to[) 
pin, wr roller alone, as is shown m k'ig. 584, will be bearing against 
its tooth, and this tooth accordingly will carry the wluile load. 'I'he 



Fio. 585 — Renolil’s silent ch.nn 


effect is manifest in the chain grinding on the teeth, thus introducing 
additional frictional resistance and also w'caring the teeth. 'I'hese 
effects may be obviated somewhat by using'a roller chain, and by 
making the spaces betwecvi the teeth wider jhan the diametei of the 
chain pin or roller. Increase in the '"pitch is provided for perfectly 
in the Renold’s sihait (ffiain. * 'I'he links are of the form shown in 
Fig. 585 ; any increase? in the pitch, caused by w’car rr stretching, 
»has simply the effect of causing the links to ride on the teeth at a 
larger radius from the centre of the whvcT. Speeds of 1250 feet per 
niinute and horse-pcflvers up to 500 have been attained with the.se 
chains. 

Friction gearing. In cas^s where the shafts are close enough 
t togethtr, motion may be communicat< 5 ^ from one to the other by 
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'I’he length of belt reijuired enters into the (juestion of stei))>e(l 
cones, as the belt hits to lit any corresponding ])air \n it bout alttTution 
being made in its length. For a crossed bell it may be sh»)un that 
the sum of the diameters of any corresponding piillt‘\s should be 
constant for the whole set. With an open belt there is a small 
divergence from this rule, which becomes negligd>le il tla^ distance 
between *the shafts is large (ompared \\ith the pullt'y diamelcis ; sik h 
is ivsually the ( ase. 

Transmission of motion by chains. Iti casi s whcie the dri\iMg 
effort is loo large to be Ir.nismitted by a belt (ir lojie, or where 
slipping is inadmi.ssible, chains ma\ be us(‘d in combination with 
t(K)thed or sproi’ket wheels. A few patterns of suitabli' chains arc* 
given in Fig. 583. (a) is a block chain in whic h a number of small 



blocks are connected b^ pairs of links and riveted pins. C hains of 
this pattern are used . for conveyors, as» tiie carriers are attac hed 
readily to the blocks. (/^) is a similar pattern, but made entirely of 
link.s. (c) is a better form, and works more 'easily.' The •inner links 
are connected by a tube riveted over at its ends, and a roller runs 
on the tube ; the outer links are connected by a [)in passing through* 
the tube and riveted over at ite ends. 

A sprocket wheel is .shown in Fig. 584. The*centres of the chain 
pins lie at the corners of a polygon having side-^ecjual to the pitch p 
of the chain, d’he driving force P may act at radii Vhich will vary 
from Rj to R2, and thus c^uv^^ variations in the turning momedt and 
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will be no slip anywhere, i.e. the rollini; will be peiTec't. W heels of 
this kind are called bevel wheels. 

Driving by toothed wheels. Mf^ion lost hy reason of sli[)ping may 
be eliminated entirely by the addition of teeth to the rims of friction 
wheels. Dig. 588 shows two toothed heels in gear; the original 

friction wheels are show n dotted, 
and come into conlacf at a point 
joining tlie ce4itres 

^ f Li wheels, d'his point is 

called the pitch point, and the 

5\r J )/^ V //S called pitch circles. 

v\ 11 length of the arc on the 

. I A pitch (’ir('le belwetn the centres 

* adjacent pair of teeth is 

, ('ailed the circular pitch of the 

1 ' IC. 588 — I (xxlicd wIiccK III i^ear. 

te(‘th. It IS e\ident that tl*e 
pitch must be tin* same for both wheels. Idir piactical purposes, 
the diametral pitch is used often, and is the result of dividing the 
diameter of the wheel by the number of teeth. 

Let I) - the diameter of the wheel. '' p 

;/-the number ol teeth. \- 

the circular pitch. \ --Va ' \g 

the diametral pitch.* ■ 

'riu'ii 

. ^ 1 ) 


Kic. 588 — 'I'wllicd wIiccK III i^ear. 



Unless otherwise specihed, the term “ [litcli ” , j ~i / 

will be taken to mean tlrj \:ircular pitch. • 

. . * Fig. 589.-ProrK;rtioiisof 

Relerring to rig. 58(;, other deimitions are wheel teeih 

as follow'^: The portion of the tooth 

which lies outside the pitch circle is called the fi,dde;idum ; the 
dotted circle FGL is the addendum cireje ; the working sides of the 
tooth at EF and CO are called face^. dFe portion EHKC which 
lies within the pitcR circle is called the root of the tooth ; the dotted 
circle HKM is the^root circle; the working sides EH and CK are 
called flanks. 'EC is the tMckness of the tooth and CD is the width 
of thC space between the teeth. 
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Ordinary jiioportions of teeth may be stated. Reference is made 
to Fig. 589, and p is the circular pitch. 

'Fhickness of tooth = 0-48/. 

Spa( e between teetli ^o-5’/». 

Total length of tooth + o-//. 

• Length of addendum - ^ 

, Length of root o 

W idth of tooth =- 2p to ^i/’. 

'Fhesc pioportions allow of a deanmee C(iual t() o-04/> betwa-en 
the thickness of the tooth and th(‘ spac'e into which it enteis on the 
other wheel ; also a cleatanc'e of Q-\p between the point of the tooth 
and the bottom of the spac e W ith ac curate machine c ut teeth, the^‘ 
clearances are often made smaller. 

Power transmitted by toothed wheels. Let 1 * lb. be the' chi\ing 
effort applied to a toothed wlu'el tangential to the jiitc h ciicle, and 
let R leet be the nidius of the pitch circle. In one* rcNolution, work 
will be done eciual to 27rRl‘ fcjot lb. II the wheel makes N tevolu- 
lions per minute, we ha\e 

W'oik done per minute 2;rRI'N. 

, 27 rRl>N 

Horse power liansmiltc'd - , 

33000 X horse* powc'r 

Ot* 1 — - 


If the hc^rse-j>c)wei be given, 1 ’ may be c'alc ulated, and hcnc’c the 
dimensions of Wie tooth may be estimated in order that siitlic ic'nt 
strength may be seemed, it is best to use the rules of {uviioitional 
strength. Suppose it is known that a ceitain whc-el made c)l a 
given mateiial has trai^smittecl a force R, successfully, and that 
the width, length .*nd thic-kne.ss of its teeth aie /',, /, and /, ic.spcM'- 
ti\ely. 'Fhe c:onnection oi* these dimensicai? w'lth those of the tec'th 
of anothc'r wheel of the .same material wltjch has to tiansmit a 
force IL will be gi\en by (p. 152) , 



A A ■ 


It has been assumed here that 1 *, and !L aie a[)|)lied at the extreune 
point of the tooth, as injjractic'e might bo'tl^e c ase by arcidc'iit. 
Also that the whole of the diiving effect may act pi^ssiljly on one 
tooth. A ^ ^ ^ ^ 
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Angular velocity ratio of toothed wheels. It is evident from 
Fig. 590 that two toothed wheels in gear revolve in opposite 
directions ; also that the speeds of the circumferences of the pitch 
circles will be e([iial. Hence, 



* Fu.. 590. -Angular vehxuy ratio of 
- toollicd whrelb. 


N, n„ 

Also, « 

Number of teeth on A - == 

Number of teeth on B = ;/,j - 

. Hit ^9* 

*■ 


^Ha . 
A 

ttHh . 

p ' 


and 


Nv n,, 

Nil //a 


(0 


Hence, the revolutions per minute are inversely proportional to t^e 
numbers of teeth. It will be obvious, from what has been said on 
p. 539 regarding friction bevel wheels, that the same rule applies also 
to siK'h wheels. 

If the wheels A and B are reciuired to revolve in the .same direction, 
an idle wheel C may be interposed (Fig. 591). Since the velocities 




of all three pitch ciicle circumferences must be equal, it follows that 
there will be no change in the angular-velocity <atio of A and B. 
Hence, ♦ ‘ ' 

^ • • Njj 

Any number of idle wheels (Fig. 592) may be inserted without 
• affecting the angular-velocity ratio of A and B. 

Trains of wheels. Fig. 593 shows a train of toothed wheels. In 
this case we have : • 

= 'ill . ^ 

• N^, //„’ Na“;/„’ 

aTs(., N,; = No; . 
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Hence, 


N, N.> N,. 

vr X X' 

N, N^ 

N, 
N, 


//j 


543 


(*’) 



eSe' ■•«4J 


B 

iMiiniiiiuiii' 

ift ■ ■'« 


PLAN 

Ku« S9i.— • 




If 1% I) and li he called drivers, and 10, (' and A followers, the 
above u'^nlt j^ives us the rule th*it the angular-velocity ratio of the 
first and last wheels in the train is equal 
to the product of the numbers of teeth on 
the followers divided by the product of 
the numbers of teeth on the drivers. 

Fig. 594 shows the gearing wheels 
used in the 3 Vols('ltA' motor cars for 
enabling the car to lun at dirreuau 
speeds. The sh.ift Ab is driven by 
^he engine, and has a wheel (' iKi'd 
to it and ge.iring alwavs with a whei l 
G on the secondary shaft 10 le When 
the clutch between the engine and 
AB is “in,” the secondar\ shaft lOh' 
will be rev(jlving. II, K and L aie wheels of different sizes mounted 
on, and revolving with, lOF. 'The shaft RS is connected at S to the 

road wheel axle by means of gearing 
not shown in Fig, 594 , this shaft 
runs freely in tlu‘ hollow shaft AB, 
and is made sijiiare between R and 
S M, N, B and i) are wheels which 
may slide on the square/, shaft RS, 
and are undei the control of the 
driver by means (>f an arrangement 
of interlocking bars (not shown in 
the figuit).* 'I'he wheel (' is hollow, 
and i.4 furnished with internal teeth 
at D. M nu^’ be slid iiTto (', and, 
when so situated, AB will drive RS 
direct, the secondary shaft lOF then ' 
running idle. Other speeds may be 
obtained by withdrawing M from C 
and gearing* with H, or B with 
K, or with L. d'he lever system 

Fig. 594. — Gear whevJs for .1 nioC^r car. foT sliding the whcels IS SO dcvi.SCd 
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as to prevent two pairs of wheels being in gear simultaneously. 
Reversal of the car is obtained by sliding idle wheels (not shown in 
the figure) on another secondary shaft. 

Bevel wheels. If the directions of the shaft axes intersect, it has 
been shown (p. 539) that cones may be used for driving; hence 

conical pitch surfaces are em- 
ployed for toothed heels on 
intersecting shafts. In big. 
595, the axes of the shafts 
intersect at O, and GAB and 
OIK’ are the conical pitch 
surfaces. d'he dimensions 
are settled from the relation 

No,, “ah' 

'Lo obtain the shape oi 
the teeth, ADB and BEG 
arc other conical surfaces 
obtained by drawing Bl) and BE perpendicular to OB. These 
conical surfaces are developed by describing arcs lU'’ and BG, using 
1) and 1'^ respectively as centres. 'J'he teeth may then be drawn on 
these arcs as pitch circles by ordinary methods. 'I'he teeth are 
tapered along the conical surfaces AOB and BOG, and finally vanish 
at 0 ; hence portions only of the conical surfaces are used, shown 
in the figure at BKIU’ and BREA. 

Mitre wheels are l)e\el wheels of ecjual size on shafts meeting at 
90“, and are used in c'a.ses where the shafts are to havj eitbal speeds 
of rotation. 

In Kig. 596 is shown an example of the use of mitre wheels. A 
is a continuously resolving shaft having a mitre wheel B fixed to it, 
and driving other two mitre wheels (’ and DVhich run loo.se on the 
shaft KV. Each of the mjtii-; wheels (’ andd) lais [irojecting claws on 
Its inner lace, which may engage wirii the c laws of a clutch G. G 
may slide wn the shaft, ind has a long feather key which compels it 
to rotate with the shalt ; a pivoted lever H enables the^ clutch to be 
• operated. In the position shown no motion will be communicated 
to the shaft fT'' ; motion of either sense cjf rotation may be obtained 
by c.ausing G to engJige with either G or I)*; the arrows indicate the 
directions of rotation. . The arrangement thus luovides for inter- 
mittent motion nnd for ievers»il. 

illnstiates a commcjii type oNdifti^rential gearing used for the 


O 
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driving axle of a motor car. A toothed wheel A, shown in section, 
runs loose on the axle EF, and has two bevel wheels B, B mounted on 
radial spindles. EF is the axle to which the road wheels are attached, 



Fig. 596.- Arrangempiit for intermittenl notion .iml for reversal. 


and is made in two pieces. A bevel whet;! C' is fixed to the portion 
E, and another bevel wheel D is fixed to F ; C' and D gear with the 
bevel wheels li, B. The wheel A is driven by the engine, and, if 
both road wheels arc rotating at the .same speed, the wheels B, B 



. A 



Fig. 598.— Milne'siPaimler diffcrciitidl gear. 


will not rotate on their spindles. In roundittg a curve, the inner 
road wheel must rotate at a lower speed than the outer whetj, and 
this difference in s*pee ' is permitted by the bevel wheels B, B 

D.M. 2 M 
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rotating on their spindles. It will be evident that, if (. were held 
fixed, 1) would rotate at twice its former speed. 

Fig. 598 shows the application of the same arrangement in the 
Milne’s-Daimlcr differential gear.* AH is a shaft driven by the 
engine and carries mitre wheels 1 ), D, running loose on cross 
spindles C, C. 'These wheels gear into mitre wheels E and K at 
the inner ends of sleeves which run loose on AH, thus permitting 
differential motion to the sleeves. F and L are bevel wheels at the 
outer ends of the sleeves, and gear with wheels O and M fixed 
respectively to the halves H and N of the road-wheel axle. 

Epicyclic trains of wheels. In trains of this kind theie is usually 
one fixed wheel A (Eig. 599) does not rotate— together with 

one or more wheels mounted on an 
aim D w'hi('h may rotate about the 
centre of A. 'The solution of such 
tiains may be obtained by tho- 
following method. Imagine the 
whole S('t of wheels to be locked 
and that the bracket cairying A 
is free to rotate, (five the whole 
arrangement one rotation in the 
(4ockwi.se direction, then, keeping 
the^ arm fixed in position, apply 
a correction by giving A one 1 evolution in the anti-clockwise 
direction, ('ailing clockwi.se rotatiem positive, the process may be 
tabulated thus ; 

Pait - - - A 1) 

Wheels all locked -f i + 1 

Correction - - i -h 

Final lesult- .0 

Ll^- .C'" 

The result shows that, if A and H have the same number of teeth, 
B will rotate twice clockwise for one ^do'ckwise rotation of the arm. 
If A and C have thi same number of teetb, C will not rotate on its 
spindle ; a radial arrow sketched on the upper side of C will point 
always in the same d?rection as the arm 1 ) is rotated. 

* Proc. Inst. Mcih. 
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4- 1 
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Fig. S99. — All ejiii yc lie n nn of vvh(‘(.l‘. 
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Epicyclic reducing gears. In Eig. 600, showing an arrangeincni 
for reducing the speed ol rotation, the wlicel 1) is li\ed and lias 
internal teeth ; K is an arm lived 
to the shaft F, and eanies two 
wheels R and (' lived togt'ther 
so as to revolve as one wheel. 

(' geais with the internal teeth 
of*l), and B is driven hy a 
wheel A. It will he noted that, 
if 1) drives (' with tlu‘ aim Is 
fixed, both whei ls will have the 
same sinse ol rotation. 'The 
solution is as follows • 


lAit - 

A 

B 

C 


E 

'■ 

WheeK .ill locked 

1 - 1 

1 1 


1 - 1 

1 - 1 

) 1 

(.oiieclion - 

y.'ht '/l> 

^/ii 

H\y 

1 

0 

0 


)l K fly 

ih' 

Hi 




Final lesult - 

1 (. 1 """") 

\ I 


0 

1 - 1 

1 1 



Hy 

//( 





In Fig. hoi, shewing another type ol speed rtaliidion gear, the 
shaft AB is driven hy a w’heeT at A, and has an aim (' fixed to it 




r ic.. 601 —Another tyjM' of ‘■peed reduction Rear. 


carrying a loose bevel vvheelM). D gears with two bevel wheels Pi 
and G running loose on the shaft AB. E may be a fixed wheel, or 
may be rotated in the same or in the opposi*tu» sense to that of AB. 
It is evident that I) does not rgtate on f" during the locked opt^ation, 
and that E anok G wiP rotate in opposite directions during the 
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correction operation with AD and C fixed, I) being an idle wheel 
during this operation. Supposing K to be a fixed wheel, the .solution 
will be as follows : 


Part - 

AP 

C 

E 


Wheels all locked 

+ i 

+ i 

+ I 


Correction - 

0 

0 



Final result- 

Ti 

+ i 

0 



Sui)pose now that K is not a fixed wlu*el, but is lotated ± N, times 
during -f- i rc.'volution of AH. 'I'he solution will be: 


Part - 

AP 

C 

p: 

(i 

Wheels all lo( M 

■f I 

-f r 

4 - 1 

+ i 

Coirection - 

0 

0 

- r + N, 

+ NV 

Final result - 

-f - 1 

+ 1 

-l-N,.- 

H-"' (m-N,) 
•k. 


In the result for (i, the - sign is to be taken if A and are 
driven in the same direction, and the + sign if they are driven in 
opposite directions. 

'I'he Humpage gear is shown diagrammatieally m f ig. 602. A is 
the driving shaft and has a bevel wheel li fixed to it 'I'wo bevel 

wheels (' and I), made in one 
piece so as to rotate together, 
run on an arm K fixed to a sleeve 
F, which runs Ic'ose on the shaft 
A. C gears with a fixed bevel 
wheel G, and 1) gears with a 
bevel wheel H, which is .secured 
to the driven shaft *K. For the 
sake pf- obtaining balance and of 
producing practically a driving 
couple, the arm K and the w’heels 



tiG. 6o2.--Humpa^e (?ear. 


C and 1 ) are du[)lica>cd. The solution may be obtained by giving 
the w'hole gear + 1 revolution with the wheels locked ; apply a 
correction by keeping the sleeve F and tf^aini E fixed and giving 
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- I revolution to G. Diirinj; this (orrertion, (' will act as an idle 
wheel between G and ; also (i will drive H in the anti-<.'lo( k- 
^^ise sense throiij^h the wheels (' and 1) ; the ratio of the rexolutions 
of G and M during this oper.ition will he 
N„ //,, X 

N,. //( X //,, 

Tabulanng the operations, we ha\(' 


l>ait - 

.A 

V \ 


K 

Wheels all locked 

a- 1 

\- \ 

4 1 

4 - I 

Correction - 

a- 

\ 

0 

1 

//, . X ;/ 1 , 


fin 



1 //(, X //,, 

Pin.il lesult - 

If ! 

a- 1 1 

v") 

1 ///(.x/;,,\ 





V//( X//||/ 


Hence, 


N, 
N ■ 




X ^/l)\ 
\//(- X //,,/ 


Shape of teeth, d'he shape of the teeth imist be siu h as to fulfil 
the ('ondition of a unilorni ratio of an^nilar \elo('ilies in the whct'ls 
which gc'ar together. If this condition lx* neglo('te(l, the teeth will 
work together badly, produeinj c\('essi\e wi'ar and rattling owing to 
bac k lash. 

Referring to 1 ^'ig. 603, let P be the point of contact ol two teeth, 
one on tlic wheel which has its ('cntre at A and the other on the 
wheel wh. ch recolves about H. At P a point cxi wheel A is mo\ing 
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at right angles to AP, and a point on wheel H is moving at right 
angles to PP. Let z/a these velocities, re[)resented by J)P 

and CP respectively. Let I’O be the direction f)f a common normal 
to the tooth surfaces at V ; it is clear that, if contact is to be main- 
tained, and if there is to be no inter[)cnetration of the teeth on A and 
1 >, the components of 7 Jx and 7^,, along PO must be eijual. Resolving 
T^ii along and at right angles to 1^0 by means of the triangle CLP, the 
(apial normal (omponents of and Vr will be represented hy 
]sP = 7 \. Produce the line of 7 \, and draw AM and PN per[)en- 
dicular to z\. 'I’licn, if o>v and are the angular velocities of the 
wheels A and P lespcctively, 

7 \ PN PN 

, o)„~AM 7 \. “AM' 

Again, from the similar triangles AMO and PNO, 

PN PO 
AM AO 


---a constant. 


If O be .selected as the pit('h point, the nitio PO/AO will be 
constant, as 0 is then a fixed jioint. lleiK'e, 

PO Rn 

0,5 "AO Ra 

'riuis, the condition to be fulfilled in order to maintain a (onstant 
angular-velocity ratio is that the common normal at any point of contact 
of two teeth must pass through the pitch poin' t heoretically, for a 
given design of tooth on one wheel, the teeth on the other uheel may 
be shaped so as to enable the common normal to ('omply with this 
condition. In practice, however, cycloidal teeth and involute teeth 
alone are used, and, in modern machine-cut wheels, ^the teeth are 
generally of the involute form. 

Cycloidal teeth. I he cycloid is a curve traced by a point P on 



f . ‘ 

the circumference of a (irclcf which may roll along a straight line 
(Fig. 604). In any gi\en position, tVie ^{yoint 'of /contact I is the 
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instantaneous centre for the rolling wheel ; henc'e the direction of the 
cycloidal cur\e at P is perpendicular to IP ; therefore the normal at 
P passes through the point of contact L 
If the rolling circle having a centre (', (I'ig. 605) rolls on the 
circumference of another circle ha\ing A for centre, an epicycloid 01 ) 
\Nill he traced. 11 the rolling circle rolls on the insitle of the circum- 
ference of the circle, a hypooycloid 01 -^ will he traced (log. 605).' In 



I’lo. 6<'5 - Kj)i( V loitl .tiul liy|KH jclui'l. 

the e{)i(')( loid, if N, is the [)omt of contact of tlu* ( ire Ics, and \\ is the 
corresponding {losition ot the tiacing point, it will be (‘Icar that 
the direc'tion of the epic'yc'loidal curve at Pj is at right angles to N,P|, 
as Nj will he the instantaneous centre ot the rolling c'lrMe in the 
given position. Hence N,P, is the normal to the eur\e at P^. I'or 
similar reasons, is the instantaneous centre of the rolling circle 



when the tracing point A at’lh on the h) pocycjoidal curve, and N2P2 
is the normal to the hypocyc'loid at 1^. , 

In Fig. 606 is shown A useful way of^produc^ig an^epicycloid. The 
wheel A and the reeling ct(')c» revolve alxmt fixed centres at A and 
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and drive one another in the same manner as friction wheels but with- 
out slip. A piece of [)aper I) is fixed to the wheel A and revolves 

with it, and a pencil P on the 
rolling circle bears on the paper. 
'Che result is the ejiicycloid PqP. 
It is evident that the normal at 
P passes through the piU'h point 
O. In Fig. 607 is shown a 
similar method of drawing a 
hypocycloid by means of another 
wheel having its centre at B, 
and the .same rolling circle 
revolving about a fixed centre 
C. A piece of paper attached 
to li will ha\e drawn on it a 
hy[)()cycloid P,/P. If there has^ 
been no slip, in each of these 
figures the arcs OP^ and OP, 
on the wheels and on the 
rolling circles respectively, will 
be equal. Let the arcs OP^ in each figure be ecjual, and imagine 
that the two figures are superposed, so that the wheels A and B 
come into contact at the pilch point O (Fig. 608). The arcs OP 
on the rolling circles in Figs. 606 and 607 will also be equal, and 
the points P will coincide in F'ig. 608. OP will now be simul- 


- 0 - 

A 


Ku. 608. — The constructions of Fi;;s 6 <t 6 and 607 sinierjwscd. 

(> 

taneously the normal to the epicycloid and also to the hypocycloid, 
and these curves will be in contact at P, Therefore the cm ves comply 
with th^ condition that the common nvrmid mu.%t pass through the 




Fi(. 607 —Mechanical coiistiuction of a 
hyi)oc>ctoid. 
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pitch point, and thus may be used for the faces of the teeth on A, and 
for the flanks of the teeth on H. '1 he flanks of tin* teeth on A and 
the faces of those on D may be prodiaed in the s;ime manner. It is 
evidently essential th.U the same tolling eiule must be used both for 
the faces of A and for the flanks of B ; the rolling ( ircle used for the 
flanks of A and for the fates of B ma) be of the same or of another 
diameter.* It should l^e noted that the li)poeyt!oid becomes a 
straight line, forming a diameter of the \vhe(‘l if th(‘ rolling tirt'le has 
a diameter etiual to the wheel radius ; hence the flanks of the teeth 
would be radial lines. Any larger diameter of lolling ( irrh' would 
produce teeth thin and weak at the roots. In designing a set o( 
wheels, the rolling ( ircle should not ha\e a diameter larger than the 
radius of the smallest wheel of the set. ^ 

Path of contact, h'rom Figs 606, 607 and 608, it will be evalent 
that and on the cyi loidal (ur\es were initially in (ontac t at O, 
ayd that the point of ('ont,i< t has lra\elled along the aic OP of the 
rolling (.ircle. C'onta('t will (case when the (ircumferciK'e of the 
rolling circle pas.ses outside the addendum cirde. In log 609, Id^’G 


E 



Fl(. — P.ali of coiit.ict In ry< loitl.il tcdli. 


and LMN are part’s of the r^ddei'dum circlvs^of the wheels A and B 
respc( lively. 'Phese inteiocct th.s rolling cir( les at P and () risspec- 
tively ; hence the ('omplelc path of contatt is VO(^), and is.foimeil ol 
two circular ar^s. ’ 

In Fig. dio two teeth are just starting (ajntact at P. d'he point C . 
will be in contact wluai it rr^Khes (), and the ar( (.0 on the j)il( h 
circle is called the arc of aptmeh. In I lie same figure, tw(j teeth are 
just finishing contact at (,) : U was in contact ,wlu‘n j^assing through 
0 , and OIs is called the arc of recesa PO andVx^) arc (ailed the 
paths of approach and of recesB^ r« .'|)ecti''ely. Let the arc OP be (^(jiial 
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to the arc OE. I’hen COF is the length of arc which passes the 
pitch point while a tooth on A remains in contact with one on B, and 



may be called the arc of contact. If the condition is to be fulfilled 
that two pairs of teeth are to be in contac t always, the arc of contact 
should be twic'c the ])it('h. 

Involute teeth. Fig. 6 ii shows an involute l\,r,, to a circular 
curve ; the curve may be drawn by wrapiiing a string rourxl 

the circular curve and having a tracing 



Fi(.. 6ii. Involute to .1 circle 


pencil attached at its end Pq. On the 
string being unwrapped, the })encil will 
trace out the involute Pop 4 - It is evident 
that the string, in any position such as 
0.,P.,, is perpendicular to the diiection of 
motion of the pencil ; Oo is therefore the 
in.stantaneous centre of the string 0 .,lb 
and 0,P., is normal to the involute at P.,. 


In Fig. 612 is shown a mechanical method of drawing an involute 
to the circle having A for its centre. Let a crossec^belt be [lassed 



Flo. 61 2.— Mecli.'inaal conslruclion of an involute to the circle having eentre at A. 

round two wheels revolving a^oout A and H respectively, and let a piece 
of pSper be fastened to wheel A Aid •revolve wdth it. A tracing 
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pencil secured to the belt at V will draw an involute on the [Xiper. 
It is evident that (’P, the normal to the involute at P, passes alwa)s 
through a point 0 on AP, and the two jwits of the belt intersect in 
the same point. An imolute to the wheel P may be drawn in a 
similar manner (Kig. 613) b) securing the pajier to wheel P. 'Phe 



' 


normal at P' passes through the same ])()int (). If the diagrams 
(Figs. 612 and 613) be supeiposed .so that P and P' ('oincidi*, it is 
evident that the two involute cur\es fulfil the condition that the 
common noriiud |)asses through a fixed jiomt (), whiiF ai'cordingly 
may be taken for the piti h point of a [lair of wheels having teeth 
shaped to the iinolute cuives. 

Let V be the velocity of the belt. T'hen, in Fig. 612, 


0)^ ^ V DP 
0 )n AC ‘ 7' 



('onstant. 


Also, from th^ similar triangles AO(' and POD, 


DPdlO 
AC “ AO ^ 

'* . PO 

» '"‘I » • 

Hence the radii A(' and DP of the generating circles should be 
inversely proportional to the angular velocities *of the wheeU. 

It is clear jiart of the straight line Cl*) (Fig. 612) will be 
the path o’f contact. Prmlical considerations rule that this line * 
should make about 45" with fli<; common tangent to the pitch circles 
at 0 (Fig. 614). d'he inteisections P and if of (d) with the 
addendum circles of the wheels will determine the length PC) of 

• v» 

the path of contact. j 

Using the .same^)aii*of geiferafing circles connected by a belt ?is in 
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Fig. 612, the same involute curves will be produced irrespective of the 
distance AB separating the wheel centres. As the resulting teeth will 
be of the same shape as at first, it follows that the distance apart of a 


/ 



I 

Fio 614.— Path of contact in involute teeth. 


pair of involute toothed wheels may bp varied to a small extent 
without interfering with their correct working. Tins may be advim* 
tageous for taking up back lash. 

If one of the two wheels in gear becomes of infinitely *large radius, 
^ ^ the case of a rack is obtained 

.D pitch line CD is 

— / \j \L' straight, and the involute is a straight 

'**Fto.6x5.-An involute r.ack. perpendicular to thc line of 

« • contact Hence the sides of 
the teeth in involute racks are straijijht lines. 

Helicai and screw Rearing. Creator smoothness of running may 
be obtained by using wheels pos.sessing several set^ c*" R'cth (Fig. 616), 
each set .ste[)j)ed back a little from the a<Jjacent set on one side. If 
the ste[is are made indefinitely narroAv (Fig. hi 7), we obtain a helical 
wheel. Single helfcal wheels would produce axial thrusts on the 
shafts, and this obiec\ion is obviated, asjs indicated in k’ig. 617, by 
employing double helical •teeth sloping in o[)[)osite ways. Such 
wheels, with machine-cut teeth, run wj^h r^majkable smoothne.ss, 
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and are ecjually suitable for 1o\n and high sjx.‘eds of running and for 
heavy loads. When the speed is high, it is best to run the wheels in 
an oil bath. 

A pair of screw wheels is shown diagrainniatKall) in Fig. 6i8. 'I'he 
cylindrical pilch surfaces of two wheels A and B touch at O. CU 



and EFaie the axes of A and 1 *> !espe( lively. Imagine a slieel of 
pdper having a sliaight hue GOfl drawn on it to be plai cal between 
the cyhndeis. If the [lapcr is v\iap[)ed round i\, (lOH will map 



out a helix, and, if wrapped^ round li, a corresponding helix will be 
described by GOH! 'rnej^e helices define the shape of screw teeth ; 
the other teeth may be produced by having a number of lines parallel 
to GOH and drawn on the sheet of paper. lr|, Fig. 619 GOH and 
ed show two of these lines. The„perpcn(Acular distanc'd Ob separating 
these lines is cat^d *the divided normal pitch, and is evidently the 
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same for both wheels A and B. Oa, measured along the circum- 
ference of A, and Oc, measured along the circumference of B, are 
called divided circumferential pitches ; it will be clear that these pitches 
must divide evenly into the circumferences of A and B respectively.* 



Fiu 619. — Pit( hes in a screw wheel Fir,. 6?o — Pnw! and ratcht t wheel. 


Ratchet wheels. In Fig. 620, a whec'l A is to ha\e inter nnttte'it 
motion to be derived from an arm B whi('h \ibiates about the axis 



ot A A pawl (' is [)i\oted to H, and will 
engage the teeth of A when B is m()\ing 
anti clockwisi^ ; the [)aul slips o\'er tlu' teeth 
of A when B is moving clockwise. Clockwise 
rotation of A may be prevented by a pawl 1 ) 
pivoted to some fixed pait of the machine. 
It will be notJd that lost motion to the extent 
of one tooth may occur between A and B ; 
this may be reduced by means of a second 
pawl K pivoted to B. 'The pos^ible*lost motion 
will now be Jialf the former amount. In cycle 
flee wheels, several pawls are often fitted so as 
to reduce lost motion to a minimum. 

Couplings for shafts. 1Le Oldham coupling 
is,iiki.strated iij Elgi 621. A flanged coupling 
A is fixed to*a .shaft B, and has a groove cut 
its face. Another similar coupling C is fixed 
to the shaft 1 ). d'he axgs 0^ the shafts B 
and 1 ) are parallel.^ A plate Iv is interposed 
between the faces of these couplings, and has 
a projection on each side which is a sliding 


Fig. 621.- oidh.nm coupling, fit in the grooves ; the projections are at 90° to 


• • 

*Fgr a complete discussion on tootlied ^hc^ls, sec j^loihinc Design y Part /., 
by Prof. W. C. Unwin. Longmans, 1909, 
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each Ollier. One shaft can thus dri\e the other, and as the grooves 
will always make 90" with each other, the shafts will have equal 
angular velocities in all |K)siiions. 

Hooke’s coupling is illustrated in Fig. 622, and is used for con- 
necting shafts in which the axes OA and OR intersect, but aie not 
necessarily in the same siiaight ^ 

line. The end of each shaft is 
formed with a jaw', and the (on. ^ 

nection is made by means of a lljJc 

cross C, whu h is fiee to swivel on 

the setscrews D. d'he arrange- ^ 

. • 1 • • Fit. 622 --Hix)k.e\ toupliiii;. 

ment is shown in outline in 

Fig. 623, in which the ends of the aims (X'and ()(’,, attached to the 
shaft A (h'lg. 623 (/»)), rotate in the cm le Nd'AC,' (l-'ig. ()23(^)), 
the ends of the aims 01 ) and OD,, attacluai to the shaft R (l ig. 
f'23(/d), alsd lotate in a ciiciilar path, but this jiath juojeds as an 
I llij)se (hig. C23 (^/)) owing to the iiu lination ot the shall 

a\es OA and OR. 


Sii])j)ose ()(' lotates fiom OV to CX'' through an angle 0 (Fig. 
623 {a)), and that the shalis OA and OR) aie in the same stiaight line. 
'Then 01 ) would loiate through an eiiiial angle 0 fiom OX and D 
would he situated at I ) ", OD" being at ()o" to ()(". II Oli makes 
an angle n with OA (Fig. 623 (A)), then 1 ) will oca.upy a position (;n 



(a), (b) 

Fir,. 623.— iflaj'r.'im of a H(X>ke's coupling. 


the ellipse, obtained by rotating the cross about ( 70 / (Fig. 623(a)); 
this operatiem will cause D" to move at 90" to O/OC"/^ and gives the 
position of D as D' on the jClli'^se, i.e. C)C and OD' are still aj 90“. 
The angle XOD^ is not Jhe true magnitude of the angle through 
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which 01 )' has rotated from OX ; the true angle may be obtained by 
drawing D'E parallel to OY, cutting the circle at E; XOE = <^ will 
then be the angle from OX through which 01 ) rotates while OC 
rotates through an angle 0 from OY. Produce ED' to cut OX in M, 
and let a be the angle between the directions of OD and OCj as 
seen in Fig. 623 (/^). Then 

D'M = cos a. 


Also, 


or 


. DM ME 
tan U — =7^ - cos o 


tan fj) ■= 


OM OM 
= tan fj) cos a, 
tan 0 


cos a 


•(■) 


•'Phis gives the relation of </> and 0 . 'The relation of the angular 
vehxdties of A and H may be obtained by differentiating both sides 
of (1) with respect to time. 'Thus, 


, {f<l> cos tt sec"f) {/O 
cos',. ■.// 


sec^f) ^/O 
cos a lit 


Now, 


Now, 


^</> , dQ . 


II sec-(/> - (0^^ 


sec-f) 


cos a 
S0C“^ 

sec‘^</>*cos a 
sec‘</) = I + tan“(/j 

tan^^ . 

^ I + — (from (r)) t 

cos“a ^ ” 9 

. wh ' sec’^ 


Da / tair^X 

1 + cos a 

V cos-a/ , 

cos ^ 


cos"6^*cos“a + sin“^ 
cos a 

c6s“f^( I - sin“tt) 4 - sip'^^* • 
cos a . 

: J 

I - siiFtt co.v^ 


,.(2) 


This ratio will have^ maxima values w^hen cos-^ is a maximum ; 
this will occur wTen*cos f) is + i or - i, i.e, when d is 0° or 180°. 
The pninimum* value of the ratio, '^'ill occur when cos-6^ has its 
minimum value ; this occurs when cos ^ i^ o, ivhen Q is 90° or 
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27o^ Equality in ihe angular veliK'ilics occurs when the juunerator 
and denoinmalor in {2) are eitiial, giving 
I - sin-a i'os’O = I os u, 
sinMt co'^-0 ^ I - cos «, 

I cos a I - ('OS a 

COS-l/— , - 

sin-a 1 - ('os-(i 

^ I 

I -f cos <l 

costf ' ± , ' (3) 

s I + cos a 


The student will find it a useful (‘xcicise to plot \alues of the ratio 
of to (0^ for sallies of 0 from o to 360'. 


EXERCISES ON CUAPrER XXl. 

• 1 . An engine runs at 200 icxolulions j)er ininulc niul ilrucs a line 

shaft l)y means of a belt. 'I'he engine pulley is 24 im lies (liameter and 
the line-sliaft pulley is 20 inehes diamc'ter. A dynamo is dii\en from a 
pulley 36 nuhes diameter on the hue shaft by a belt luuning on a j)ullcy 
8 inches diameter on the dynamo sh.ift Find the speeds of the line shaft 
and of the dynamo (//) if theic is no slip, (/•) if theie is 5 per rent, slip at 
each belt. 

2 . A line shaft runs at 150 rc\olutions per minute. A machine has 
to be drnen at 1800 revolutions pei minute by belts fiom the line shaft ; 
the pulley on the nia( hme is 6 iiKjies in diametei. In tins |)aiticular case 
It IS not desirable to use pulleys cxi ceding 36 inehes or less than 6 inclies 
in diameter, and rt may be assumed that theie will be 4 per i cnt. slij) at 
each belt. Sketi h a suitable airangcment going the diamcteis of the 
pulleys an.-^ the speeds of any counter shafts employed. 

3 . A belt h.ps 180 deg ices lound a jiulley 11m. 'I'he larger pull 
applied 's 4 o lb. and the coeffuicia of friction is 0 5. l ind die smaller 
pull, 'r.2, when slipping just oi c urs Find also the pull m the belt at 
inters als of 30 degrees round the half-ciicumference of the pulley, and 
plot these on a base representing angles. 

4 . A rope is \?oimd thice times lound a rough post, and one end of 

the rope is pulled wir.i a fori c of 20 lb. Ii the coefficient C)f friction 
between the rope and the post is 0 35, what pull at the other end of the 
rope would cause it to slip lound the post*.-* • ■» (B.E.) 

5 . Find, tjie following data, what width of leather celt is needed 

to transmit 2 " horse power to a leitain machine : (rr) Diameter of belt, 
pulley, 30 inches. (/*) 'Fhe beU is m contact with ^ of the ciicumference 
of the pulley, (r) Revolutions of* pulley per minute, 150. {(f) Coefficient 

of friction between belt and pulley 0-22. {e) Safe tnaximum tension per 
inch w idth of belt, 80 lb. • (li.Fl,) 

6. A factory engine dc\ clops 400 horfc-powei*I which is transmitted 
to the line shafting in the \an<>us •^ill floors by 20 hemp ropes. P in^, from 
the following data, the ma'imum tension in any one of the ropes, if they 
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all transmit an equal share of the total power :—(a) Diameter of grooved 
flywheel on which ropes work, 20 feet, (fi) Angle of groove, 60 degrees. 
(c) Angle of contact of ropes with flywheel rim, 240 degrees. (^/) 
Coefficient of friction, o-i8. C’) Revolutions of flywheel per minute, 80. 

(B.E.) 

7 . A compressor is driven by a gas engine of 18 indicated horse- 
power, running at 240 revolutions per minute, by means of a belt 0-5 inch 
thick from the engine pulley, which is i foot in diameter. The com- 
pressor is double-acting, mean pressuie 50 lb. per square mch,*cylinder 
diameter 8 inches, stroke 14 inches. If the mechanical efficiency of 4 he 
engine is 82 jier cent., of the compressor 86 per cent.,' and if the slip ot 
the belt is 5 per cent., find the maximum speed at which the compressor 
can be run and the minimum diameter of the pulley fitted to it. (T C ) 

8 . A rope drives a grooved pulley, the speed of the lopc l)emg 5000 

feet per minute. Find the horse-power transmitted by the lope from the 
following data : //,-o-25 ; angle of gioove 45' ; angle of lap 200° ; weight 
of rone per foot run o 28 pound ; maximum permissible tension in the 
rope 200 pounds. (You are expected to make allowance for centrifugal 
effects on the rope.) (L.U.) 

9 . A machine demands 6 horse-powei, and is diiven by means of r# 
spur wheel 18 inches in diameter and 1 mining at 150 1 evolutions per 
minute. Find the tangential driving efToit on the teeth of the spur wheel. 

10 . In a turning lathe, the slide-rest holding the tool is diiven by a 
leading screw having 3 threads per inch. It is desiied to cut a scicw of 
18 threads per inch. Give suitable numbers of teeth for a wheel tram 
connecting the lathe mandrel to the leading screw. 

11 . A watch is wound up at the same time each night and the main 
spiing spindle receives 3-5 turns during the winding What is the velocity 
ratio of the train of wheels connecting tl e hour hand with the mam spring 
spindle? What is the velocity latio of the train connecting the minute 
hand with the hour hand? Give suitable numbeis of teeth for the latter 
tram, no wheels to have more than 36 nor less than 8 teeth. 

12 . The diiving wheels of a motor car are 3-5 feet in diameter, and 
the engine runs at a constant speed of yoo revolutions pei minute. Find 
the velocity ratios of wheel tr.ims suitable for car speeds of 20, 12 and 5 
miles per hour respectively. 

13 . Sketch and discuss the use of a dift'eiential gear (a) as a suitable 

means of connecting the driving wheels on a motor cai, (/») as a speed- 
reducing gear : show how J,p4:alculate the speed ratio (L.U.) 

14 . In the epicyclic tram shown in Fig. 600, the wheels have ^eeth 
as follows: D, 48; R, :o ; C; 12; A, 30. If F makes one clockwise 
revolution, find the revolutions of A. 

15 . In the gear shown in fig, 601, the numbeis of teeth a-e : D, 40; 
E, 20 ; G, 40. If E IS fixed, find the revolutions of G for one clockwise 
revolution of A. Answer the same if F is diiven at the rate of 3 anti- 
clockwise revolutions ^or one clockwise revokuion of A. 

16 . In the Humpage gear illustrated in Fig. 602, the wheels have teeth 
as follows : B, 25 ; C', 30 ; Gi, .^5. Calculate the numbers of teeth on D 
and H. so that the latio of the rotation^’ speed of A to that of K is 56 : 5. 

. (LU.) 
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17. State and pi*o\e the j^eonietiical condition which must be satishetF 

in order that a pair of spur wheels may gear together with a constant 
angular-velocity ratio. • (I.C.E.) 

18. r he centres of two spin wheels m ge.n with one .mother arc 

12 inches apait. One wheel has 40 teeth, and the otlur h.is 20 te.cth. 
Neglecting friction, the line of jiressurc between the teeth in gear m.ikes 
a constant angle of 75® with the line of centres. The teetli aie designed 
so that the path of contact of a pair of teeth in geai is 2 m< lu's long, and 
is biscaed by the line of centres. Di.iw full si/e a side ele\ation of two 
teeth luge.ir (E-N.) 

.19. Th e axes of two shafts intersci't at an angle of 150’. 'I he shafts 
aic connected by a Hooke’s (onpling. On .1 stiaight h.ise 8 mi lies long, 
representing 360°, di.aw .1 (ur\e whose oidmates lepicseiU the angiil.ir 
velocity of the (lii\en sh.ift foi one 1 evolution, the .mgiil.ir veloi 11 y of the 
dnving sh.ift being const. mt .md rejnesented by .m oidinale 2 im lu's long. 

(LD.) 



CHAPTER XXH. 

HYDRAULIC PRESSURE. HYDRAULIC MACHINES. 

Some properties of fluids, a fluid may be defined as a substance 
which cannot offer permanent resistance to forces which tend to change its 
•hapb. Pliiidb arc cither liquid or gaseous ; gases possess the 
property of indefinite expansion. Liquids alter their bulk but 
slightly under pressure, and such small changes may be disregarded 
usually. Gases exist either as vapours or as so-called perfect gases; 
the perfect gas was supposed to exist as a gas under all conditions of 
pressure and temperature ; but it is now well known that all gases 
('an be iKpiefied by great pressure and cold. .1 \a[)our may be 
defined as a gas near its licjuefymg point, and a perfect gas as the 
same substance far rcmo\ed from its iK^uefying point. 

Licjuids are said to be mobile when they change their shape very 
easily; chloroform is an e.xample slunying great mobility, a property 
which renders it useful for delicate s|)irit levels. Viscous liquids are 
those whi('h change their shape with difficulty ; examj)les of such arc 
cylinder oil and treacle. 

Change of shape of a body always occurs as a consequence of the 
application -of shearing sti esses. A rectangular block under the 
action of ecjual push stresses on all its faces wMl have its volume 
diminished, but will remain rectangular; shearing stresses applied 
to the block would alter its shape (p. 107). fieuce, if shearing 
stresses be applied to a fliiid,'change of shape of the fluid will go on 
continuously during the apjdicalion of the stres.ses, />. the fluid will 
be in motion. Conversely, if the fluid is at rest, there cannot be any 
shearing stresses acting on it; the stresses must be noniial at ’Ul parts, 
frictional forces always occur as tangential or shearing forces, and 
hence must be absent from any fluid at 'rest. 

The principal liquid in use in hydraulics is water, and it will be 
understood that water is being referred to in the following sections 
unless some other liquid is .specified. 
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Stress on horizontal immersed surfaces. In 624 is shown a 
tank ('ontainini^ a litjuid at rrst. ('onsiclcr the e([iii}iljriiiin of a 
vertical column of the liciiiicl stand- 
ing on one s(niare toot of the t.ink 
bottom. 'The tones acting will be 
(a) the weight of the (oliinm, {/>) 
an iii)>\ard reaction from the tank 
lx)ttom, (i) normal torccs which the 
surrounding licjuid .ipplics to the 
vertical sides of the ('olumn. 'The 
normal forces, being hori/onlal, can- 
not c'ontiibiUe to (lie suppoit of the 
weight of the <'olumn, whah is a 
vertical tone, lunctj (r/) tind {/>) li<. 0.-4 - Supss on ,i li<>ii/unl.il immeiscd 
ecjUililirate ca( h other. 

* Let II -the height ot the column, m tcct. 

fc'-^the weight ot a ('ubic' toot of the lnjuid, in lb. 

.\ - the total area ot the tank bottom, in s([uaic feet. 

'riicn WVight of thc‘ ('olunm II x i x i x 

-mil lb, 

and this will be the reaction of one scpiare foot of the tank bottom. 

I lence, , 

Stress on the tank bottom /cd I lb. per scpi.ire fcxil. 

'I'he tank bottom being horizontal, the stress on any other scpiare 
foot vvilf be 7fdl ; henc:e the total jiressure on the bottom may be 

calculated by 'multiplying the area of the bottom by 7^11. 'I'hus, 

• • 

Total pressure on the tank bottom ~ 7 eH A lb. 

It will be noted th4j[ this n^sult is c]uite independent (A the shape 
of the tank, pKjvided the bottom is horizontal. All tanks having 
horizontal bottoms l)f ecjiial areas and clfarged with the same liciuid 
to ecjual depths will have ecjual toyd jiryssures on their bottom.s 
irrespective of the actual weights of licpiid in.the tanks, d'he student 
should guard against the error of su])f)C)sing that the weight of licpiid 
in the tank gives the iiresspre on the bottom. 

Stress on inclined immersed surfaces. Lgjt ak (Fig. 625) be the 
end elevation of a triangular prism immersed in a liejuid and having 
its axis horizontal. The triangular ends are itaken perpendicular to 
the axis and are vertical. , (xv^sidering the equilibrium of th^ prism, 
the fluid pressuies'on t,he ends will evidently equilibrate each other. 





MACHINKS AND HYDRAULICS 


b66 


If the bides of the prism be taken to he very small, then the weight of 
the prism may be disregarded, and the fluid stresses />, </and r, acting on 
A- and ca res[)e(:ti\ely, may be assumed to be distiibuted uniformly 



over the face's of the prism. Let the length of the prism be unity, 
when the resultant loiees on the three faces will be given by 
V^p.ak 

R - Z'. a?. 

For e(|uilil)rium of the prism, these fuices must balance. It will 
be noted that T, and R meet at the centre of the nicle passing 
through cr, b and c, and hence complv with the ('ondition that the 
three forces must pass through the same point. ABC (Fig. 625) is 
the triangle of forces, in whi('h AB, BC and ('A represent B, Q and 
R res[)e('tively. As these sides are drawn perpendicular to ab^ be 
and ca respectively, the triangles AB(^ and rrA'aie similar. Hence, 


V : () : R . (lb \ (/ . be: r , ca ^ . ( i ) 

- AB : BC : CA (2) 

= ab : be : ca.^' (3) 

From (i) and (3), 

p . ab \ (] , be \ r . ca^ ab \ be \ ca \ 

A p = i = r. 


. a 

We may say therefore that the fluid stresses on the faces of the 
prism are e(iual. Considering the limiting ease of the end elevation 
of the prism being reduced practically to a point by reason of the 
sides being taken indeftnitely small, the law^ may be stated thus : 

The stress at a point in a fluid the same on all planes passing: through 
that point, or fluids transmit stresses equtvlly 'n all directions. We have 
already seen that the stress on a horizonU.l i)lane is wYI lb. per 
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square foot, aud it follows that the stress at a ]U)UU H feet deep on 
any plane will he given by the same expression. 

It will be noted that the stress at any point is jiroportional to the ^ 
depth, and heiK c varies uniformly from zero value at the ftee surftioe 
of the lujiiid, i e. the surface exjiosed 
to tla; atmos[)heie. Stress diagrams 
may employed with advantage; 
sTich a diagram is given in Fig. 626 
for the water stre.sscs on ea( h side of 
a lo('k gate having differing depths o( 
water on the two sides. 'I'he stiess at 
B will be/»j^-7cH, and th.it at K will 
be p, -'7fdl.,, and these aie u‘presented 
by (d) and KIO respectively. 'The 
complete stress diagrams are AlU' and 
OFF, and their brc'adths will give ihc' stress at anv depth. 'The 
term stress at a point in a fluid may be th iinc el as the pressure which 
would be exerted on unit area embracing that point if the Btresses were 
distributed uniformly. 

Total pressure on an immersed surface. In l-ig. 627 (a) and {b) 

are shown front and end elevations of immersed surfaces, the fexmer 
being vertical and the latter inclined. The method of finding the 




Fig. 627 — Total pressure on immersed surfaces. 


total pressure* a[)plies equally to both surfaces. Consider a small 
area a at a de[)th /. d1ie sfres.s on a witl be 

P = 7 

and , F'orce on a ^ wya ^ 

The 'total force on the surface may be found by integrating this 
expression over the whole area. T'hus, 

'Fcjtal force = 'iiPiay. ^ 

If the total area is A square feet and tlic^ depth of the centre of 
area is Y feet, then '^ay ^ AY, (pp. 4(J and 145). Hence, 

^ * d’otal force = ivAY lb. 
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The expression w\ is the stress at a dej)th Y, and may be defined 
as the average stress on the* immersed surface. Hence the rule : 
To find the total pressure on an immersed surface multiply the average 
stress (which will be foimd at the centre of area) by the total area. 

It will be noted that the force acting on the small area given 
above as ivya, will have the same value in the case of the whole 
surface being curved. 'I'he rule for the total pressure is thereh ’'ejiot 
confined to flat surfaces, but may be ap[)lied to any immersed surface. 

Distinction should be made between the terms total pressure and 
resultant pressure. 'I'he latter term refers to the resultant of all the 
fluid stresses acting on a surface, and is obtained by resolving 
these stresses along chosen axes and then reducing by the methods 
explained in Chapter 1\^ Usually the operation is sim[)le ; for 
examg’’e, the resultant [iressure on any vessel ('ontaining a lirpiid is 
evidently ecjual to the weight of the contained h(|iiiii. A method of 
dealing w'ith the resultant pressure on floating or immersed bodies 
will be e\[)lained belowc 

Ex xmple I. A cylmdiical t<mk, diameter 7 feet, contains water to a 
depth of 4 feet. The bottom is hoiizontal. Calculate the tot.il pressiiie 
and the resultant pressuie on the wetted surface. Take 62-5 lb. per 
cubic foot for the weight of water. 

Total pressure on the bottom -TeAjY, 

= 62-5 X ^ X4 

=62-5 x(",sx »;’)>: 4 
= 9625 lb. 

Total pressure on the curved surface v 

= 62*5 X (7rr/x 4) X 2 
:==62-5xCf X7X4)X3 
= 1 1,000 lb. 

Total pressure on the wetted surface = 9625 + 11,000 

= 20,62 5 lb. 

The stresses on the curved surflice will equiubrato each other ; hence 
the resultant pressure is simply the total pressure on the bottom, or 
Resultant pressure — 9625 lb. 

Ex.XMPLE 2. A spherical vessel 3A feet in dlameteC'is sunk in sea 
water, its centre being at a depth of 40 feet, prdculate the total pressure 
on its surface. Sea water weighs 64 lb. per cubi.c foot. 

Total pressure =wAY 

= 64X47rr*x^o 
= 64 X 4 xiy-' X T X J X40 
=98,560 lb. 
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•Resultant pressure on a floating or immersed body, ^^ hen a 

body is floating at rrst in a Hiiul whidi is also at rest, it is siihje(Hed 
to two resultant for(os— its weight and the resultant fluid pressure 
on its surfaces. 'I'he weight is a downwaid \erti('al force acting 
through G, the centre of gravity of tlu* Ixxly (big. 6:8 (r/)). 'I'he 
resultant fluid pressure balances W’, and therefore must be an 
upwa^’xl Neitual forc'e R = W’, and must ad in the same straight line 
with W'. R IS due to the l)uo)ant effect of the fluid, and is called 
the buoyancy. 

Imagine for a moment that the surrounding fluid becomes solid, 
and so can j)reser\e its sha|)e, and let tlu* body he rt‘nu)\i'd, lea\ing 
a cavity whah it fits (‘\a( lly (Fig. () 2 >> {/>)). la’l this (.i\it\ be filled 
with the fluid, and let the sui rounding fluid return again to its original 
condition. 'The pressures on the fluid now filling the cavity will be 
identical with those whirh aded on the body, aiul the effed will be 



the same— the weight of the fluid will be supj)orted. HeiU'e the 
weights of the fluid filling the cavity and of the body must be ecjual, 
as each is ecpial to R, the resultant pressure of the surrounding fluid. 
Further, R must act through the centre of gravity of the fluid filling 
the cavity ; thi.s centre is called the centre of buoyancy, and from 
what has been said it will be clear that the centre of buoyancy B 
(Fig. 628 (/^)) and G (Fig. 628(rt)) must be in the same vertical line. 

may state, therefore, that when a bed;: is floating at rest in still fluid, 
the weight of the body is equal to the weight of the fluid displaced, and that 
the centres of gravity of the body and of the displaced fluid are both in the 
same vertical ’’’le. 

A sliip floating at rest in still water, a submarine boat wholly 
immersed and r.t rest, an(l a balloon jireserving constant elevation 
are examples of this principle. In each ca’se it will be noted that 
the resultant pressure of the surrounding fluid is equal to the w'eight 
of the body, and acts vertically upwards through the centre of 
gravity of the bud)'. 
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A body wholly immersed will experience a resultant upward fluid 
pressure equal to the w<*ight of the fluid displaced ; it follows that, 
to maintain the equilibrium of the body, an upward or a downward 
force will be re(iuired, depending on whether the weight of the body 
or the weight of the fluid displaced is the greater. Fig. 629 (a) 
illustrates the former case ; W is the weight of the body, B is the 
buoyancy, and, \V being greater than B, 
an upward foice P is re<|uired given by ' 
P + B - \V. 

Fig. 629 (/^) shows the cas(! of B being 
greater than W, when a downward force 
P IS required, given by 
f \V B. 

Tlui specific gravity of a substance is 
defined as Us weight in air as com[)aied 
with the weight of an eipial volume of pure water, usually taken at a 
temjierature of 60° F. 

Let W^- weight of a given substaiu'e in air. 

weight of an eviual volume of water. 

Specific gravity ^ ■ 


o O 


B 

W 


B 

W 

fb) 
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'Phen 




and 






It therefore follows that we may calculate the buoyancy of a solid 
body wholly immersed in i)ure water by dividing the weights of the 
body by the specific gravity of its matenal. This {)riiu,iple may be 
applied to find the specific gravity of a given substance which is 
heavier than water. In Fig. 629(a), let P be measured by suspending 
the body by means of a fine wire or cord ♦'’‘om a balance ; also 
weigh the body in air to find W^. 'Phen 
P + B-W,. 

\V 

Also, 

P 

O W 

P + 1'J==W,, 

P 

Since (.Wg - P) ' is the apparent loss weight of the body when 
immersed in water, we may state that the specific Ipravity of a body is 
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equal td the weight of the body in air divided by its apparent loss of weight 
when immersed in water. 

Centre of pressure. In Fig. 630 (r/) is shown :i flat vertical plate 
immersed in a li(]uid. R is the resultant jiiessuK' ac ting on one 
side of the jilate and passes through a point (\ uhic h is defined as 
the centre cf pressure. 'Fhe position \ertKally ol C may he found 
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taking moments about OX, the line in \\hi< h the plate jirodueed 
cuts the suiface of the lupiid. ('onsidenng a small aiea <j at a dejith 
j’, N\e have I’lessure on 

Moment of this prc'ssure - rf'cn’". 

Integration of this will give the total moment. 'J'hus, 

'I'otal monu'iU -- JcX'nr'k 

Now 1^ the second moment of area or moment of inertia 
(p. 145) of the surface of the plate about OX and may be written 
I,,x or where A is the arc'a of the jilate and /• is the radius of 
gyration about OX. Hence, 

• 'J'c^tal moment - rf'A/’'. .. .... (i) 

Again, if I) be the depth of the centre of pressure*, 

R- 7 eAY 

and M vnient of R = 'wAY 1 ) ( 2 ) 

Hence, from (t) and (2), 

or ^ I)=Y (3) 

9 

Both k and Y should bt*.. taken in foot units, when 1 ) will be in the 

same units. , 

The case of an inclined surface is shown in Fig. 630 (/>-). If efi is 

the angle of inclination to the horizontal^ it may, be shown that 

.D = sin-<;>y, ‘■ ■{4} 
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whore k is the radius of gyration about OX, the line in wImcIi tlie 
plate cuts the surface of the water, and V is the vertical depth of 
the centre of area. 

In practical examples, usually the j)()sition of (' horizontally may 
be easily determined from the symmetry of the plate. 


Ex NMi'i.K. A do( k gate is 6o feet wide and has watei on one side to a 
depth of 24 feet. Find the centre of pressure. 


Let 

Then 

,Alsa 


/^-^tlie breadth of the wetted surf.uc. 
rf^lhcde|)th „ 


Io\-= ^ =bii- ^ , 

j j 


3 


d 


= X 24 - f6 feet. 


The centre of pressure is therefore at <i depth of 16 feet, and lies in 
the eential xeitical of the gate. 


Stability of a floating body. A body floating at rest in a still 
liipiid will be in stable equilibrium w'hcn, if rotated through a small 
vertical angle, it experiences a resultant couple tending to return it to 



the original position ; the equilibrium wll be unsteble if the resultant 
couple has a moment tending to increase the angle of rotation. In 
Figs. 631 (rt) and {Ik) are shown floating bodies which ha\e been 
disturbed slightly from their {wsitions o^ equilibrium ; the w’cight, in 
each case, is a vertical force W, acting ihrorgh the centre of gravity G; 
the buoyancy in each case is a vertical force R = W, acting through 
the centre of buoyan:y B. It wall be observed that in Hg. 631 {a) a 
couple is formed by R and W tending to restore the body to its 
original position ; the equilibrium in the o’^iginal position is therefore 
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slahlc. In Kig. 631 (/>) the couple tends to inere.ise tlie angle through * 
which*the body has been turned, and the equilibrium in the original 
position is therefore unstable. A floating ball would be in neutral 
equilibrium. 

It will be notic ed that the line of R cuts the original vertical * 
through C) in a jioint M, whic h lies abo\e(l in f'ig 631 (<;) and below 
G in Fig. 631 {/>). C'learl) the sense of rotation of the couple formed 
by R ancUW is determined by consideialion of llie position of ]\I above 
or below' G ; the coiijile will be of righting moment if M is above (i, 
and of upsetting moment if M is below' G. The [loint M is called 
the metacentre. 'I'he metacenlie is of impoitance in calculations 
regarding the stability of ships; generally the naval aichitect finds 
the metacentre for transverse angles ol disphu'ement, which affects 
(questions of the ship rolling, and also the metac'cntre for longitudiiyd 
angles of displacement, which affcsts (|uestu)ns of the shi[) pitc'hii.g. 

In Fig. 632, G is the centre of gravit) and B is the centre of 
Imoyancy of a body iloating at 
rest in still water. G and B 
must fall in the same vertical, 
and the conditicjiis of ecjuih- 
briiim are .satisfied by the re- 
sultant water pressure R being 
e([ual to W, the weight of the 
body, both forces falling in 
the same straight line BG 
do test for stability, the body 
is rotated through a very 
small angle 0 , which, in order 
to avoid complication in the 
figure, has been secured by 
rotating the water plane fiom 
its original position a// into 
the position a'//. G vv ill rc^main 
unaltered in po^'tion, and B 
will move to B' in c'oi'seciuaice 
of the body now being immersed 
deeper on the right-hand side. 

The weight the body is now 
\V' = W and acts through G in 
a direction per[)endicula.' ^o 

<i 7 /; the resultant pressure of 63,. - M.ucm.r- hOgi,, for . iioa.i.g 
the water will be R =\V' = W, 

acting through B' and also perpendicular to a'//. R' produced cuts 
BG produced in tl/c metacentre M. ^ 
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As we assume that W' and W are equal, it follows that the weight 
of the wedge h^b\ which has been added to the volume of water 
displaced, must be ecjual to that of the wedge aCd^ which has been 
taken away. In the [)lan of the plane of flotation ab (Fig. 632 ), 
small areas a and d trace out arcs / and I' as seen in the elevation. 


Volume swept by a^al. 

Now, - = 6 »; 

X 

i^xO. 

Hence, Volume swept by a = axO. 

Weight of this = (i) 

70 being the weight of the water [)er cubic unit. 

'I'lie total weight of both wedges must be zero from w'hat has been 
said, and may be obtained by integrating (i) over the whole plane 
ol flotation. 

dotal weight of wedges = = 0 . 

Hence, ^ax ^ 0. 

d'his shows that the axis C'A in the plan must pass through the 
centre of area of the plane of flotation. 

d'he resultant effect of the altered distribution of displacement 
will be found by calculating the total moment of weight of both 
wedges al)out CZ. 

hrom (r), Weight of the small volume =7o0ax. 

Moment of this about CZ = 7o0ax\ 


d'otal moment of both wedges = 7vd'^ax* 

=we\^, ( 2 ) 


In this result, Cz i'' the second moment of area (jf the plane of 
flotation about ('Z 

Now, if R' be brought back to its original position R, we see that 
the effect of the altered distribution of displacement w’ill be the 
couple, of momi'nt Rx BB', which must be supplied m consequence 
of the shift. 

Moment of couple ~ R x BB' ^ W x JUV. 


Now, 


’BB' 
BM^ 
. BB'^ 


Ox BM. 


moment or couple ^ W x 0 x HM, 
Hence, fiom ( 2 ) and ( 3 ), 

V/x6>xBM = 7e»f^Icz; ' 


BM- 


•^vlcz 

w ■ " 


-( 3 ) 


U) 
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L?:t = volume of water displaced by the lx)dy. 
d'hen W' - 7v\\ 

.r W 


Substituting in ( 4 ), we have 


HM 




-is) 


•Writing "c obtain a well known etniation lor BM, 


BM 


A/V. 


.((>) 


From Fig. 6 p, we have 


BM BG+CiM. 


GM will be [)ositive if M falls abova* G, in which case we ji/ne 
stable e(iuilibriuin ; the e(|uihbrium will be unstable' if (i falls below 
M, leading to a negative value of GM. 

• It will be noticed that the (omplelion of the ( aleiilation depends 
on a knowledge of the position of the centre of gravity of the body. 
In the case of a body of simple outline and homogeneous in structuie, 
this jioint is determined easily, but, in the rase ol a ship, is obtained 
only by long and laborious caUulalion. d’he calculations lor 
and for V re({uired m caiuation ( 6 ), and also for the position of 
B, are earned out easily for a ship shape body, and lh(' result may be 
applied to the finished ship in an experimental determination ol the 
centre of giavity. 'I'his is effected by moving weights on board .so as 
to prodiK'e a small angle of Tied, which is measur(‘d carefully by 
means of long plumb lines suspended in the holds. I'rom a 
knowledge of the positions of M and B, together with the moment of 
the weiglits whu^h have been moved and the angle of heel produced 
by this mov. ment, the position of G is calculated easily, 'riiiis, 
referring to Fig. 632 ^ let the liiVe of W' cut BB' in N and draw G(^ 
perpendicular to Bh\I. 

r.et 7(> - the weight .^loved, in tons. 

r/==the distance tjirough which ^hy weight is moved, in feet. 
^ - the angle of heel [froduced by moving 7i\ in radians 
Then ('apsi/ing moment <lue to moving 7v^-7vd tonH'eet. 

^ lighting moment R' x B'N 
4 • , W X GQ 
« • WxGMxfi 


Hence, 


WxGMx6;--7^^^, 


1/ 


GJtl 


W^' 


•) o 
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' 'rile author is indebted to Mr. E. L. Attwood, Member of the 
Royal Corps of Naval ('onstructors, for the following example of a 
recent inclining experiment on a large ship. 


Example. Draught of ship, forward, 24 ' 4". 

Draught of ship, aft, 26 ' 2i". 

These dimensions concspond to a displarenient of 15,357 tons, and a 
pcjsition of the transverse metai entre of 676 feet above the load water- 
line of the ship. 100 tons of ballast was used, arranged on the upper 
deck, in four lots of 25 tons e.uh. 'I'hc following measurements were 
taken by means of jiendulums 20 feet in length, one forward, one aft : 


Wi-iglit iiio\e(l, 

Disl.'ince 

inovtd, 

OirccUun of nioNcmcnt. 

OtflectHMis of j)ciKliilunis, 

10 inches. 


fett. 


Eorw.'ird. 

Aft. 

25 

62 

Port to sl.uboaid 

7 9 

8-1 

50 

62 

” 

157 

15-8 

25 

62 

Stai board 10 port 

80 

8 0 

50 

62 


156 

156 


Taking the mean of these goes a deflection of I5-84" for a shift of 
50 tons thiough 62 feet. Hence, 

“'=;S 




x 62 


240 


‘5057 X 
=- 3-06 feet. 

The centre of gravity of the ship is therefore (676- 3-06) = 37 feet 
above the load watei-lme. 


Retaining wall for water. Referring to Eig. 633, A BCD is the 
section of a w'all subjected to water pressurejm its vertical face AB. 
In considering the stability of the wall, a portion one foot in length 
may be taken, for the simple trapezoidal section of wall illustrated, 
the weight may be calcub'ted easily. 'J'hi.s, 

where is the weight of the material in fb. per cubic foot. H is the 
height of the wall, and AD and BC are the thicknesses at the top and 
bottom respectively, all in foot units. 

'I'he centre of gravity of the w\all se'^tion may be found by applica- 
tion of the following graphical method. Bisecv AD in a and also 
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BC then G lies in nh. Make Ar and (V equal to B(' and AD 
respectively, and join cd cutting a/> in (i. 

If the reservoii is einjUy, the point w, in which the line of W cuts 
the base BC, will be the centre of [)ressuie of the base of the wall, 



and the pressure on the bas(' will be owing to W only, and hcncc 
will be entiiely normal to the base. To find the pressiiie on the 
Ixise and the ( eiitre ol piessure when the leseivoii is lull, proc eed as 
follows : 

Total walei prcssiue on the wall - P /cAV (p. 567) 



where 7V is theaveight of the water in lb. per cubic foot. I’ will act 
at feet Ironi ii (p. 572), and will meet the line of \V ‘at / ('on- 

struct the parallelogram forces for P and \V acting at / thus 
finding the resultant pressuie R on the w’al! bascc R intersects HC' 
at thus giving the centu.* of pressure ’of the base for the case of the 
reservoir being full. It is takcai usually t/iat the wall will be safe if 
Ixjth m and ?i fall within the middle third of the base. 

Every horizontal section of the wall will have a centre of pressure 
for the reservoir empty and another for reservoir full. If these 
centres be found, curve./ ’joining them may be drawn and give the 
lines of pressure for the wall. Fig. 634 shows how the construction 
may be carried out for sections 32', 33' and 44'. Pj is the total 
water pressure on the whole wall, P^ , P3 and' P4 are the pressures 
respectively for the [lortiora ly.'ftg above 22', 33' and 44'. Wj is the 

D.M. - '20 
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total weight, and weights corresponding to 

P2> Ps centres of gravity Gj, G.2, G3 and G4 are found 



as before, and the lines of weight passing vertically through them 
give Mj, ^2) prcssuie for reservoir empty, 


D a s 


Ri of Pj and \Vj is found by 
means of the triangle of 
forces, and a line drawn from 
the })oint of intersection t)f 
Pj and \\\ pauillel to Rj, and 
cutting PC in ;/j gives a point 
on ,die line of pressure for 
leservoir full, d'he triangles 
of foices for the remaining 
forces are shown, and enable 
p^,»ints /1.2, and to be 
found similarly. The lines 
of pressure have been drawn 
separately in Fig. 635 for the 
sake of clearness. In Fig. 635 
m> and st inclose the middle 
thirds of all sections, and the 
lines of jMes^ure an^ and awj 



Fig. 635. a. Lines of pressure, reserVoir full and empty. 


WORK DONK BY FLUID PRFSSURF 


.•i 79 




fall thioiighout within the middle thiids. 'i'lie student will note that 
the upper ends nf thi* linos of pressure l)i>ect AD in a. 

Work done by a fluid under pressure. Woik may he done by a 
fluid, either li(|iiid oi pM^eous, by .dlowing it to exert [ires.sure on a 
piston which ma) mo\e in a cylinder. In 
Fi^c 636, 

Let f)--the diameter of the ('vlinder, 

• in It'ot. 

1 . th(‘ length of the stroke, in fl'ct. 

F the pleasure ol the fluid, in 
11). pel square loot. 

'['hen, if a h([uid be em[)lo}ed. owing to the absence ol any 
oxpansi\’e [)ro[)eit)’, the piessuie 1 * must be maintained by contiiUK'Us 
admission of lu}uid to the c\lmder. 'I’he woik done while the piston 
mo\es from A to B will be 

ttI )“ 


1 . 


B 

Wink iluiir I;) .1 lliml, 


Work done 


X L fool-lb 


Now F is 


, th(' volume swept by the piston, and also represents 
4 

the volume ol iKpiid admittial in caibic feet : writing this volume V, 
we have W'oik doiu* - R\' fool-lb. 

'I'his expiession also ai)[)lies to the case ol a gas supplied under 
gonstant pressure thioughout the .stroke. 

Fig. 637 shows in outline a h)draulic engine using water as the 
working fluid. 'Fhcrc are thiee cylinders, A, B and (', arranged 

at angles ot 120"; th(‘ water 
pressuie acts on one side of 
the [)istons only, a^d all the 
pistons are connected to a 
single crank 1 ) 1 F 'The arrange- 
nTcnt produces a fairly uniform 
turflifig moment. In engines 
this^ type, as the cylinders 
must be. filled completely with 
w'ater during each stroke, the 
efficiency will fall very rapidly 
unless the demand for power 

Fig. 637. -Duee cylinder h>diuuhc engine. maintained Steadily at its 

maximum amount. Othtirwise, device^ may Ife applied by means 
of w'hich the capacity of, thc^engine be re*duced w 4 ien a 

diminished demand Tor [Hjwcr of:curs. 'rhese devices usually take 
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the form of haviiig the crank of variable throw ; the strokes of the 
pistons will then vary to correspond. 'I’he crank adjustment may be 
effected either by means of a governor or by means of an automatic 
s[)ring coupling between the engine and the machine to be driven. 

If a gas is used in the cylinder in Fig. 636, advantage may be 
taken of its expansive pro|)erty by cutting off the sup[)]y alter the 
piston has moved a short distance and allowing tlie remainder of the 
stroke to be completed under the continually diminishing i)ressurc't)f 

the gas. In k'ig. 638 is plotted 
^ cuive AB, showing the relation 

I N. of piessLire (vertical) and volume 

(hoii/ontal) while a gas is ex- 
J ' panding and doing woi k. Usually 

I ^ Y the law of the cur\e AB takes 

1 1 , : ^ the form 

i if a 

-w »' '.X P\'" -= a constant, 


^ ^ wlkie B is the picssuie of the gas 

^ in lb. per sciuare loot measured 

Ki(, 6^8 -Work (lone L> .'ll! i • i • i 

horn /eio. On this oasis the 
jtressuie of the atmospheie is about 1 p; lb. per s(juaie inch or 
21 [6 lb. per square foot. is the volume in cubic lei:t, // is an 
index whicli de[)ends on the conditions unde) wliic h the expansion is 
performed. II the tempeiatuie is preserved constant, then Boyle's 
law is being followed, ;/ is unity, and the exjiansion law will be 
P\^ ^^a constant ; 
n usually lies between i and 1-5. 

'I'he woik done may be found fixgn the ai'ca of tlio diagram under 
AB in Fig. 638. 'I'lius, assuming Boyle's law to be followed and 
taking a narrow strip EF, for which the pn^ssure is the volume V 
and the increase in volume represented by the breadth of the strip is 
(SV, we have ^ ' 

Area of thf; strip B. jiV. ^ 

Now, frpm Boyle's law, BV = 

• p = !j^e 

.. r ^ 

Hence, Area of the .strip = -p-* 


Total area under AB = 1 


*V f-; 


w(irk done = PjV^ ~ fiootJb, 
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If the expansion law is PV^'^a constant, we have, in the same 
manner : \rea of the strip = P. 

Also, PV'» = P,\V', 

p »^vp• 

- V'‘ 


Hence, Area of the strip s P,Vp» 


« 

'I'Dt.il ,irca uiidtT Ali- I’l'V' 




V " I 



AV" 

V n 


V 


' v„' 


Remembering that RiV,’* -- the above becomes, by multi- 


j)lic.ition. 


W'ork (lone - 


P,V,-iLV, 


foot-lb. 


w 

] 

r 

J 


E 

Fin. 639 . 


Hydraulic transmission of energy. In Fig. 639 A and (' are two 
cylinders diargcd fully with water, and ('onnected by a [)ipe E. 
H and 1) are plungeis or rams fitted to cylinders, 
and carrying loads P and W. Owing to the 
practical incomj)ress!btlity of water, any descent 
of B w'ill produce an ascent of I), and hciu'c work 
done on P may be transmitted ny the medium of 
the moving w'utcr under pressure, and be givaai 
out in the form of work done on \\\ d'he con- 
necting yi[)( P’ ma) be of any length In pra('ti(r, 

A represents a set of pow'cr-dnvi'n t)um[>s, whi<h supply water under 
a pressure of 700 to 1000 lb. per .scjuare inch. A pipe sfstem distri- 
butes the water over the district to be suppliixl, and I) may be taken 
to represent one of the machines to be operated, d'he principal 
appliaiu'cs rccp’ired in a hydraulic •powor distribution [)lant are 
shown diagrammatic ally in log 640. A ^s one of the pow er-driven 
pumps suiiplying water to tiie pipe ling IR A .'Milety valve is placed 
at 1). Is is an ac'cumulator (Consisting of a Igrge cylinder fitted with 
a loaded, rain, <Md connected to the pipe lim* ; its function is to 
ab.sorb energy by raising dm weight if the machines ^re stopped and 
the pum{)s are stiH working*; it also assists in preserving a steady 
pressure of water. A stop valve F is under the control of the 
consumer, and another safety valve is placed M O in order to guard 
against damage to his pipgs aijrl machines., H, H *represenfr tw'o of 
the machines being* driycn , eafh is fitted with a control valve K, 



582 


MACHINES AND HYDRAULICS 


K, for the use of the operator. Usually the exhaust water from the 
machines is collected and passed through a meter, where it is 
measured for the purposes of charging for power. 



KKi. 640 —Diagram of a h>(lrauli< iiislallalioii. 

Referring again to Fig. 639, let and d^ he the diameter of and 
1) respectively in inches, and let p be the water pressure in lb. per 
square inch ; also let W and E be measured in lb. 'Lhen, neglecting 
friction : ^ 

4 

4 

W_r/c 

dp 

'EhisgivCs the mechanical advantage of the anangement neglecting 
friction. If P descends one inch, then the \ohime of water delivered 

from A into C will be cubic inches. 'Po accommodate this 
4 ' 

volume in C, D will riseUa height // 'inches say, and the additional 

Trd . . 1 

volume in L> will be h ('u'oic inches. 

, Hence, 


Hence, 


7r//,“ , 7r//,“ 


4 




Now 1 “// is the velocity ratio of the .ariingement. Hence, 

' dp 
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C^mpari.son of these results shows that lu this hydraulie arrange- 
ment, as in other machines, the ine« hanical advantage when fiiction 

is neglected i^^ C(|ual to the \elocity ratio 

(j). 328). 'I'he resistanie W, which may he 
overcome hy the ram D in this airangement, // A 

may be \ery huge if the ram is made of A j 

SLifficiewt dianu'ter. Foi trample, a ram \y 

If) inches in diameter, and su[)plied with ! 

water at 700 lb. per scpiare inch, will exert a 
total force of about 24' tons 'Lhe piiiuiple ^ ^ 

is made use of m h)draulic pre.sses, forging ^ A 

and other mathiiK.'s. s 

Some examples of hydraulic machinery. ^ 1 • 

'I'he c)linder for a hydraulic lift is shown in > 3 ' 

some detail in Fig. 641. 'I'he lam passes n 4 

through a stiifhng box m the lower end of $ 4 

the cylinder, and carries two j)ulle}s mounted | 

on its end and both running on th(‘ same ^ 0 4 

.sj)indle. .Another pulley is placed on the top ^ : 0 

end of the ( ylinder. 'The wire rojie us(‘d for 0 ■’ 4 ^ 

hoisting the <'ag(‘ is .•itlached to a fixed point i ^ 

at A, and is led round the pullers, as shown, J Ad 

before being taken away at V> to the cagix 
'rhe object is to multiply the ( ompaiatnely CJ m 

small movciiK'nt ot the ram into the larger 1 

travel lequiicd for the cage. 'I'he same type 1 

of cylin*der is made use ol in hydraulic ('ranes. 1 ^ 

Some pcs of leather 1 

O * packing aie shown in ^ \ 

(a) I'lK- (") S U- yVJv 

liMther, Used for Jvceiiing ( j 

1 > wa‘er tight lams oiljtirly \V yj 

I p ' large diameter ; the 

jk rT^ water mav enter ttie Fh.. e^i^r-Cyimdcr for a 

^ — 1 , ,, ' . I I f h>dr.uiliL lift 

(c) tJi^FTior Ot the U, 

anft pies.ses the leather outwards against the 
U • wall* qf the recess and also ‘against the ram. 

Fia 642.-Tj» [)€s of leather In {b) is sliowii a liut leather, used for sliding 
j)lungeis and rods; is a (Up leather, used 
for pistons in cases where (1^ watei'acts on one^ide of the piston 
only. 
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A simple hydraulic accumulator is illustrated in Fig. 643. The ram 
A is fixed to the base plate, and the cylinder B is loaded with a 
number of cast-i^on plates and may move vertically. A tail rod C is 
fixed to the cylinder, and serves as a guide. Water enters the 
cylinder by way of an axial hole bored through the ram. ^\Ten the 
cylinder is nearing the top of its lift, it raises the end I) of the lever 
DE ; the movement of this lever is transmitted to the belt-striking 
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gear on the [)ump, or to the throttle of the pump engin*^, and so stops 
the pump. A spring F jki'U the levers Imck to working position 
when permitted by the descent of the accumulator, and so starts the 
pump again. I'he following simple calculations may be made 
regarding hydraulic accumulators : 

Let ^/^the diameter of the ram, ioi inches. 

/ = the water pressure, in lb. t)er square inch. 

W-=the total accumulator load, in lb. 

H = the heigdit of lift, in inches. 

W --/X ^ .Ib., neglecting friction. 

4 


Then 
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When the accumulator is “ up,” the volume of water stored will be 

V(i- 

Volume stored = H cubic inches. 

4 

Also, Energy stored - \VH inch-lb. 

Occasionally it occurs that a hydraulic machine recjuires a greater 
pressure of water than that supplied in the mams, and an intenaifler 
ii> used in order to sci ure this. In Eig. 644 a lylmder A has a 
hollow ram B which passes through its light-hand cntl. A fixed 



hollow ram C passes into the interior of H as shown. Low-pressure 
water is supplied at 1 ), and water of a higher pressure is disehaigi'd 
at M 

I^‘t /, -the lower j)ressure, in lb. per sipiare nah. 

Pi -- n higher* 

^/, -^ihe external diameter of H, in iiaLes. 

//, -^the external diameter of ( ', in inc hes. 

, 'Then, neglecting friction, 

♦ TTii. - Ttdp 

or , til 

> * • Pi » ,, 

With a ratio of diameters of 2 to i, the supply pressure of 700 lb. 
per .square iiadi may be intensified to ^800 Ih. j)ei' scju.ire inch, 
neglecfjng^ friction. Valve arrangements are j)ro\ided for caiabling 
the lower pre.ssure to^he^j.sed in the machine, and at the moment 
w’hen the highei’-pressure .water is recjuired, low-pressure water is 
admitted to A in the intensifier, and at the sAme time tlie mac hine is 
connected to Is. ^ , 

Pumps, h’lg. 645 show's hydraulic pump suitable for , supplying 
water for operalii/^ h)draulic «machines. A cylinder A is fitted with’ 
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a piston B o[)eratecl by a plunger rod C. Water enters the cylinder 
at I), and is prevented from flowing back by the suction valve E. 
G is a discharge valve opening to the discharge branch H, and F is a 
passage connecting the right-hand side of the piston to the discharge, 
d’hc valves 1'^ and Cj are cushioned on lifting against rubber discs, 
separated by metal washers ; the piston packing consists of two cup 
leathers. The action is as follows ; Suppose the piston to be moving 



towards the right as shown ; 1'^ is open and G is dosed. Water will 
flow into the pum[) through II, and will fill the space vacated by 
the receding piston ; at the same time,* the water on the right-hand 
side of the piston is being forced into the discharge pipe through F. 
If the diameters of the piston and of the plunger rod are d-^ and d.^ 
respectively, and if the stioke is Idnches, then the volume discharged 
from the right-hand side of the piston during this stroke will bd 
7rdr\ 


/Wj- 

\ 4 4 / 


I'E cubic inches. 

4 4 

Now let the ])islon be moving towards thc/left; E will be closed 
and G will open, and tin; vvatej; on the left-hand side of the piston 
will be discharged through .p* 'I'he volume so discharged will be 

— L cubic inches, but r^poitbn of this i)nly will be sent into the 

discharge pipe, the remamder finding its way through to* the right- 

hand side of the piston ; the amount so passing through F will be 

Trd “\ . * . ' 

- - J L cubic inches ; hence the Volume discharged from the 

pump during this .stroke, ^w'iil be 




Trd;- , 


\ 4 4 / '4 


L 'cubic inches. 
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Ihe pump is thus double-acting, /.<■. water is discharged dining both 
strokes. For equality of discharge, we ha\e 

\ 4 4 / 4 

or d ,- - rA- - .A ', 

r/i --^As^^ 

'Fhis result may be expressed also by stating that the sectional aiea 
of the plunger lod should be half that of the piston. 

Fig. 646 illustrates a t)pe ot bucket pump used in raising water Irom 
a lower to a higher le\el. riu* {iiston or bucket is shown asceniling, 
and w’ater is passing into the ('vlinder A 
through H and the suction \alv(‘ ('. 'I'he 
water already on the top of the bucket is 
• being discharged through the disi harge \al\(* 

F and the passag(,‘ (i. During this stioke, the 
bucket \al\e is closed. On the downwaril 
stroke, the siK'tion and discharge \al\es (' and 
h' both close, and the bucket \alvc‘ opems, per- 
mitting water to p.iss from the Iowct to the 
upper side of the bucket. It is not absolutely 
necessary to have a discharge Naive F in this 
type of pump, but, if fitted, it serves as a 
check on the suction valve during the down- 
ward stroke of the bucket. 'I'his pum[) is 
.srngle-actmg ^ 

In Fig 647 is shown a singl*;-a( ting plunger 
pump. On the upward stroke of the plung(‘i 
11, water enters the pun?|:> thioiigh the suction ,,,, iimket i)uinp. 
valve C', and is delivered, dining the cUwnvvaid 

stroke, through thf dis^Jharge valve ?)• Is is an air vessel, the 
function id' which is to get^rid of slKX'ks. 'I'he watei (oming irom 
the pump flows partly into the air vessel, durpig the ear^' jnirt of the 
discharge stroke^ and compresses the air contained therein ; during 
the later part of the dis^l^f^c stroke, and also possibly during part bf 
the suction stroke,* the pressure of the compressed air drives some 
of the water out of the air vessel into the discljirge pi[)e. 'I'he aiaxle* 
ration reijuired to be giyeir to the column of^vater in the discharge 
pipe in starting it into iqotio* is lowerecl^by the Action outlie air 
vessel, and hen^e ilie force required is also lowered, and shock is • 




588 


MACHINES AND HYDRAULICS 


avoidei! entirely. The cushion of compressed air is also beneficial 
in quietly closing the discharge valve at the end of the stroke without 
depending on any backward movement of the mass of water in the 
discharge pipe ; thus hammering of the valve is avoided. The. air 


l 



K»'j. 647.— Hoik'* feet! pump. Fio. 648 -Comhine <1 plunger and 

liucket pun^i. 

vessel should be situated always as close Wpos si ble to the discharge 
I valve, d'he type of pump illustrated is much used for forcing the 
feed water into steam boilers. 

Fig. 648 illustrates a combined plunger and bucket pump. During the 
downwa-"d stroke, the suebon valve C is clvsed, and the bucket valve 
1 ) is open, the plunger E is thus operating in discharging water 
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througli b. During the upward stroke, the bucket vahe D is closed 
and the .suction \al\e (' opens, h'lesh water thus (lows into the 
cylinder A (roin B, and tlw* watei alieady on the toji’ol the biu kel is 
discharged through K As is the case in the piiiu]) shown in 
Fig. 645, the aiea ol the [iliingcr shoultl be one hall that of the 
bucket tor csiuality of disidiaige on the two stiokc's. 

J^umfis may be placed at some height above the suppi} walir, and 
in* this (ase depend on the pK'ssiire ol the atmosphcK' acting on the 
supjjly water and forcing it up the suction pipi' into the partial 
vacuum created by the action ol the pump bin kcl 01 plungei. 'The 
maximum possible height thnaigh which tlu' almosplieiK pi(*ssure 
wilt laise water thus is about g }. h-et ; f'lom 25 to go ha t is the 
greatest practical heigdit. 


EXKK( bSKS ON (HAIMFK XXII. 

')/ A ie< t.ingul.ii lank is 4 h et toiiKi a f<‘‘‘t ">d(* .iiul 2 fc(‘t il(‘r[). 
]’'ind the total picssuo s on tin* bottom, on one side ,ind on one eiul when 
the lank is full of oil wlmh weighs 50 Ih pei ( ubn foot. 

2 . A t.mk to feet long has a hon/onlal hoitom 4 feet wide I In* ends 
of the tank aie veitn.il, and hotli tin* sid(*s .ue in< lined :it 45' to the 
hoiizontal. W.itei is (ontained to a depth of 6 feet find the total 
|>iessiucs on the bottom, on one side and on one end. Take re bj 5 lb. 
per cubic foot. 

✓ 0 

^ 6 . A dork g.'ite is 8n h et wide aiul has sea watei to a depth ol 40 feet 
on one side and 9 feet on the other side kind tlie total piessiiie on eai h 
side of the g.ite, aiul show the lines of a( tion. kind also the resultant 
loice on the gate, and show Its position, 'k.tke re bg lb [ er ( ubn foot. 


• 4 . A’tank is in the foim of an in\<*il('<l (one, b feet diamel(n at the 
top and 4 feel ^ei tieal depth. When full <jf oil ha\mg a spei ifi( gia\'ity 
0*8, find the weight of the (ont.-fmed oil and the total pie?siiie on the 
curved suiface of the lank. 

5 ; A rectangular opening in a reseivoir wall is 4 feet high and 3 feet 
wide, and has iP top edge 20 feet b(*low^the water level, k ind tlie total 
water pressure on the door^or gate ( losing^tln* opening, and hnd also the 
centre of pressuie. " * 


6. A rectangular pcuitooif 100 feet loi^g an(l^ 30 feet wide has a draught 
in fresh w.aer of 8 feet (/.e. tlie bottom of tlie i^nitoon is 8 feet below tlie 
surface of the wa^er). Find the weight of the pontoon. Supposing the 
weight to*' remain unaltered ^d the pontoon to be floating in sea wat^r, 
what will be the draugUr^Air fresh water 7(:/ = 62-5, and for sea water 
rc = 64 lb. per cubic Toot. • 

7 . The weight of a subrnaiine is 200 tons, ruid it lies damaged and 

full of water at the bottom of the sea. SuppoSii^^ the specific gravity of 
its material to be 7-8, find* what total pufl|rnust be exej-Ka! by the lifting 
chains in order tbeil'(;5sdf from the bflUtom. Take w=i>4 Ib. per 

cubic foot. • 
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8 . For the pontoon in Question 6, when float! in fresh water, find 
the heights of the transverse and longitudinal metacenires above the 
centre of buoyancy. 

9 . The pontoon in Question 8 carries a crane, and is hoisting a load 
which produces a transverse capsizing moment of 200 ton-feet. Calculate 
the angle of heel. It may be assumed that the centre of gravity of the 
complete pontoon is 0-5 foot below the surface level of the fiesh water. 

10 . A retaining wall for water is tiiangular in section and nas the 
wetted surface veitical. 'I'he height is 30 feet and the breadth of the 
base IS 25 feet. Fresh water has its suiface level 3 feet below the to)) of 
the wall. 'I'hc weight of the material is 140 lb per ( ubic foot. Take one 
foot length of wall and find the resultant force acting on the base. 
Answer the same if the rescivoir is empty. Do these foices f.dl within 
the middle thud of the base? 

11 . Ansvyer Question 10 for sections at 3 feet, 10 feet and 20 feet from 
the .op of the wall, using graphical methods so fai as is j)ossible. Plot 
the lines of pressure for the reservoir full and empty. 

12 . Water is supplied by a hydraulic conij^any at a pressure of 700 lb. 
per square inch, and is charged at the rate of 18 pence per thousand* 
gallons. How much water must be used in an hour to obtain one horse- 
povver, and what would be the cost? Neglect waste. 

13 . A single-acting hydraulic engine has three rams, each 3J inches 
diameter by 6 inches stioke. 'The effective mean water piessuie on the 
rams is 120 lb. per square inch, and the engine runs at 90 revolutions per 
minute. Neglect all sources of waste and calculate the horse-power. If 
the efficiency is 65 per cent., what is the useful hoise-powcr? 

14 . 2 cubic feet of air at an absolute piessuie of 80 lb. pei square inch 
are e\pandcd in a ( ylinder until the volume is 5 cubic feet. Assuming 
that the law PV^^a constant is obeyed, calculate what work is done. 

15 . Answer Question 14 if the law of expansion is PV^^’--a constant. 

• 

16 . A hydraulic accumulator has a lam 7 inches in d imeter and the 

lift is 12 feet. If the water pressure is to be 700 lb. per square inch, find 
the weight requiied. How much water is stoied wiien the accumulator is 
up ? Find also the energy stored. ^ 

17 . In the hydraulic lift cylnnler shown in I'ig. 641, find the velocity 
ratio if there are three rope pulleys on the nun end and two pulleys on 
the cylinder top. Suppose tne lam to be 4 inches diameter and that the 
water pressure is 700 lb. per square inch, and calculate the pull on the 
cage lope, neglecting frictional waste. What is the pull if the total 
efficiency is 65 per cent. ? What stroke of ram is requiicd fo" a tot d cage 
lift of 60 feet ? 

18 . A hydraulib pump, similar to that showh'in Ifig. 645, has a piston 
4-25 inches and a plunger rod of 3 inches in diameter ; the stroke is 
18 inches. If the pump makes 60 double strokes per minute, how much 
w’ater will be delivered, neglecting waste ? If the water pressure is 750 lb. 
per square inch, find the force-w'hich must be applied to the rod (^r) when , 
the pistdn is moving towards the valves," v hen the piston is moving in 
the contrary direction, assuming the p.essure on the suction side to be 
It? lb. per square inch. Neglect friction. 
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19 . ’ A bucket pump (Fl^^ 646) lias to raise 4C0 ^mllons of water per 
minute to a heiglu of 30 feet. If the pump makes 30 doulile stiokes (one 
up and one down) per minute, and if the leng^tli of the .>noke is 15 tunes 
the diameter of the bucket, find the stroke and the bucket diameter, 
neglecting waste. Calculate the useful work done per minute, and, if the 
efficiency is 60 per cent., find tlie hoise-jxiwei leciuired. 

20 . A boiler feed pump has a plunger 3 inches in diameter. The 
delivery pipe leading to the boiler is 40 feet in length and 3 inches m 
diameter. The pressure in the boilei is 100 lb per siju.ue inch. 'Fhere 
is, no air vessel. .Supposing that the acceleration of the iilunger at the 
beginning of the stioke (the watei in the deloeiy pipe being then at lest) 
to be c/D feet |)er second per second, wh.it total foice must be everted by 
the plunger in order to stait the w.iter into motion? If a pei fee t-acting 
air vessel were fitted, uh.it total force \nou1c1 be recjuirecl ^ 

21 . In finding the tot.il force in the axial cliiection which a thud 

exercises ujion a piston or lam, we calculate fiom the cioss section of tlje 
cylinder or r.un ; why is the ac tual sh.ipe of the face ot the piston ord'nd 
of the lam of no importaiu e ? (H.E.) 

22 . A \citical flaj) closes the end of .a pipe 2 feet in diameter; the 
^piessuic at the c entieof the pij)e is ecpial to .a head of 10 feet of watei. 

Find the total pressuie on the v.ilve m pounds, (You may neglect the 
atmospheric piessurc) (H.Fb) 

23 . Fhe ram of a veitical accumulator is 4 inches in diameter ; the 

cylinder is 6 inchc‘s m mtcinal diameter .ind 50 feet high. 'I'hc lam 
canies a total load of 5 tons. Find the watei ))iessuic, in lb. per square 
inch, at the top and bottom of the cylinder. (H.E.) 

24 . Deteimine the depth fiom the suiface of the c entie of prc'ssuie on 
a rectangulai sluice valve, feel lj)rig and 3 feet wide. 'I'he centie of the 
valve IS at a depth of 8 feet below the suiface of the w.atei, and the valve 
lies in a plane inclined at an angle of 30 degrees to the horizontal, with 
one of the long edges of the v.ilve jKiiallel to the suiface of the water. 

(li.K.) 

'• 25 . A<2hoii/ont<il channel of V section, whose sides aie inclined at 45'’, 
IS closed at the end by a vertical paitition, I'he watei -surface has a 
width of 4 feet, and consequently a maximum depth of 2 feel. Calculate 
the total hydrostatic 'j)iessuie upon the partition and the height of the 
centre of pressure. , (I.C.E.) 

26 . Define nctac entnc height. A vpssel has a length of 150 feet 
between perpencbculars ancl a beam of 28 feet. The mean load draft m 
sea water is ii feet, .ihd thc^ coefficient of hiicness, or ratic) between the 
product of length, breaclth .ind draft and the displac ement volume is 0-47. 
'I'he second moment of the load water-plane a1)out its fore and aft axis is 
63 per cent, of the moment of the circumscribing rectangle about the 
same axi^ The x.^ntrc of buoyancy is situated 3-95 feet below the water- 
line. If the transverse me^'* ..‘ntric height is to be hiryted tO 3-62 feet, 
determine the distance frt^irt die centre of gravity to the water-line. 

(L.U.) 

27 . A masonry dam with vertical water face is 20 feet high and 13 fect_ 

wide at the bottom, sloping gradually till jtds 6 fec!t wide at the top. The 
water reaches 2 feet from tli^ top. Draw tile li^e of thrdst throughout the 
dam. Specific gi^vity of masonry., 2-25. (L.U.) 
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n\’i)KAiJL!('s. n.ow or majids. 

Fluid friction. W'c liave seen already that there can ho no friction 
IP any lluid at rest , considcTahle liietional resistances exist, howevci, 
whin the fluid is in motion, l^br iKjuids, the laws of fluid friction, as 
dediK'ed Iroin e\[)enmental e\iden('e, ha\e been mentioned in 
('hap X\'., and arc* stated aij;ain lor ii fcrenc'c as follows : 

{(i) 'The resistanc e is proportional to the extent of the surfiice 
\V(*tt(‘d 1)}' the licjuid 

(/>} 'The lesistaiu'e is independent of the mateiial of which the 
hoimdaiy is made, Imt depends on the roughness of its suilaee. 

(c) 'The lesistance is independent of the piessuie to which the 
lifjuid IS sLihjectc'd. 

(i/) Rise of tcanperatine ol the licpi^d diminishes the lesistance. 

(c) At slow spec'ds the lesistanee is vc'ry small. 

{/) lielow' a c'etlain cntic'al speed, the resistanc e is projrortional to 
the speed ; at s[)eecls above this, the resistanc'c is proportional to some 
power, a[)pro\imately the s(|iiare, of the speed. 

'The critical .s[)eed depends on the hc|iiid iised^and its tem})eratuie. 
Jlelow this speed the motion of the licjuid is steady, the particles 
moving in sluxim lines; above it, the liquid breaks up into eddies. 
As the flow^ of watei is the most important case in practice, we will 
confine attention to this licpiid. , 

Kinds of . energy of dowing water. Neglecting effects due to 
changes of tenqrerature and of volume, we may state that the total 
energy of a particle of water is made up of [a) potentia’ energy, 
(d) pressure enargy, (c) kinetic energy. V'''ke potential energy will 
be proportional to thc^ elevation of the particle above some datum 
level; the kinetic energy will be proportional to the square of the 
velocity of the particle. pressure energy requires some fuller 

explanation. 



KNFR('.V OF FLOWING WATFR 


*10.^ 

Ilf Fig. 649 is shown a I'ylindcr fitted witli a jiision and supplied 
with water from an overhead tank, in whieh the level is maintained 
constant. If the piston is allowed to move outwajds slowly, work 
will be done by the water pressuie on the 
piston overcoming the external resistance 'f 

acting on the other side of the piston or on i 

the pi.sV>n rod. I 

.Let lliiid stress on piston, in lb. per ^ 

S(piare foot. I 

A area of [liston, in sipiare leet. 

L~the distanc e [)iston is moved, in 

feet. Fi(, (S49. IVcsMiM* niery} of 

'fhen Work done-= PAL foot lb. 

In [K'rforming this woik, a volume AL cubic' feet of watcu' has been 
admitted to the c')linder, and the work has becai clone at the exi)enst‘ 
of the energy of this water. 'The work clone pc‘i cubic' loot of water 
may be found by dividing the above lesult by AL, giving 
Work done per cubic foot of water = P lool-lb, 

Let weight of one cubic foot of watia in lb. 

Then -- volume of one lb. of water. 

w 

Hence, Work done per lb. of water- lool-lb. 

It has been assumed thiit there lias been no waste of energy ; 
therefore - reiiresents the whole energy available m one jiound of 

water due to Us pressure, ^\'e may say therefore that water at rest 
and under pressure posse.s.ses eiicigy due to its pressure to the 

amount of ^ foot-lb^ per pountfof water. 

Transformations of oiiergy in flowing water. In fig. 650 is 
shown two tanks at different lev'els, ^nd connected hy a pipe so 
that water may frou. the upper irtli' the lower tank. OX is 
an arbitrary datum level. J^Jonsiclering a pound of water at A and 
assuming it to be at rest, there will lie nd^kinetic enf-rgy ; it will, 
however, jio^sess Ha foot-lii. of [lotential energy owing to its elevation 
Ha feet above OX - water, being exposed ^to almosjiherfc 
pressure P<i lb. per' sc[uare Tcpt, will also [lossess jiressure energy to 

p 

the amount of foot-lb. per pound. Hcnc^, 

7V 

’ / P * • 

Total enrrgy^at A t 0 If + j Tt. Il> i)cr lb. of water.* 

2 P 



1),M. 
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It is reasonable to suppose that the bulk of the water in the i/pj)er 
tank is at rest, only a portion near the pipe entrance, mapped out 
by the dotted ''urve abc (Fig. 650), will possess any considerable 
velocity. Hence, at B, a pound of water will have potential energy 

p 

Hj} foot-lb., together with pressure energy foot-lb. owing to its 
absolute pressure P„ lb. per s(juare foot, d'herefore, ^ 

Total energy at + ft.-lb. per lb. of water. 



Consider now a pound of water at C', having acquired a velocity of 
f/(: feet per setond, under })ressure IV- lb. per s(juare foot and at an 
elevation H(_ above OX. 'I'he total energy will be gnen by 

Total energy at C =■ ft.-lb, per lb. of water. 

In the same wa}‘, a pound of water at 1) wiV have a total energy 
given by 

I otal energy at = ft.-lb. per lb. of w'ater. 

At the surface level E in the lower tank, the w'ater may be assumed 
to be at rest' again, and also exposed to atmospheiic pressure. 'I'he 
total energy heie will be 

4 ' r 

'I'otal energy at IC = ft.-lo.' per lb. of water. 

We may now trace tho tran.sfoimation.s of energy whieli have taken 
place during the passage c' the water liom A to M. It may bo 
assumed that a iroimil of water movc.s from A 'o 1, very slowly, and 
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arrrves without any appreciable diminution of energy, since the 
frictional resistances will be very small. Hence, 

I’otal energy at A = total energy at fl, 

p T> 

or IU+ 

7(f 7V 


Thj water has given up potential energy represented by (H;^ ~ Hh) 
ft.-lb. per pound, and has acajuired an eciual amount of pressure energy 
fV P \ 

given by ( ‘M ft -lb. per pound. 

\ 70 7V J 


During the passage from B to (', considerable velocity has been 
acquired, and hence the frictional resistani'c v\ill produce correspind- 
ing waste of energy. In pa.ssing along the pipe from C to P) tl^re 
will be further fridional waste of energy. If these sources of waste 
be disregarded we may apply the priniaple of the conservation of 
energy in asserting that the total energu^s at B, (' and I) are etiual. 
Hence, 


d'otal energy at (’ ^ total eneigy at D, 


Ib 


70 2C 


■(<) 


'Phis equation is the algebraic expression of Bernoulli’s law, which 
asserts that if there be no waste of energy, the total energy of water flowing 
from one place to another remaiijs constant. ( 'alculations may be made 
on this assumption, and then corrections can be applied in order to 
account for known sources of waste. 

Referring again to Pig. 650, the water leaving the pipe and entering 
;he lovter tank will produce surging of the water in this tank, accom- 
panied by a Lonsiderable waste of energy. 'Pile total waste of energy 
in the com[)lete pa*>age from A to K may be estimated by taking the 
difference in total encr[.^es at these places. 'Phus, 


'I'().al waste <>( energy - (h, + 

= (Ha - H| ) ft.-lb. per lb. of water. 

It will be noted that (Hy- lb.) i'^ simply the difference in surface 
levels o[ tlfe wa^T m the two tank.s, H feet say (Pig. 650). Hence^in 
the case before us, thy Unal waste of energy per ^ound of water is 
repre.sented by H* foot-lb. * ^ 

Venturi water meter. In k'ig. 651 is sjiown a straight horizontal 
pipe, which converges f/om A to B a^uJ then®enlar^^es again bctw'een 
B and C. As the pi[)e i*^ hori^aital, tncriiwill be no chanjje in the, 
potential energy of^the water flawing through it ; there will, however. 
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be inlerchiiiigcs of pressure and kinetic energies, and if pressure 
gauges be fitted as shown so that the pressure heads may be measured, 
it is possil:)le to adculate the velocity of flow, and hence the quantity 
of water flowing, from a knowledge of the pipe diameters. 



'Fhe same quantity of water, ( ) ( ubii' fe'et, will pass all sections of 
the pipe per second. If the .sectional areas be A,, Ao and A., sijuare 
feet at A, H and C respectively, and il the velocities 7'j, and be 
measured in feet per second, we have 

= 7;j A , = 7qA., ^ ( i ) 

Applying Hernoullfs law and neglecting any frictional waste, we 
ha\ e 7, - o; - r) 'i 

+ ' (2) 

".S 

Hj, H_j and H,, being the pressure heads in feet. 

If the ])ij)e diameters at A and (' ar« eijual, as is usually the case, 
and 7'vj w'ill be equal, and Hj and will also be eijual, neglecting 
Iriction. Using the first two terms of (2), 




From (i), 


Hence, 




H, - H.,- 


(S:.-)' M-) 




or. 


a;- -A., 2 

;■ 2 caT 


7/f-v/2C(Hj - H,) ’ 


( A, u A, 2)’ 

a', 


Q = 7vA, 




' ‘ ‘ ^ A A., ' 


VA/’- A 


Now 
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l^ractically, the ([uaniity flowing difTers somewhat from the result 
calculated from equation (3). A coethcient, the value of which ii^ 
approximately 0-98, may he used for multiplyii^g the right-hand 
side of (3). Small VVntini Jiieters used in lalx)ral()ries for testing 
pur[X)ses usually re(|uire calibration, especially for low’ heads and 
velocities. 

Steady motion. Steady motion of a fluid may he defined as that 
•state of motion when all jurlicles passing through any fixed point 
arrive at the point with the s;ime \elocity, both as regards magnitude 
and direction. Thus, in steady motion, the particles will he 
travelling in lines or filaments either straight or ('urvcd, these 
filaments being called stream lines. Kor example, if a fine jet of 
coloured water he injected into a mass of wattT mo\ing with stc^ady 
motion, the (oloured water will follow the stream line whicli [lasses 


through 'tlie point of injection, and will 
move unbroken through the mass of 
water, gi^ing a ( oloured hand which 
will he straight or curved depending on 
the circumstances of the flow’, hut will 
ap[)ear to remain fixed in positieai. 

A fluid can only mo^e in straight 
stream lines pio\ide<l there is no resul- 
tant forc'e acting on the boundary of 
the filament in a direction perpendicular 



to that of the motion of the filament. Vu. 652.— Transverse pressurci on 

. , - •11 1 I • < urvtd ^tIeanl lines. 

Any ^ucii force will prcxiuce a c hange in 
^the dircctiop of the motion, and the path of the filament will he 
curved, the resultant force Keiiig found on the convex side of the 
filament (Fig. 652^. 

In a mass of fluid ^moving in curved stream lines, each stream 
line commurieates pressures to tlte adjac:ent stream lines and is 
itself reacted on As' the conc'ave *sMe of any stream line is in 


contact with the convex »ide of the ^idjacc^nt stream line, the pressure 
on the concave side of the first will be e<pral to that on the convex 
side o1 the" second; let this pre.ssure be p (Fig. 652 (a)). The 
pressure on the concijvv .jicle cd will he less than p by an amount 
and that on ^will be greater than p by ajiother small amount <5/.* 
Applying the same reasoning to all streayi 4ines in a body of fluid 
moving steadily in a .curved |mth /Fig. 6f2(c^)), w’e see that the 
pressure p^ on^the convtix boAidary (w will diminish gradually across 
the stream, attainmg a lower vlilue at the concave boundary cd. 
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Discharge from an orifice. One of the simplest cases of the flow'^of 
^vater is found in a jet discharged through a small sharp-edged circular 
^ ^ ^ hole in a thin plate. In Fig. 653 

— f nzz~zi: y such a hole is formed in the 

- ' - - - I vertical side of a tank, WL being 

I ' the free surface level, giving a 

I steady head H feet over* the 

\ f{ I orifice r/c. OX may he taken ' 

^ I ^ p as a datum level. At A, a pound 

“I • I ^ ^ V of water being at rest will have 

j I j -i energy given by 

! '''v > 

II ' I 

, ^ ‘ l\r being, as before*, the atmo- 

f^Trrrr 7 ^rrrr 7 TT 7 T 77~7 /. spherii* pri'ssure in lb per square 

Fi(.. 65j.--n1sci1.TiKf iiiroiigh .T shaip-eagfii |()()i and w tin* wi'ight of the 

onfice. ■ n i 

water in lb. ])er cubic loot. 

Fassing to a point H on the .same level as the centre of the orifice, 
some of the potential energy jios.se.ssed at A will have been converted 
into pressure energy, giving a total energy at 1> of 


As the motion of a particle passing from A to b will be very 
slow, it i.s reasonable to suppose that frictional lo.s.ses may be 
disregarded. Hence, j; _ pp 


Ha - t- 

W 7V 


or Il = ie-U„. . , . (,3) 

, Cl <» 

This eejuation simply c‘4.pi esses the fact that the sui)eratmospheric 
pres.suie head at H is II. , 

Assuming that .the motion inside the re 5 ^i.^)f important velocity, 
n/v, is stream line, we ^iay state that a particle situated at />, level 
with the centre of the orifice, will move along a straight horizontal 
stream line and so pass-out ; ^’)articlcs crossing the boundaiy adc at 
other poihts will approach (be orifice iic curved streamlines. Clearly 
the sharp edges of the orifice i/e canndt produce a sudden change in 
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the (lircction of any stream line ; hence the curvature will he main- 
tained for some distance after the plane of the orifice has beer 
piissed. This leads to contraction of the issuing jet, and such 
contraction will not he complete until a section (d) has been 
reached ; this sec tion is called the contracted vein. 

In the body of water between dc and ('D, tlu* stream lines are 
convex* towards the axis of the jet, hence theie must be resultant' 
fhiid pressures actin^^ transversely to eac'h stieam line and directed 
outwards towards the bouiKLiry of the jet. As the boundary is 
exposed to atmos[)heric jiri'ssiire /’,,, it lollows that sujiciatmospheiic 
[iressure, of v.ilues gradii.illy incieasing lowaids the axis of the j« t, 
will be found in the interior of the jet, the maximum pressun' 
occurring at the axis. fVom ('!) onwards the' stieam lines will^ be 
[larallel , heiue tlie water in the jet lu'^ond ('D will be iindeu' 
uniform pressure; eejual le) lb, anel will peisse'ss jnessure energy 

given by * " ft -lb [lei jioimel. 

w 


'The velex'ity e>[ any particle has bce'n inciexiseel giadiially in passing 
freim the boundaiy abc le) the seetion (..'D, and lienee the' particle has 
been acepiiring kinetic eiicigy gmelually, this being obtained at the 
expense of its other kinds of energy. Feir example, a iiound of water 
at l> has had its superatmeisjiheric pre.s',ure energy, 11 loot lb, changed 
into an eipial epiantity of kineJic energy (neglecting frictional losses) 
while [)assing from b to (d ). d'iie conversion is conijileted on arriving 
at (d), and hence we find the maximum velocity at this section. 
Sup[)osing V Icet jier second to be the veloi'ity of the jet at (d), 
tfien the total energy per pound of water at ( d9 will be 



Applying Bernoulli’s law' and neglt'Cting frictional effects, tin; total 
energies at A and (d) will be cfjual. ‘Hence, 




H, - 

* W ‘ 



( 5 ) 

( 6 ) • 
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The actual velocity at C'l) will be somewhat less than V, due to 
^ waste of energy in overcoming frictional resistances in the flow 
between a/^cand'CI). 

Ex[XJrimentally it is found that the actual velocity is about 
0-97V, this number being called the coefficient of velocity, written Cp. 
Hence, 

V„ = r„v/2,<,'H '.....(7) 

The quantity of water disc'harged (an be obtained, provided we 
kiKJW the area of the section Cl). Tor a small round orihce this will 
be about 0-64 of the area of the orifice ; this number is called the 
coefficient of contraction, written r,-. 

Let Q -^the (]uantity discharged j)er second, in cubic feet. 

A = the area of the orifice, in S(|uare feet. 

H = the head over the centre of the orifice, in feet.. 

Then Q-(>AV,e 

-CrCvAV 

= <-,,An/2,cH (8) 

In this result, - is called the coefficient of discharge. For a 
round orifice its value will be 

('ll ^ 0*64 X O-iJJ 

= 0-62. , 

The discharge from a small round sharp edged orifice therefore will 
be given by Q -2= o cubic feet jier second. 


If the orifice is situated in the tank bottom so that the ^‘et dir.- 
charges vertically dowinvards (Fig. 654), contractirjn does not cease 



at Cl). This is owning to the potential 
energy of the water in the falling jet con- 
tinually diminishing; hence the kinetic energy, 
and therefore the velocity, must be increasing 
C(jntmually. In a steady jet (prior to its 
breaking up into dfo|).s) the .same quantity of 
Y?ater passes each section per secon(|,and there- 
fore the area of the jet must be diminishing 
as the jet receded -fKim' the orifice. The 


approximate velocity at^any section may be estimated from 




w'here H is the head meas^ureit from tLe free surface level in the tank 
to the section considered. 
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Contraction of the jet after passing the orifice may l)e got rid of l)y 
means of a trumpet orifice (Fig. 655). In this case the discharge is . 
estimated by applying a coedicient of \eloci(y onlyl 
Thus, Q=.,-,AvVH. 

Flow of a gas tlirough an orifice. As.suming tliat 
the pressure in the reser\oir containing the gas is 
only slightly greater than the pressiiie m the space 
into which the jet of gas is dis<'harged, and that 
there is no change in temjierature, theie will he ^-ininn>ct 

very little change in the weight of the gas per cubic 
foot, and the flow through the oiifice may be estimated m the s.ime 
manner as for a li([uid. 

Let 7'j -: 0 ^the veloi ity in the leservoir. 

p, -^the maximum velocity of the jet, in feet jier seiond. 

- the pressure in the re.servoir, in lb. [ler sipi.iri* foot. 

= the pressure in the spac'c whic h the jet enters, in lb. 
per square foot. 

7r'-the weight of a cubic foot of the gas, m lb., under the 
conditions existing m the reservoir. 

A = the area of the orifice, in scpiarc feet. 

Then + 0 = 

W , W 2L^ 




.. A -A 


Vy---- j - 

V w 


Hence, applying a coefliciciF of discharge C,g we have 
Q^cuAv, 

cubic feet per sec. 


Experiments show that for circular sha.p-edged orifices discharging 
air, the value of q is in th<* neighbourhood of o 6. 

Reaction of a jet. In Fig. 656 is shown a tank mounted on 



Fig. 656.— Reaction of a jet. 


wheels and discharging w'ater through a trumpet 
orii’.fe in one side. 'I'he issuing water has 
acqui’-ed momentum in pa.ssing out of the 
orifice, and a resultaa*^ 'force acting towards 
tt)e right on t|;)e water in the mouthpiece is 
required in order to prcxluce this cltange of 
momentum. There must also be an equal 
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opposite reaction, and hence there will be a tendency to move the 
tank towards the left when the jet is flowing. The magnitude of 
this force may fee found by estimating the change of momentum 
per second. 

Let H = the head over the centre of the orifice, in feet. 

7 ^- velocity of jet, in feet j)er second. 

A - area of jet, in stjuare feet. 
w --- mass in pounds of a cubic foot of water. 

Then (^luantity flowing per second -- \ 7 ’ 7 V pounds ; 

.’. momendim accpiired per second Av 7 V . v. 

For('e re(}uired lb. 

Negleding the (’oefficient of M'locity, we have 

1, 1’ , A7t:/.2;'1I 

HeiKt', force icsiuiied -- 

.s 

2 A 7 (>n lb. 


If the oiifice be closed by a plate, the pressure on the plate would 
be A^^di lb ; hence the reaction of the jet is double the [iressiire on 
a plate closing the orifice. 

In the borda mouthpiece, a short tuijc projects into the interior of 
the tank, and has its inner edge shar[)ened (Kig. 657). I’his orifice 
[iiodiices an effect differing considerably from a 
ti limpet orifice or from a sim|)le hole in the tank 
side. In the latter cases, owfing to the curvature of 
>1' the stream lines in the vicinity of the orifice, the 
walls of the tank there are somewhat relieved of 
pressure, the pressure diminishing from a maximum 
Fi(.. 657.~Boid.'i at the axis^^of the orifice to a minimum at the 
iiiuutiipie^e. boundary. ^ In the Korda mouthpiece, the curved 
portions of the* stream lines art removed sutificiently from the tank 
side as not to modify th'e ])ressures on the sides. Hence, the force 
producing change ot momentum in the issuing water will bs simply 
that which would exist on a plate (dosing llie (n-ifKe. 

A -area of orifice, in sciuaie feet. 

H = hpad of water, in feet. 

‘ (2 = area.of )et, in sc^uare feet. 

V = velocity of jet, fn feet per sec. 




PRINCIPLE OF SIMILAR FLOW 


Then Force producing change of momentum -- rrdl A lb. 

Quantity flo\\ing per second = rfw pounds ; 
Change of momentum per second = wth - ; 

wa7^'- ,, 

. . reaction ot jet = lb. 


Neglecting the coefficient of \elocity, ne ha\c 


'I’his mourtipiece has thcieloie a ctK-fhcic-nl ol (ontiaction of 0-5. 

' Thomson's principle of similar flow. Pi of. James rhom.son’s 
principle ol sinulaiity is of imjiortance in dealing with the How 
through orifice's and over wens . it may be st.ited .is follows. 
Supposing we have a drawing of a vessel ('ontaining a Irictionless 
li(|uid up to a fixed level, and that the lieiuid is llowing out thiough 
an orifice, the stream lines being shown on the drawing, 'fhe 
principle states that this drawing will s(i\e for the discharge frotn 
any similar vessel containing tnc same lujuid, the vessel having 
be'cn constructed b) merely altering the scale of the chawing ; the 
stream lines in the similar vessel will also have the form shown in 
the original drawing to the altered s('ale. Further, 

Let c/-^awy linear dimension cm the drawing. , 

= velocity of flow’ at any jioint. 
c7 == sectional arga of a stream line at this point. 
y = dis{'harge through this stryam lim*. 

'Ihen * ' * ♦ 

and * a cc d'\ . 


ir y Old' . d ' ; 

, ‘ r> 

.'. '(/ozd'^. , 

A convenient linear dimension to choose ih the head of liquid H 
from tha point considered Mp to the fret?.‘^irface*level, Then ^ 
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Gauge notches. A gauge notch is a device used for measuring 
the (luanlity of water flowing along a stream. The stream is 
dammed l)y ertaal boards, and a nolc'h is cut in the dam to 
permit the water to flow tlirough. 'Che usual form is triangular 
(Fig. 658) or rectangular (Fig. 659). In the case of a tiriangnlar notch, 
it will be evident that the streams flowing through the notch will be 



similar, whatever may be the head , heiu'c T homson’s principle ma^ 
be applied t«) any fiLinu iit such as ah. 'Thus, 

(f vJi- , 

<! - ah'-, 

where a is an experiment.rl coefficient. 

I he same e\[)r('ssion will servi for any other filament in. the 
stream. Henc e the total cpiantity flowing will be given by 

Q^alO (,) 

1 he value of a for a notch having an angle of ejo' may be taKcn 
nieasured in ^eet, we have fcjr suc'h a notch: 

Q = 2-63511 - cubic feet p^^r .second. 

Care must be taken in measuring H , tjiis must be the head from 
the bottom of the notch .0 the level of soil water. As the water in 
the btieam approaching the i\ptch is inc’-easing its velocity, its kinetic 
eneigy is increasing, and consecpiently its i)otential energy is dim- 
inishing. Henc e there will be a gradual fall of surface level in the 
water in the ' icinity of the notch. H'i.e stil’ water level will be 
found at some distance from the notch. ’ 

The water flowing over a rectangxUar notch under different heads 
will not present the iame similarity which would exist in a triangular 
notch in the .same circumstance...' Reference to Fig. 659 shows 
that the water may be divided into three portions, one in the middle 
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of the notch, in xsliicli the stream lines as se(*n in front elevation are 
moving |xarallel and \erliLall), together ^\ltll two sule portioits in 
which the water is mo\ing jwirtly inwards, due to the (onlraition 
produced by tlie sharj) \erti('al lalges of the not( li. 'I'he breadtli of 
the mitjdle portion e\identl) will increase if 
the quantity of water flowing dimimslus by 
reason cf a reduction in head. IleiKc the 
lack of similarity when the entire sts non of 
the stream is consideied. 

The side contiacied portions may be got 
rid of by having sides fitted on the uj)- 
stream fai e. In h'ig. 660 (n) and (/>) sii< h 
a not('h is shown dischaigmg watir uifder a 
head Hj in ((f) and iindet a smaller head 11., 
in (A). l.eU the whole section in ((z) be 
divided into N, jiortions by \eitK'al sec tions, 
and let that of (/q be dnided in the s,ime 
manner into N,_, j)orlions. 'The discharges through all the portions 
in (d) will be ecpial, as will also be the dischaiges through all the 
portions in (/'). Eurther, any one poifion in (</) will be similar 
to any one portion in (A) pio\id(‘d the following jiiopoition is 
com|.l.ed«ill.-. 


— L — 



(lolls 




Fir,. 660 —Rect.imjular j^.'iiiKe noidies having noth sidJ roiUrartions su, prLSsrd 


Let .and c/„ be the dbcharges j)er portion in (d) and (/d 
respecti\el). 'Theii^ 'oy rho/nson's princ iple of similarity, we liave 





6o6 


MACHINES AND HYDRAULICS 


'riic total discharges Q, and Qo in (a) and {/f) respectively may be 
obtained by multiplying (/^ and by N, and N2 respectively. Hence, 



It is therefore apparent that Q \aries as H- in a notch of this type, 
and is also proportional to the width L. Hence, 


(5) 

\v[iere r, is an experimental coefficient. 

Su|)pose that, in the rectangular notc'h shown in log. 659, the 
relation of I. and H is siK'h that there is no central portion showing 
parallel flow, the side contracted portions filling the whole section o? 
the stream. It is evident that this drawing would serve for a notch 
of this type, having any dimensions by merely altering the scale. 
Hence, 'I'homson’s principle of similarity may be applied at once, 
and we may write 

-(0 


k - L - 


Consider now the notch show’ii in I'ig. 659, having side contractions. 

Let L, be the width of the middle portion which 
is unaffected by the contractions, and let Lo be 
the width of each side conti acted portion. I a, 
w'ill depend upon H, and mav be written rHI, 
where a is a ,^onstant. If there be n side 
contracted portions, ' 

-L-//eHL ‘ 

'The values of .will be 2, r and o in the 

K.uiI;c\Sl'h w^tTo iKAtclics show’ii ill Figs, 659, 66 1 aiid 660 
c’oM.ractK.n s.,p.css..i. than 2 

if the notch iy divided into seveial ]x)itions <by means of vertical 
posts. ^ ^ ' 

From (5) above, « 



i''low .dirough thefiViiddle norlion 

‘ “ ' * u ^ 

- ;/rtH)H " 


•( 7 ) 
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From (6), P'low throu^Mi each side portion oc ; 
flow through // side portions 

•; f. 

H ence, 'Total fl o w ^ r, ( L - H ) H • + m\, H - 

-o)H- 

a and being constant coeflicients, ihi^ result ma) be simplified 
by using other coelflrients a and ft giving 

'Total flow = a(L 1)11-’. . (8) 

This is the Francis or Lowell formula. Fxpciiiiu'iUs show tl\al 
the value of a is 3-33, and that of /i is o-i T and 11 being in <‘eet, 
we have 

•I 

Total flow in cubic' teet [)er second 3 33(L -o w/Il)!!'. ..(9) 

Pitot tube 'The Pitot tube may be used for determining the 
velocity of flow in a stream , the jiiinciple may be understood by 
reference to Fig. 662. A, B and 
C arc similar tubes, each having a 
small hole at the end of the hori 
zontal limb. A jxjints up stieam, 

C points down stream and H /s at 
right angles to the stream. On 

account of im{)act, the head shown 

in A will be greater than in H or 
L ; a certain amount of suc'tion 
occurs in C, and B will show' the pressure" head neaily. TAperiment 
shows that, if ft and /i^ are the heads in feet shown by A, B and 
C respectively, and if c> is the velocity of the stream in feet per 

second, then ^ j.-' 

Aj - //^ ^ very nearly ( 1 ) 

Also, ^ very nearly. . .(2) 

c ,, 

In Fi'g. 662, the gauges are supposed to be inserted in a pipe, 
with the mouths r^f the tubes m the axis of the {)ij)e. If the velocity 
be calculated from (2), the resull will be the maximum velocity in the 
[)ipe ; the velocity diminishes near the boirtKTary of the pipe and the 
average velocity may be' takem 0-84 if the c'ah uUted result for the 
maximum veloc’lty.w 
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Plow through a uniform pipe. I^et A and B (Fig. 663) Ixf two 
tanks or reservoirs connected by a pipe of uniform bore through 
which the wate^ is flowing from A into B. Let the free surface 
levels at a and b be preserved at constant heights Ha and 
respectively above the datum lev^d OX, and let the difference 
in levels be feet. The diminution in energy of a 

pound of water in passing from a to h will be H foot-lb. (p. 595), 
and this quantity represents the total energy wusted per pound 
of water. 



The wasted energy is made up of three quantities : . 

(a) 'i'he kinetic energy possessed by the water flowing in the pipe 
is wasted when the water enters B by the production of surging and 
eddies. It may be noted that, as the^pipe is uniform in lx)re and is 
assumed to be filled completely throughout its length, the velocity, 
and hence the kineti<' energy of the water, will be constant while it is 
in the pipe. 

(/>) The water entering the pipe from A loses energy 'by tlr?j 
production of eddies in the pipe, especially if the '|)ipe entrance 
is sharp-edged. 

(c) Energy is wasted in overcoming fricticvial resistances to motion 
in the pipe. 

Of these sources of wajjtp, (a) and (If), are of ipiportance in a 
short pipe, but become negligible by 'comparison whth (c) in a pipe 
of great lengti'. ' 

If a number of glass* tube^ be inserted in the top of the pipe, 
it ovill be found that the water stands tin ^these tubes at levels as 
shown at q d, e and / (Fig. 663). These heiglVs above the pipe 
indicate the pressure heads of the waKjr in the pipe. A line joining 
rde/ is called the liyc^fJlo gradient The slope of the hydraulic 
gradient^ betwceiii two points/ and / say, rneasured by dividing the 
difference in level of c and/, say,// feet, by ^.he' total length of 
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the fijx; l>et\veen m ami //, say L feet, is called the virtual Blopo 
of the pipe, and is written Hence, 



■(I) 


Note that, in measurin^^ the \irtual slope, the actual length of 
the pipe, w hether straight or curved, must be taken. 

A\’e*have the following expressions for the total energy of one* 
jJbund of water at and 

Let 11 ,,, eUw.ition of m omt OX m feet. 

IL.- „ // 

P,,, ' [)ressure at w, m Ih jut s(|uare foot 

1 ‘. „ 

im height of ('olumn at w, in feet. 

■ ,, ,, ,, 

'iV Weight of one ('uhic loot of watcT. 

V-- the constant \elcKity, in leel pei sec. 

T'hcn 

p 7 /- 

Total energy [)cr lb. of w'ater at vi = }],« + 

+ (2) 

l\i 7'“ 

'fotal encigy per lb. of watcj at n - H,, -f + 

w 2 a 


-H,. +>+■"'; (3) 

• 

* . redfiction of energy between m and n 

* - // f()(;t-lb. [)er lb of watcj. . (4) 

This reduction is clc?irly owing to frictional resistances having 
to be overcome in the pijie between and fi. Hence we may w'rite, 
from (i) : * * * • 

Virtual slope of a pl^jc - head •lost 411 overcony’ng Irictional 
resistances divided by the total length of the pipe. 

In Fi^. 664 (a) and ^/>) are shown the forms of the hydraulic 
gradient ab and 'rtV/'for* ^ bell-mouthed and for a sharp-edged 
entrance respectively. The more rapid d#op near the entrance 
in both is owing to some of the pressufe Tiead being utilised in 
giving velocity to the water ei^tcrin^ ’he [)ipe, and is coi^plicated 
further in {b) 6y llie contraction and edSies set up by the sharp- 

D.M. • 2Q 
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L'dged entrance. In a very long pipe, the drop at entrance Inay 
be disregarded, and the virtual slope may be measured by dividing 



^l(. — Hydiaulu i^r.ulu*iits foi ll-moiiihrd .iml * liai p edtjed entrances 

tl^* dilTerence in fret' surface levels in the two reservoirs by the 
total length of the pipe. 

Frictional resistance in a uniform pipe. Consider a uniform 
horizontal pipe (I’lg. 665) in which water is flowing steadily with 
velocity leet per second. As both the velocity and the cle\ation 
over datum lc\el are constant, it tollows that the watei will possess 
constant kinetic eneigy and also constant potential energy ; the 


0 c c' 


p 


p-b? 

r 




L 

h 

^ 1 — ^ 1 — 

\d' 

\ 


Q — 77 7/7 7-> 7 myrrrf f rm "? rni rnn > ' n / fTn j nn 
Fi(. 665 -I'litlion.il lesislance in a uniform lioii/ontal pipe 


pressure energy alone will show variation. Let the jKirtion of water 
between cioss sections and ai flow until reaches cd^ and cd 
reaches cd'\ let / feet be the length (|f During this 

movement, the energy recjuircd to overcome Irictional resistances 
will be obtained at the expci^sc of the jiressiirc ener^ of the water, 
which accordingly will show a diminiKion. 'Ihe pressure atV</ will 
therefore be l4"ss than tha^ at ak. • 

l^ct Area of sectiem of ‘^rcam - A squaii feet. 

AVetted perimeter of pipe * ^ = B feet. * 

Weigrtt of water per cubic foot* lb. 

Pressure at per square foot = P lb. 

Pressure at*o/^i)er square foot = (P - SP) lb. 

Frictional resistar |:5 per ^uare foot 

of wetteef surface * => F lb. 
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fhcn 

Net pressure urging the water along the pipe - P (P (“^P) 

Ih. pel s(j 


Hence, 


rn(»l. 


Resultant pressure acting on aluit fSt’. A 11). 

W'ork (lone through a length / l« ct <)P . A/ loot 11). ( i ) 

Agftin, 


'Total hictional icsistaiaa' on alnii - h' x wetted siurace 

l-'P/ll). 

W’ork done against this lesistaiae - I' P/’ loot 11). ..Ji) 


K()uating ( i ) and ( 2 ), we ha\(' 

<d‘.A/ hP/' 


In this e([uation, the whole weight ol water in the portion aluh has 
l)een iiuludcd. 'I'o leduce it to tlu loini loi one jiound ol water, 
dnide each side by the weight ol water in ahdi. 'I'hus, 

W\.‘ighi oK//v/< -- A/re 11). 


Hiau'e, lioin (j), 


oV.A/ FB/‘ 
A/:e ".\/7e’ 


-ip Mb 

re Are 


foot 11 ) ( 4 ) 


(SP 

Now is tlie piessuie t'liergy lost by one pound of water in 
re • 

flowang ttirougli distance / feet along the [)ipe. 'I'he pn'ssure head 
leePlost will tiuaefoie be 



re 


10 b 

Are 


feet. 


.,( 5 ) 


It will be noted that*thi.s,(iuantity i^ simply proportional to the 
length /. If the pi{)e ha^ a total Unglh J. feet, thc^ total’ pressure 
head lo.st ivill be given by • 




fPL 

Are 


feet. 


•( 6 ). 


The hydraulic moan depth of a pipe or channel is defined as the 
result of dividing the cj-oss-sectional area (ff t|ie stream by the wetted 
perimeter. The idea i.s^ obtained !)> sub.stituticm of a stream of 
rectangular sectiorf for the actual stream. The breadth being B and* 
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lilt* clej)l!i l>cing made ecjual to llie hydraulic mean dcptli the 
cross-seclioual ari'u will remain unaltered, and we have 
A = Hw, 


Substitution of this in (6) gives 


h - feel. 
mw 


'I'he case of a sloping pipe may lie examined by reference to 
Kig, 666. 'I'he pipe is still of imiloim < ross sec'tion, and the water 






* ^ 


1' K* 6(>6.— Km (ii>n.il resistance in a sloping uniform pipe 

will therefore possess unifi'rm velot ity and also uniform kinetic 
energy, provided the bore ot the pipe is filled completely cveiywheie 
with water, Henct*, 

'I'otal energy at n/' -f- ft. -lb per lb. of water. 

Total energy at -f J ft. -lb. per lb. ^f water. 

ICnergy expended in overcoming frictional resi.stances 






-- // feet, 


an equation having the .ame form as (8) above for a horizontal pipe. 
The result may be w ritten in terms of the virtual slope, giving 

• (’°) 

L m^v 
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l^ractical forimilae for the calrulation of the flow through pipes 
may be devised by making \arious assumptions regarding K. 

Chezy formula. In this well known formula it is assumed that‘ 
1 ' is proportional to the s(|uare of the \elo<'ily. ifeiKt*, for a given 
liipiid siK'lt as water, for whieh re is ('onstant, we may write, from 
equation (to), 

i » 

m 

or /-/•', (11) 

m 

where k is a eoefficient. Let X'--= 'I'heii 


V- -- e-////, 

V isjmt. . . (12) 

This is the (Te/y formula. In using it, r' will be in feet per 
second if m is in feet. I'hc value of c v.iries ( onsider.d)ly, increasing 
with the diameter of the pil)e, and diminishing il the pijie surfac e 
becomes roughened l)y incrustation. 

Exampi.K. Find the vcloc of t 1 ow in an old cast-iron pipe, 24 inches 
bore and 10,000 feet long, (onncctmg two icstyvoirs in which the free 
surf.ice levels differ by 120 feet. 'Like r- too, 

* i 120 

f/i ; / - ; 

4 2 10, (XX) 

7' f/ll 

\ 2 K ^),000 

, 774 feet jkv ^econd. 

The pressure head lost'in overcoming frictional resistances may be 
expressec^ conveniently in terms of the kifietic energy of the water, 
'baking* e([uation (ii) an^ multiplying both numerator and, de- 
nominator by 2<,> t»’e ^jbtiwn 


L" 


m 

t,* 

7'- I 

2 A^ 


.(- 3 i 
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in whic h the coefficient / is written instead of To obtain the 

relation of / with the coefficient c in equation (12), we may proceed 
a.s follows ; 

v-^ is! mi ; 


h 7/’ 

\.'\hn 



I 'm 


I'/iualin^^ this result to the n^ht-hand side of (13) gi\es 
7-’1._/L7/-^ 
rm m . 2;' ’ 

I f 

- 2/ 



An (‘filiation suit.ihlc lor a round |)i|)e running full l)ore may be 
obtained from ( 1 3). 'I'lius, 

,, , , , , ,ir(‘a of sef'tion 

1 D’driiulie iiie<in depth m - , 

‘ wetted perimeter 

Tid- d 

-rT^d- , 

\ 4 


where r/ is the diameter of the pipe, lleiu'e, from (13), 



m 


4/1. 7/- 
d 2/ 


■(<5) 


In using ecjualions (13) and (15) //, L, m and d should be in feet, 
7' in feet per se('ond, and 3’" may be taken as 32-2. In choosing values 
of c and /it is safer to assume that the {)ipe is encrusted, or will be 
very soon after it is put into serxic'e. + 

Darcy formula. 4 'he j\[)eriment.s of Darcy show that the value 
of/m equation (15) ('an be expfes.sed in the form 

. /-'('+«) 


In this f(;rmul.i d is ilu^' diameter of the pine in feet, and a and d 
are coeffi 'ients. Tor dean j ipcs, o may be taken as 0*005 and 
as 12 ; for old jiijies, the \alui's are o*oi and 12 lespectively. 
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015 

Ifiserting these values in (i6), ue have 

For clean j)i|)es, J - o 005(^1 + ^ .(17) ^ 

For old i)ipes, /-ooi + .. .. (iS) ’ 

Values of /caK ulated thus ni.i\ he used m i‘(ju.ition (15). As has 
been Stated already, it is bettor to eniplo} the saliie ofy tor old of 
encrusted pipes, and inserting this in (15) gues 

+ 


ExaMJ’I I A pipe iH indies in diainctei and 4 miles hnij^ 
two reservoirs, in whuli the ditTcien<e in levi'l is jo) feet, 
veloeity of flow and the (ju.intily dis< haiged per houi. 

Inserting the '^uen cjU.intitH's in ( 10', 'U' have 


• / 1 \4 X 4 X (52 

200 001 I f - - - -- 

V I J X I 5/ 15 

/ I 19 n>x 528o\ 

* \ 100 18 I 5 X 64 4 / ‘ 


80 


644 


9 -3 ‘d 


7' 4 65 feet per sc* ond. 


Cross set tion.d aie.i of stieain 


t:({- 22 


5x1-5 


. I 77 s(|u«ue feet. 

\"olunie tlouing |)ei houi -177x465x 3600 
* - 29,600 cubic t6et 

- 185,000 gallons 


( onnccts 
Find the 


Flow through a pipe having two different diameters. In 
'Fig. 667 ((/) aic shown two ^)ipes of different diameters joined in 




t'lG 667 — Flow throuRh a pipe liavinj; Iwo <,Vffcrcnt <liameteri. 


series. The length T. pf a pi{)e of uni[()rn^ diameter d (Fig. 667 (/;) ), 
w’hich would discharge t)ie same (piantity per sedaid, maji be found 
in the following nmnner. 
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The virtual slo])e of the separate |)arts of (a) \vill be given by 


'■-iv 

. . ;,Lj, 


/o 

//, 






total loss of head in (a) -=// = //j -f-Z/o 

+/J. 

From ( 1 3) above, L 

///, 


• (-’o) 


^0 


and a ('orresponding e\•pr(^sslon for //.. Assuming that / has the 
same value lor l)ulh jiortions ol the i)ipe in Fig. 667 {a}, 

h -- //, + // , 


^ I V ^ 2.^ 


(22) 


Assiimin}; that the uiiilorin pipe in Frj;. 667 (A) will have the same 
total loss of head and the same \alue of /, then 

4/1- 7'- 


d'otal loss of hc'ad in [f>) - ‘ 


E([ualing (22) and (2 5) gives 

L7 


2C 


4F1 7V 4 b, V. 
d, 2^-^ d, ‘ 2 .^ 


= ‘'I 
d d. 






.(24) 


I^t Q be the (luantily flowing per second in both (f/) and {/>). Then' 


Q = 


Trdd 


T4/,- 




7 rd- ^ 

4 


d^-' 


" d, 


and 


U 

-ZKd, 

Inserting these values mi (24) gi\es 

Ltf- L./d^-^ T,/f/V 


■•(25) 




n(L.AA 
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\{ the value chosen for d he the siime as //, , we may write 


ExamI'I.K Two pipes .ue arranged in senes, the trrst being i foot 
in diameter and looo feet long and the se< ond j)ipe being iiuhes in 
diameter and 500 feet long. Find the length of an ci|iiivalent pipe of 
di.»mei\;r 12 inehcs. 

From (27), 1000 + 500 

1000 + 2107 3107 feet. 

Impact of inelastic bodies When two melasiir' bodies collide, 
deformation will otciir during the impart, and, as there will he po 
effort whatever to rec'over the original shapes, the bodies will r.io\e 
on together after the impact as one liody. 

In Fig. 6b(S (u) a body h.iving a mass ///, and a velocity 7 ', is 
travelling in the same straight line as another body having a mas.s 
;//„ and a \/'h>c]iy 
After w, has overtaken ^ 

m, anti impact is lom- / — s — 

plete, the bodies will — ► — — > 

move as shown at (/>) and ’ — * ' ^ 

will possess a common ^h) 

vekx'ily 7S During im- ^ , .f nu-Uiu i>u,i.,-. 

pact. It is evident that 

ct|iial forces have acted forwards on m> and bekwards on w,, and 
these forces hiivii acted during tlie same interval ol lime; henre the 
total change of momentum during impact will be /eio (p. 41 1 ), or we 
may say that the total momentum before ctdlision is etpial to the total 
momentum alter collision. I Finer', 

" w 1 7’, + m /y. ( w , + m., ) 7 \ 

^^^w, 7 'i + ;;//^ 

'/, + w. 

Energy will be wasted duririj^ the coin. /ion, and the amount of thi.s 
may be calculated as follr)ws : 

r • , ' 77/, 7' A tn ,v.r ' i V 

before impact, total energy ‘ 4-—^-/'- (3^ 


After impar;t, O'tal energy 


(w, + 

2 C 

(///, + />/,) / 7 //, 7 ;, + ;///', 
Vs \ 7 //, + ;;/^, 

(///, 7 ', + ;//, 7 ',;- 


( 4 ) 
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Subtracting (4) from (3) gives 
E„crKy wasted ^ 

WjW.^(2;,“-f 7'.y’ - 27\v.^ 

+ W ,) 

= - . ' ' - (?', - v.y 

2c(///, + w ,) 

Now (r'j ~ 7'^) is the relative velocity of the twtj bodies. 


(5) 

Hence, ' 


I^nergy wasted - ^ ^ J'chitive velocity. 

h'or example, a jet of water fills into a pool of water (Fig. 669) 
with velocity relative to the earth or pool of v ft‘ct per second. 



('(insider a mass w, pounds of water in the jet, this will be very 
small as (ompared with the mass ///^ of the water in the pool, liacked 
as It IS by the mass of tin* eaith. Ii/lhis (\ise, 

1 - , m.m., „ 

Lnergv wasted -- ' - , v- 

2v(w,+w.) 



2do4-.')' 
ft. lb. 


That is, tlw energy ^ asted is simply the kinetic energy 01 me 
water in the jet. 

Waste of energy at a sudden enlargement in a pipe. I'hls case is 
illustrated in Fig. 670. Water fi, owing fi,om tne small into the larger 
j)i[)e has its velocity diminished from 7', to v., and mingles with the 
water already in the lafger jiipc'. ICddies will be .set U]) in the 
water a; indicateVl in the ilhistraii'm, and there will be a waste of 
energy produced in a somewhat similar manner- to the case of one 
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body overtaking another whirh has been discussed above. 'I'he 
relative velocity uill be (r, - f\), and the waste of energy will be 
given by ^ 

Iz' — 7 ',)" 

Energy wasted = - ft. -lb. per jxjund of water. 


c 



(i 

Kk. 670 — a sihMpm cnl.ir>;« inrnt in .< pi|>r 


St. \'eniint cakulates the wasted energy by adding to the above 

result ^ 

9 2.C 

Waste of energy at a sudden contraction in a pipe. Referring to 
Fig. 671, the ' -vier flows in the )«uger pipe with vt'locity and will 
contract as shown at 0/ on entenng the snialk'r pi))e. 'I'he velocity 
7' at al will be greater than ; heixe, up to this section, the water 
has not overtaken any water moving in front of it, and therefore 


a 



b 


Fiw (yyt -Siuklcn ^.ornr.ictloii in a pi|>e. 

there has been no impact and consc()uently no w;ustc of energy from 
this cause between a/f and ai. Between al and the velocity of 
the water is diminishing again, ajid ii will therefore be between these 
sections that waste of energy will occur. Hence, ,, 

Energy wasted = ft lb.' per [lound of water. 

If a value for the roetricient of contraction be assumed, it becomes 
jiossible to calculate v. 'I’lius, let the .sertioni/i* areas of the stream 
at i-d and c/be A and A, sipiare feet respectively, and let Cc be the 
coefficient of contraction. Then 
A 
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'I'he ciiiJintilics of water flowing through cd and ef per second 
will be equal. Hence, 

i; A, A. r . 

V., A ffAj 0;’ 




V., 

Cc 


energy wasted = 



”(7 0 P<^'^ii^d of water. 

'I'he ('oefficient is not nell known ; the waste of energy at the pipe 
entraiK'e from a reservoir or tank, if shar[)-edged, may bo taken as 

Waste of energy -- 0-5 ft. - 11 ). per |)oiind of water, 

^ “.C 

where i> is the vehx'ity in the pi[)e in feet per second. 

Energy is Nsasted also in i)ipe linens at bends and elbows. 'I'his is 
a subjeet for experimental investigation, see pp. 671 and 672, and 
there is not much delinile infoimation a\ailable. 'The energy thus 
wasted is small eom[)arecl with the fru tional waste m a long {)i[)e line. 

Resistance of ships. 'I'he piinc'^pal causes of lesistanc e to the 
[)as^age of a shi[) Ixirough water aie {a) the fnetion of the wetted 
surface, (/») the formation of waves owing to the ves'^el pushing the 
water laterally near the bow, and the return of the watei near 4 he 
stern to fll the space left by the vessel, (<) t* e formation of 
eddies, owing principally to swirls set up m the water closing in’ at 
the stern. , 

'I'he first of these, vi/. skin friction, may be taken as proportional 
to the area of the wetted surface ai]d to the .sqiiii’'e of the speed. 
Wave formation resistances may be taken to be proportional to the 
sixth povve- of the speed. ■’Ivddy resistances are proportional to 
the area of the wetted skin and to the scpiare of the s[)e'"d. 

• 'I'he relation of the resistances ofva ship and of those of a scale 
model of the ship may be deduced frc/iiv these 'laws. Ia.*t the .scales 
be such that any liiitar dimension of the ship is I) limes the corre- 
sponding dimension oRhe model. 'Ehen if A„and A,^ are the wetted 
surfao?s of the shi[) and moael respectively, we have 
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(t2l 

'I'he* frictional resistances will be gi\cn b) 

where f is a coctlicient which may l)e assumed to have the same 
value for both ship and model, and \\ and arc the s])ccds of the 


ship and* model respectively. 

^\’e ma\ write 

1'. 

-e (y.\- 

Vn, ' 

Xn ■ VV,J ^ 

or, fiom ( 1 ), 


'The relation of the wave-formini^ resist. inces may be written 

\\,/ 

C':)" 

'I'hc relation of the edd) forming resistances will be 

1% 

A. /v,y 

■ 

a.Av,J 

- 

«' 

/ V,. ^ 

Now, supposing 

\ » UlJ 

2 

|, or \d-^V,„vI), the results (2), 

and (4) may be written 


V\ 

:|)-M)-|)» (5) 


■■ 

K 

i.' 

l)-.'l) IF (7) 


That is, the relation of (‘acb of the three kinds of resi.sta/ice is 
proportional to IF; hence tlieir sum, v^hich j!,U’cs the tolul resistance, 
wall also be ;()roportional to I)l 'J'hejaw has been expressed by 
Mr. Frouoc as follows, and i‘- known by his name: If the ship be 
D times the linear ^dimensions of the model, and il at the speeds 
Vj, V2, V3, etc., the measured resistances of thcenodel are Rj, R2, Rg, 
etc., then for speeds V^v/l), V2 n/I), Vg %/!),“ ejc., of the ship, the 
resistances will be IFRj, IFR.,, IFJig, etc. The speeds of the*model 
and or the ship so related are called correaponding speeds. 
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EXERCISES ON CHAn’EK XXIIL 

1 . A straig* t horizontal pipe 6 inrhes in ciiametei gradually l>ecomes 
2 inrhes in diameter, and then div'erges again to 6 indies diameter. 
Water is flowing steadily through it with a velocity of 4 feet per second 
m the larger portions. Find the velocity in the throat of the pipe, and 
hence cah ul.itc the differcm e in pressures at the largest and smallest 
sections of the pipe, neglecting friction. 

2 . In a pipe having the same dmumsions as that m Question 1, fhe 
(liffeietKC m head is observed to be 4 feet of water at a certain velocity 
of flow. Cahulate the flow of watm in cubic feet per second, neglecting 
friction. 

3 . Watci isdisrhaiged thioiigh a < ire niai sharp-edged orifice l inch 
in diameter in the vertical side of a tank Ihe water-le\cl m the tank is 
j feet above the level of the centre of lh<‘orilice ('.dc ulate the discharge 
in cubic feet per second and also in gallons per hour. 

4 . Answer Question 3 if a trumpet mouthpiece is fitted going a jet 

1 inc h m diametei. l ake the (.oefflcient of veloc ity to be o(> 5 . 

• 

5 . A ciKuIai sli. up-edged orifice is situated m a tank bottom and 
discharges a let veitically downwards lire uatei It*' in the tank is 

2 feet above the plane of the otific c‘ ('.ihulate the \elocuy at a section 
of the jet 6 im lies below the plane of the 01 die c*, lU'glecting friction. 

6. A reseiNoii cont.uns an at ,i piessuie of 1^7 lb. jiei square inch 
absolute, .md one pound weight of it may be t.ikcm to oc cup>' a \olume of 
13 cubic fc'el. I he an is being disc haigcal thiough a shaiji-edged 01 dice 
2 inches in diameter into the atmospheie, the piessuie of which is 147 lb. 
Jier scjuaic me h. ( ah ulate the flow ui c ubic feel per second 

7 . A jet of water is dischaiged fiom a tiimipet or due* 3 inches in 
diametei under a head of 200 feet. (Adcul.ite theieaction of the jet in lb, 
neglecting any leduc turn in \elo( iiy owing to fiu tiog 

8. 'faking the* c oefllc nmt of vcIcm dy to be o-c/i, calc ul.ate the flow* in 
cubic feel j. ^r second thiough a Boida mouthpiece 2 ii.ches in diameter 
under a head' of to feel. 

9 . Water is flowing <)\ei a triangular gauge notch of 90" under a 
head of 10 inches. Calculate the flow m g.allons per hcjur. 

10 . A lectangular gauge nc^tc h has a width of 2 feet, and water is 
flowing tlirough it unclei a h^*ad of 6 inches. C.ilculalc the flow in cubic 
feet per second, (u) for tw'o side contractiqps, {/>) for one side contraction, 
(c) for no sidj contractio.iS. 

11 . Calculate the virtual slope of a pipe 2-5 miles long ojnnecting two 
reservoirs, in which the diflcrcncc in levels is 35 feet. 

12 . A circular pipe 4 feet in diametep is running half full of water. 
Find the hydraulic me m depth. 

13 . Use the Chezy'fo.rnula to calculate the velocity of flow for a pipe 
30 inches diameter and ro mhes long connecting two reservoirs, for which 
the fall in level is 150 feet. Take'ic^ 105: Calculat'' alko the quantity 
flowing per day of 24 hours. 
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14 . Suppose in Question 1 } that a sliiue \al\c in the pipe < lose to the 
lower reset voir is closed paitially and that it is found that watei uses in 

a tul>e connected to the pipe side of the val\e to a le\el 40 feet lielow the , 
water level in tlic upper reservoir. Calculate the \el(H|ty of tlou, using 
C“IOO. 1 

15 . Use the Darcy foiimila to (.ihulate the velocity of ilow and the 
discharge in cubic feet pei second in a pipe 24 inches in diameter and 
having a viitual slope of 001 (ove the answers both foi a new pipe and 
for an ftld one, 

’ 16 . A pipe t8 UK lies in diainetei and 2 miles long is (oimecled to a 
second pipe 15 inches in diametei and o 5 mile long I'lnd the length of 
an ef|uiv’alent pipe of diameter 18 inches. 

17 . A pipe IS ( ularged suddenly fiom 4 im lies to 6 inches diametei. 

'I he velocity of How m the smallei poition is 4 feet pei sci ond Calculate 
the energy wasted pei pound of wat»-i 

18 . .Suppose 111 (,)uesiion i7th.it th(‘ duel tion of How isieveised and 
tli.ii the veloi it\ m the smalhu pia tion ot the pipe is still 4 lei t pei sec i^tnd 
C.ilculate the (uicigy wasted pel pound of water, .issummg that tlw 
coefficient I'll < ontiai lion is o 7 

19 . Dcsi iibe, with a sketi h, tlx' \’entuii water metei, and state the 

principle of its ai tion (BE ) 

20 . A pav.Cle of watei is .it .1 pl.n e A, uheie tlic piessuic' is o, its 

height above d.iium is 50 feet, its velo< ilv is 5 feet pei se<()nd,.ind it finds 
its way without frn turn to a pi. ice B, whne tlie jnessuie is o and height 
above datum 30 feet What is its velocity .it B '' (B.K.) 

21 . A paiticlo of ail Hows without fiiction Its piessni i‘ / ( in lb per 

squaie foot) .ind its speed 7' (in feel pei second) m.i) both .illei', but the 
sum 7/-' y, 

2g 7i> 

remains fonstant. If 7ic is the avei.ige weight of a c ulm foot of an, is 
ji-2. At a pi. ice A, / is 11 almosphc les .ind ?' is o , a p.iitn Ic* finds its 
way fiom A to B At B the piessuie is 1 .itniospheic* , what is thc' speed 
at B Take 7 U .is 0075 11 ) pei c ubic foot (B F. ) 

22 . A fan drive's air veiticaily'downw.irds thiough a ho.i/ont.d ciiiular 

openiryg 8 feet m diametei ,ind so exerts a lifting forc e of 200 lb. What 
IS the average dovvnw.iof velocity of the an in the ojienmg? '1 he 
weight of I cubic fool of the an is 008 lb (B E.) 

23 . A pipe, 1'.^ inches in diameter, is enlarged gi.idually to 3 inches m 

diameter; the pipe has .1 falhpg gradiei.c of r m 15. At the point 
where the diameter begins to enlarge, the velocity of How is 4 feet j>er 
second and the piessure is 30 lb. per scAiarc irlv^h. I' lnd lia* velocity and 
pressure in the 3 inch portion of the pipe ai a point distant 45 feci, 
measured along ihc hoii/ontal from the point where the enlargement 
began. Neglect all friclioi.al losses. (B.K ) 

24 . A Venturi meter rs fitted on *0 a 50-incli diameter main. The 

diameter of the throat of the meter is 20 inches. It is found that at a 
certain instant- the pressure in the mam at thc point of entry to tlie meter 
is equal to a head of 1 10 feet of water, and m tlie throat of the meter it is 
equal to a head of 97 feet of wato How m^ny gallons of water is this 
^o-irtth mam deliverlhg per hour under these conditions? (B.E.) 
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26 . ^l()lul^*’s law of < orrc^po^ull^J; s|K‘C(is, \vlu( h is used in IikkIcI 

experiinenls upon ships, applies also toflyin;^ machines, A icrtain fixing 
machine is to be constructed, weighing 2 tons and travelling at too 
miles per hour. 'I'he nuxlel is hill si/e I ind its weight and corre- 
sponding speed (See p. 621 for Froiulc’s law,) (11 K.) 

28 . In the }if)ii/ontal fi(K>r of a tank, m whuh the water is 3 feet deep 
and in whuli the water-surf.u e is 15 siju.iie feet in area, a sharp-edged 
.(inular online 2 inches in diaim tM is opined. In what time will the 

water-level in the tank sink t uk h, if theie be no supph’ of watei to the 
tank^ In answering make no .ittcmpt at loireition lor tlie time spent 
in staitmg the flow, th.il is, upon initial aiieleration of the mass of the 
fust parts of the llow'. (ICE) 

27 . Water tlows down a slo|)mg pipe 'luilnmg full; from a [loint wheie 
the veloiit)' is ;<; feet per se« ond and the ptessuie 15 lb pet sijuare mill 
.ibsolule to a point kk) feet lowei, wheie th<“ |)ip<- duinutei is thtee times 
a') gieat. Cah ulate the pH ssuh* at this point, m-ghs ting losses (l.C E ) 

2 ^. A stiaight jiipe of ( ik ulai se< tion is 41x3 lei t long .and 4 im lies 
intern. il diametet Its down gi.idK-nt is i in 2(X) It dis<h.iig('s full boic 
into the atmos])hete .it the level of the lower end of the jnpe, .uul di.iws 
b)' a bell mouth fiom .1 lesmvoii with 12 lei't head ol w.itei o\ei the 
mouth of the pipe. 1 he gt.idient of the liKtion.il loss of lusul in the jiipe 
is 0(XX>I 2 tiiiK's the sipi.ue of the veloc ity div ided b\ th(* ’^pan hvdi.iulic 
depth, the units Ixmig feet and se( onds find the linear velocity 
thiough the pipe .uul the dis( h.iige in g.illoiis pm houi (I.C.E.) 

29 . A ]M|)c of i iiculai se( tion of 30 iiu h di.unetei h.is a fall of 16 feet 

m a sii. light lun of 2O0<^ feet In thef(>rmul.i for loss of he.id 111 feet per 
fool 1 un / /:'■ ifi , its < oefticient is o cxxkk;, the units being feel and se< onds. 

Wh.U vohiiiieliu (low m vulm l(‘et pel se( ond must tlieie be thiough 
this pipe to mamt.im thioughout its le* gth tlu' level of the water .it the 
I'entieofihe uk ul.ir seitioii'' (1 C E ) 

30 . .St.ite the n.ituie of the losses that o((Ui when .1 slie.im of watei in 
a jiipe running lull eiuounteis, o/) a sudden enl.ugv'"ient, (/*) .1 sudden 
conti.K tion ol die ( h.innel .ue.i ,\ suiI.kc < ondensu (ontains 530 tubes 

9 ft 3 m long .111(1 0C5 null intein.il di.imetei, thiough vvl'uh 450 gallons 

of w.iter aic pumped pei minute J l.e vv.itcr flows thiough h.ilf the 
mimbei of tubes ,iiul then hat k .ig.im lliiougli the othci half. C..lculate 
the tot.il loss of head m the coiideiisei, assuiMing that the coefficient of 
contiaction at eiiti.ince to tlie lubes is 059 and /- oooy. W'hat hoisc- 
power IS letjuiicd to foice the vv.,tei thiough the (ondensei ? (I. U ) 

31 . Two leseivoiis aie cofuiet ted bv a straight |)ipe i mile long. F('>r 

the liist'li.alf of its length the iiipe is 6 mcl'cs di.mietcr ; its di.ameter is 
then suddenly i educed t(i 3 iiu lies d’he sui f.ue of tlie water in the 
upjici leservoii is too feet above that in the lower. Tabul.atc the losses 
of he.id which occui, inclndmg th.it .it a shaip-edgcd entry, and determine 
the flow in g.dlon • per mimile. (.\ssume/-(j; oi). (L U ) 

32 . A Ventun meter is placed ii a lioiizonlal 6 inch pipe, the diameter 
of the thio.at being 2 igt hes If the difTerciue of head is equivalent to 

10 Indies of mercuiy, ^find the flow in galkuis per minute, and the 

velocitie,'). Assurje the cocfilc'icnt of the meter to be t oo (LU.) 
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( KN I !<Ii r(..\L PI 'mI'S 

Pressure caused by a jet impinging on a fixed plate. A jet of 

\\ai( 1 (»ii a fixed |)l.iic or xaiic uill airuc at tin- plate with 

a ( ertaiii \ Jo( it\, and will lea\<' (he pl.ite wiiij a \( loi itv < hanged in 
diiei tion .tnd also udmed in magnitude, owing to Iik lion and 
eddies. I )ist<‘g,irding the lattci, we ma\ < x.imine the exanijiles 
sliown in ig (ijj. d'he possun m (a(h i ase may he found hy fir'll 
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f’siimating the ( hange m \i lo( it\, and iu lu e the c hange ot momentum 
pel second I'hi' jel s(M'lion«(s assumed to he A s(juffre feet, and 
is the*\'elo( it\ ot th?‘ jet in fee t per second. 

(rr) 'I'he jet impingt s on a pl?it(* fixed at cjo*^ to the axis of the jet. 
d’he water spr xids and haxes the jil.fte tangentially in all directions. 
Jlenee the wfioK; ol 7'j luTs hem'll eli/mnafed. 

Mass ot watc'r reaelling jilate pa s<-'^>nd Aryg pounds. 

( 'hange of momc ntum j^ca s( < ond - Aycf’p 

iv 1 A7f7',- ,, 

1 lessure on plate - • ‘ lb. 

(b) d'he p^ite is fixed at an angje f^'to the,a\is of the jet. As in 
(cz), the water will sjiread and lea\^',lhe jjate tangentially in all 
directions, d'he chahge^in veloc ity will he the, eomponwH of 7;^ 
peryendiciilar tt> ^l^e plate, sin 0. 

n.M. • 2 K 
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Mass (jf wattT reaching plate per second - Av^ 7 t> |)ounds. » 
('iiange of momentum j>er second A 7 f^ 7 tn>^ sin 6 

- A 7 t> 7 \- sin 

.. , sin 61 ,, 

rressure on plate - lb. 


(c) The j(‘t impinges on a hemisj)heri< a! dip fixed so as op|K).se 
^he j<‘t axially. 'The leaving water will be dire* ted haekuards ..ith a 
velocity eijiial to 7^,. Hence the total change in velocity will be 27 ', .• 
M.iss of water rea<'hmg plat<‘ [)er second Af'p/' |)oiinds. 
Change of moimaitum [)er seiond 2.\7//7',-. 

, 2,\7e7v' ,, 

rressure on plate ' lb. 


((/} A similar dip to that in ( ase C), but the tangent at the cup 
exit makes an angle 0 with the jet. I’he total < hange in velocity 
will be ( 7 ', -f 7 ’| ('OS 

Mass of water rear'hmg pl.ile per second .\ 7 ', 7 C pounds. 

Change of momentum pei sia'ond A7',7c('7', +7'| ('os 0 ) 

- A 7 f' 7 ',-( I + cos 0 ), 

Pressure on pl.ile - ^ ' ( r + cos 0 ). 


In eai'h of the alKive cases there has bein impact, which may l>e 
eliminated by the device of so shaping the vane as to allow of the jet 
sliding on to it, ; c. the jet enters the vane tangentially. Fig. 673 



Fk'.. 673.— Pressures of ^cts or> pl.itcs ; ijnjvrct elmunaled. 


(c), (/) and (.v) are examjiles. 'I'he iii'essures in the cases of (<-) and 
(/) will be gi en by the .same 'expression as that found in case (/), 
vi/. . . 

I ressure on plate - lb. 

'** V 

Here the water enters a curved vane with a velocity and 
leaves it with an eipual 'velocity {neglecting friction). • The change 
in velocity is found frocij the cKagram OAB, in which OA represents 7', 
and OH repre.sent'' i\. .\H will giv^ the change in velocity Let 

' B be the angle between the entering .ard leaving jet'^ Then the angle 



PHKSSrHK CAl’SPD BY TF.TS 


•-'7 


AC#B will lx.* (i8o* 0)^ and as tlie inanul<- AOB is isosceles, each t)f* 

iht* angles OAli and OBA will he e(|ual lo ileiuv, 
fV Ali sln(i8o~f^) sin 
?'j C)A sin sin • 

2 sin ! ( os U) 
sin \0 


2 COS \ 0 ; 


?V - 27 ', < os VA 

Mass of water reaching the \ane jit-r skoikI - Ar',?/' j)oiinds. 

('hange ol monientmn per sec <>nd A7',rr' x 27 yos },0 

cos \0 

2 j\ 7 t 1 ' ' 

Pressure on \.ine " ' cos \(K 

A 

'Phis pressuie a< ts in tlu* sanu' hm' as 7 \ . 

Pressure of jets on moving vanes In hg 67; is shown a vane 
Aii leaking 90“ with tiu' axis ol a jet <»l water Iiaving a vilocity 7', 
feet per second and a sectional ana ol A 
square fee* 'I’he vane is lra\< lling in the 
si\nie direc'tion as the jet and has a velocity 

feet {H,‘r sec ond. 

It is evident that the spreading water in 
contac't with the phite still (Kjssesst's a forward 
velocity r-, equal to that of tlie [ilate , lu-nc c* 
the change in velocity in ^he dirc'Clion ol 
motion of tlie jilate will lx* (7', - v,} leet per ^second l-'iiilhtr, owing 
to the plate nu'^ing away from the* jet. the length of jet airiving at 
^tlie plnte pe r scaond will he (?', - 7 ',). Hence, 

Mass of Winter reac lung ihc^vane per second 
* ( hangt of momentum per se cond 




[3 

ri<..iV74 PrfKiiirc of j jet 
uii a niuv ih>' 


Pressure cui vane 


' A{7'^# jiounds. 

A (7-, - 7’J7V(^f^ - 7g) 
Arc (7', - 7'.,)“. 

A" 

"Phis case as staled above ^las ne) practie'al value, hut hejconus of 
imjiortanee* if we^jave a succession c)( vanes 
brought por[)endicularly into the jet one 
afll-r another, such as pnight he realised 
•I)y having a number of vanes mounted ( 
on the circumference! of a rotating wheel 
(Fig. 675), ^ Jn oiu^ second a length of jet 
•ecjual #0 7', fect.will tctkU the wtieel now. 

Fk;. 675 .— a sutcevsipn 1 1 ^ * 

• moving platct. ^ HcnfC, 




628 


MACHINKS AND HVDRArLICS 


' Mass reaching wheel (K^r second j)ounds. o 

, (’hange of momentum ^ -v). 

Aiv 

.i’ressiint on vanes ^ 1*-^- • (?', - v.^)t\ lb (2) 

ii ^ 

Work will be done on the wheel l)y P to the amount of Vv., foot-lb. 
per second, or 

Aiv * 

^^’(Jrk done per second ^ (7^, -v.^t\v, ft. -lb (3) , 

'Fhe efficiency of the arrangement may be found by e\aluating the 
energy availalile in the jet. .Since A7'j7r pounds of water reach the 
wheel jHT second with a velocity 

Kinetic energy available per second ‘ 


Hence, 


k^ffu ien ( ) ■- 


\W7 

work done 
energy supplied 


' (t-lh. 


•(4) 


AW, 

.s 


Aw , 

- „ ^1 

2(7',-r,.)7^ 

zV' 


(5) 


With a constant supply of watei, the work done mas be varied by 
. varying the velocity zs ol the \anes. ' • 

•‘’^‘oond will be {greatest wiicn* 
(7\ -7'„)7'|7', atilhns its maximum \alue.'’ Assuming a steady velocity, 
of supply, 7 'i will be constant, and maximum work will occur when 
{i\ -v,^Vo has its maximum value. 'IM obtain this \alue, differentiate 

(7/, - and e(iuate the resuirto zero, giving 
f. c • , 

7', -- 2V., ^ O, 

or > n 7V-o7'i ••■•(6) 

'I'he efficienc) under tliese c^mditions may be obtainedtby substi- 
tution in (5), gi\ ing 

Maximum efficiency ^ 

K, ■> ■ 

^ ‘ ^ ' - 5 - 50 per cent. (7) 

In cortiiection w’th hydraulic machines, t^he term hydraulic efficiency 
is em[)loyed often, and may be defined thus: H = the eru^rgy 



PONT EL ET WHEEL 



Poncelet wheel blade. An ctfn irncy nnich Ivtu r than thai 
|j()‘'Sil)!y \Mih a Hat \aiu‘ (an hy 1 )> using \iincs suilahly ^ 

(’ur\y(l 'l'liu'>, in I'lg. <);6, A E 
is OIK' of a nimil)(T o( \an( s 
al(a( h»'(l to (h(‘ < iri iirnlcrciK c ol 
a II, g wheel and lei emng 

• a jet of water at A. 'I he \el<M ity 
ol the jet being V, .ind th.it o( 
the \ane at A being the 
rel.itne vehx ity ina) Ik obtained 
from the p.irallelogr.im ADI.C, 
in w!)i(h PA represents \', 
and ('A rejiresents '1 lie 
diagonal Is A then gues ^le 
relaliNc veloeily 7 \. It the tan- 
gent to the vane at A coineides 
inlh IsA, the ws^er will slide on 

, • , Fu,. 676 —Blade of font el( t v^.ilcr wlitcl. 

•to the \ane without impaet, .ind 

lienee there will be no w.isted energy owing to .shoeJffa waste whieh 
must^ieeur with tht^ vane shown in h'lg. 675. 

'i'he water travels ruiTnd the €urve ot tin; vane, preserving unaltered 
its relative veliKity v, At the p«>«it of exit, ii, therefore it will 
pos.scss velot'ities' repreftaited by l}P•^vand li(i Vo, the latter 
being the velodty of tlw vane at^ 11 relative to the eafth. 'J'lie 
absolute velocity of th<; leaving water ina^’ he foiinrf by completing 
the [xarallelogriuii IKJIIK, giving ev. -•HH. 

Since the wator enh.rs with the velocity Vi and leaves with a 
velocity 7^0, the «hange ^f velocity may be found by making (,'K • 
equal and parallel to HH, wht^i ;tK=^e,will he the change in 
velocity. The resultant pressure l’,#n the* vane will fie in a line 
parallel to Vc^ and may be vJBtimated i)y taking the change in^ 
momentum per setond.^ * • 
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'rhe CMiL-rgy sijj)j)litd per |M)iind of water in the jet is foot-fl^. ; 

ijssimiing the pressure throiigliout (lie stream to be constant and 
e(jiial to that o‘^ the atmosphere, and disregardinj^ any eluinge in 
I'/otential energy, the energy l arned away in the water leaving the 


vane will be foot 11). per [)ound. The diffcrenix* between these, vi/, 

may be converted into work done on the wheel. 'I'his * 
iliffi-reiu'e would be ' if v„ were zero, i e. if rv and W, were eipial, 


* of)posite, and in the same stniight line , in this case the whole of the 
energy supjihed would be coiuerted into me( hanu'al work, and the 
i‘lhc4enc\ would be loo pr r < ent. 'This, ol coursi*, neglects (nctujnal 
losses«an(l tlu' inevitable lashing ol the water, which must (wciir as 
the vanes su('cessiv(‘ly enter tlu,* jet. In the Poncelet water wheel, 
constructed afiei this metluHl, an erfuMeiu y of nearly /O j)er cent, 
has been obt.iined r 

Pelton wheel. In the Pelton wheel (Fig. 677), the vanes aie similar 
to those shown in Fig. t>7;>(/ ) Fet the velocities of the jet and of 
the vani* be r'j and respectively, and 
let the shape of the vane be suth .is to 
cause the direction c)f the leaving water 
to be parairi to the entering jet ; usually 
7'_, IS not epnte parallel to the blade 
being shaped so as to throw the leaving 
water c-lear ol the (“ntering jet as khowi! 
in Fig 677. 

Relative velocity oj’ entering je* and* 
vam* ^7', - W This relative velocity will 
be |)reser\ed unaltered as the water 
travels lound the curved vnne. At exit, 
tlu* w,itc*r will iiave therefore a velocity, 
(?', ~ V) towaicV tlu* lc*ft, tegi'thef with a vc^.ocity towards the right, 
and its absolute velcccily ^ill be 



Fii.. lion III 4 Pelton wlierl 


V - (r'l - V) 2V - 7 'j. 
As the initial velocity vve have * 


Chafigcf in velocity = r, - 

, =£», -.(2V -e',) ^ 

-V), <i) 



WATHK \vm:i:LS 


oU 


Mass of \sator rnicliin^^ tlu* whrel jn-r siroiul 7 ^'AT',. 

('han^t! tn njonu-ntmn pt-r staond 7 «'At', x \). 

1 , n - V) 

I rc.‘>''Urr on \.uu- 1 11). 

• .C 

W ork done on the \slu‘el per seeond - P\' ^ 

• , 

• As.sumin}; a constant velocity of Mipph, 7’,, the work done will have 

a niaxinuiin value when V( 7 ', -\’) is a inaxiimiiii. I tillerentialing 
and e(iiiatin|^ to zero, we have 

r, - ~ o, 

V -f, (.0 

Substitution of this value in {:) gives 

Maxiinum woik per second ' x 5?', (7’i .'f',) • 


.V 

reAr-, 


ft -lb 


(.)) 


Since the mass of w,\t<r rea< lung the wheel j>ei second, 

it follows from (^) that the whole ol llie kiiU'tic energy available 
in the j('t h<is been ('onverted into work done on the wheel, /.c. 
the effa lent v in these (ir( umst.inces is loo per ((ill. Arlual 
effieieiu les of from 70 to uo per (ciit. have been obtained. 

'I h( hydraulii effi( leiu v naiy be obtained by dividing the result 
given in (2) for the work done per se(on<l 1)\ the energy supplied 
in the jet 1 hus, 

• 1 l\drai^li(' efti( leiK V 


X 

• , V) 

This will be( ome unity ^vhen 

V-Jrv 

Other typts of* water* wl,e( Is, in 
which gravit) pla)s the juost 1111 
[xirtant jiart, have l>een mudi us(d 
In the ovef-sliot ifater wheel (Fig. 678), 
the water i.s led die^ toji of the 
wheel, and ther« partially fills a 
number of ^buckets fixed to the 
wheel. The weight of these descend- 
ing buckets enables w(;rk io be d^aie 
on# the wheel. ^In the hreait-shot 


7 r.\i\ 


■(5) 



tio 673 — Ovcr-shyl water wheel. 
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wheel, the water enters the buckets on a level about the same as fliat 
4)f the wheel centre. 'Che I’oncelet wheel is an improved form of 

under-ehot wheel. 

Hydraulic tuibines. A hydraulic turbine is a machine in uhich the 
Energy of a .su[)ply of water is <on\erle(l into met hanical work by 
passjtge of the water through a wheel lurnished with blades or \anes. 
Jn general, tlu' action consists of ('ausing the water to whirl befiDre it 
entcTs the wheel. In this condition it jiossesses angular momentum,* 
and llie luiution ol the wheel blades is to abstract this angular 
momentum and to disc harge the water without whul. A c oujcle will 
thus act on the revolving whcrl (p. 450), and will pioduce mechanical 
work. 


'Turbines may be c lassed generally as impulse turbines and reaction 
or pressure turbines. In impulse' tin bines, the energ} of thi; water is 
jirac'tically entirely in the kinetic' lorm befoic? the watei Miters the 
wheel, a result obtained by leduc tion ot the pressuie head to that of 
the atni()s[)heie and by giving the w.iter a c ortesponding velocity. 
In reaction turbines, the eiieig) ol the water at the wlieei '.ntrance is 
partly in the.' piessure foim and jcaitly kinetic. 

1 urbines may lie < lasscal lurtliei with relert'iic e to tlu‘ pnnujial 
direction ol Ilow o( the water. In axial-flow turbines, the flow is 
paiallel to the axis (»f rot.ilion of the wheel: in inward-flow turbines, 
the flow is railial towaids llii' wlici'l c^itK', in outward flow turbines, 
the flow is radial from the centre to the c 1 1 cu m fei <. nci* of the wheel ; 
in mixed flow turbines, tli^ flow is paitly radial and p<ii(l) axial. 

'I'he eneigy aViUlalile in a given stieam or ii\er*ilepends on tl^‘ 
(juantity of water flowing per second and on the height of tluy 
available fall. 


Let W - flow’ of water jier sei'ond, in pouiuls. 

H height of fall, in feet. • * 

Tv - the efficiency ()f«the tuibme, all .sources/)f waste being 
included. ' * ^ ' • 

Then ^ Energy' avaikible = \VH foot lb. per second. 
Energy produced by'the turbine -- W HE foot-lb. j)er .second. 


II. f. deliveced by the turbine^ 


™e 

55°/ 


If a given hnrse power'lias to bo (ioli\ero(l by tlie inrbinc, thon llie 
(luantity of water wliict be itassed through the wheel will be 

given by r 550*11..'.' 

' >' = — — IX)unds per second.^ • 



IMPn.SK TrKBIXES 


ITie turbine must he {)r(>[M)rii<)ned so as to j)ermit of this (juuntity 
of water lx‘ing dealt with |)er seeond. If ilu* efb<‘ienev is m>t known 
with j)reeision, a \alue ol liom 70 to 75 per cent. nia\ lx; assumed. 

rhe general conditloiia of efficiency in any hulraulu' tnihint* include 
the entrance of the water into the wheel without slux k, and its 
leaving the wheel without whirl and with .ts little residual \eUKMiy as 
possiUe. FurtluT, the guide [)ass,ig(‘s and the jiassages lluough the 
\Vheel must be shaptd so as to <»lfer the minimum fru iion.il and 
cddy-forming resistaia e to th(‘ flow of watiT. 

Impulse turbines. The Girard turbine shown in outline in I'lg. t^>7‘; 
is an e\amj)le of an impulse tuibme. '1 lie w.iier supply flows from a 



cbiimber A A ihri^figh a ring ol guide orifices lUk 'riu'se oiifu cs are 
Ifjrnislieil with guide blades whu h < aiise the w.iter to leave the orifices 
vyith whirling velocity, d'he Aater then passi s thrixygfi a revolving 
wheeTTx' fixed to a’vertKal shaft DD, and is di.scharged into the tail 
water KK. I’he wheel* passages are furnished with blades having 
such a shape ajj to abstract the velocity of whirl from the water. 'I'he 
guide passiige-< Birrun hi'A of water, and^U their discharge edges the 
pressure of the water is ecp’al to that of the atmosphere, 'i'lle main- 
tenance of atmospheri(' pressure in the wheel,passages is obtained («) 
by having fhin .s‘/reams of water on life toncave sides of the blades 
only, (/^) by having# side ,o})enmgs in the wheel as , shown at Elv in 
F'ig. 680; these o[)?nings {tjermit of free access of air to the streams of 
water [)assingAhrough the wheel. , ’ , 

It will be evident that the wheel of #'i*turbir.A; of this type must Ije 
situated above the level of <he tai>watcr, so^is to [vormit of tlfe access 
of t^r. If A feelf is th(^ heiglft of the lower edges of the guide 
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orifices iilxive the 'tail water 679), then the head available for 
giving velo('ily to the water at tliese edges w'ill be (H - /t) feet, where 
H is the difference in levels of the supply and the tail water. 



h K, 680 of .III .iM.il How iiii))ulse lurliine. 


Assimiiiig a eoefticienl of velocity of 0-95, we luive lor tlie velocity 
Vi of the water Ictiving the guide blade : 

7' -//) ^ (i) 

In Kig. 680, AH and (^I) are the guide blade and the'^neel blade 
respectively. Let a be the angle to the horizontal made by the 
t.ingent to the guide bhide at H v, will have horizontal and vertical 
components, re[>resented by 7 Vi da and i(^ = ba res])e('tively in 
Fig. 681 (ff), the parallelogram ol velocities being abed. Hence, 

u, x\ sin ft, .. . . (2) 

• rf', - 7', cos a, (3) 


Let V be the cir( umferential velocity of the vrheel at it^ me/In 
radius. 'I'hep the relative velocity 7',, of the inlet watei^and the wheel 



Kk. 6<i.— Vehxrity thaKi.ims foi an axial impulte curbinc. 


maybe found by mal^inj^ tvi Veprjjsent -V (Fig. 681 (^)) and com- 
pleting the pi\rallelog»im of »v^docities ti^y; Ja then represents Vn> 
Let ^ bb the angle whicji/a niakiiii with*the*horizontal. Then the 
angle with the horizontal made by tht tangent to*kie wheel blaole at 
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C (Ki^ 680) should lx; made e(jual to the inlet water will then 
slide on to the wheel blade without sh(K'k. Kelerring again to 
Fig. 681 {a\ we ha\c 


cot 


Also, 


ha 

re, \' 

//, 

” ha ' ‘ ''' 
It, ( ose 


.(•0 


0 . . . (C) 

I'he relative \elo(il\ n inams un< hanged in niagnitiide l)\ j)ass.ige 
over the wlu-el blades, hence, at the exit I>o( the blade (log (iSo), 
the water will haw an absnluti* velocity which is the resultant (>1 
('om[)onent velocities r,,, and \', the inc-an c nc umlercaitial veloi ity 
of the wheel at the outlet. In Fig 68 r (//), make' h/ V, draw hm 
vertic'al (as is re(|uire(! lor the condition c)f no whirl at thc‘ outlet), 
and describ(>in lire w ith c c ntre / and radius /w - 7 ’,^,. the j>arallelce 
gram of velocities lor the exit water will then be h/ma 7 ',o i'’ at an 

angle <!> to the huii/ont.il, <ind the tangent to lhc‘ whe el blacF at 1) 
(Fig. 680) should be; at the same angle. In log 681 (A), we- have 
V // 

- -(O', </> 

7’,o « 

/•/ V 

hn v,n *' 

km , 
sin<*, 

Im 

.'f Vo -- v,o sin </^ =- Vn sm <{> (7) 

Having fouixi a, 0 and*c/», the* •guide and wheel blades may be 
construc'ted by dr,iwmg (_‘asy curves tang.^ntial Ic; the.se directions. 

Ijince the pressure at D (i*ig. VS80) is alMispheric , we may write 

ft. 11). 


cos <\y - 


(b) 


Also, 




2.1,^ 


I'olal energy carrie d away by one jKiund of cyxit water 
* , 

'I'otal entfrgy avariable in the*hill, per pound of water - H ft. lb. ' 

Hence the hydraujic t?fifitiency, / e, the efficiency disregarding all 
sources of waste excepting tTie energy carned^away in the leaving 

^ „ -h'jL ■ 

Hydraulic efficiency =« — . .' (8) 


water, is given by 
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Kxamplk. Taking practical values as follows : 

//,-o.45v/2^(TrT), 

^ V=o-5N/2^7Fr-T\ 

I'l'un ( I ) and (:), sm « - . "'•'S , . 

• \ o<;5 ’ 


I’'join ( j), 
I’'ioni (4), 
Kioin (5), 


k'rom (6\ 
Kioin (7), 
T.iking 


• <1 - 2(/ nearly. 

I*', cos ^ - ("o 95 X o 87 5 j s f j .1 /,) 

-o-Xj - /,). 

col^y- ■ 

u, 0.45 ^/j5. 

• 0 54’ncaily. 


«/>- 26' ncarl)' 

' ‘ ^"W> - (o 557 X 0-438} ^ n~/) 

-0 244v/2-(lI-//). 

749-0-24 ue li.^ve, from (8), 

• 11-*'"' 

HydraulK. effiuciuy - J* 00576!! 


H 

\ . =09424 ^ 

-2i Pe*" <-ent. neaiiy. , 

, J wi'i: ■' ““ ■’" i» 

• .//, (>^5 _ • 

’ f’o 0 244 ' ■*' 

• Now ,9 is the con, poncnt’ velocity .of the water entendl; the wheel 
taken at 90 to the inlet .surfaces of the.iPheel f the quanL of water 
nowmg into the whct4 will be given hy • ’ ^ 

^ - 4h s^/ZiA. cubic feet per secon'd, 

where'A. is the.total iiget surfac»in s(|iMre*feet 
Again t, is the leaving velocity w,f the.watea,',,e*rpendicula»to the 
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exit surfaces of the wheel; hence the cjuantity of water leH\ing 
the wheel will be 

Qo-7\,X, cubic feel {ht second, 

Afl being the exit surface in s(|uare fet't > 

It is evident that i), .tnd ()„ must be c(jual. Hence, 

Art //, 

In practice, this increase of outlet surface is obtained by spla)inj 
the wheel passages as shown in the section in Fig. 6.S0. 1 1 Q, tla 
({uantity of water in dibii' feet jht second which must l)e |)a.sse( 
through the wlieel, i)e known, tlu‘ dimensions ot wheel naiuirca 
may be calc ul.Ued from 

Q /oA, 

^ • K.'), . . (c;) 

where Rj and Kj feet <ire tlu‘ external and intermil r.idii respec'tively 
of the whee^at'the inlet surlacc*. A corrc'clucn must lx* applical to 
this for the area al)Stracte(l owing to the thickness of the wheel blades 
at entry. 

Work done and horsepower developed. In Fig. f).S2 is shown 
roughly the actual jxath, or the j>ath relative to the earth, of a particle 
of water [xissing along the 
g^c blade All and then 

jjursuing the curve ('PD r K ; v 

thre^ugh the wheel.* At any \ . V \ 

jK'int die resultant velocity \ a k 

7^ of the water is^ made up of . \ ^ 2 

compoTi^ts in thi? direc- \ jy \ 

tion of the motion of j 4 ie [ , >— iVc 1 \ 

wheel, and u in a direction 1 , ^ * L_^YJ \ 

parallel to the^axis'of roPi • * p r ar 

tic)n. The water enters the^ .* \ ' 

wheel with a velocity at ' \ '-h ® 

an angle c?, to .the inlet * ' 

surface, aifd leaves ^vvith ^ a ‘ ^ ^ ' 

velocity Vo making jin dngk 

with the cmtlet surface. 'Fhe whirl coiiifionents at the inlet 
and outlet respectively will be 

~ Vi- cos a^,' 

Wo = Vo cos tto. 


. 6h\'. - f l).iiipc of .ingiil.ir monienlum in an 
axi.il flow iiirl4iu 
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Let 


R = the mean radius of the wheel, in feet. * 

V = tlje circumferential velocity of the wheel at its mean 
radius, in feet per second. 


• V 

R 


= lhe angular velocity of the wheel, in radians per 


second. 

W ^ the flow of w'ater passing through the wheel [)er 
second, iti [)ounds. ' 

Then, considering the momentum of the water in the direction 
of motion of the wheel, we ha\e 


Momentum of one pound of water at the inlet = i x 7 e, f', cos a, . 
,, ,, „ „ outlet = I X t;,, eos Uo. 

* Angular iiHanenlum per Ih, of water at the inl(*t~ Rz^ eosu,. 

* ,, ,, „ „ outlet - Rrijcosuf,. 

Change in angular momentum pia Ih. of water 
= R(7^, cos (Xj - 7'y ( os a^). 

'I'otal change in angular momentum j)er second 
- \VR(7\ cos < 1 , - 7V cos (Xo). 

Couple recjuired to effect this change (p. 431 ) 

\VR(7', COSU, - 7 X„ ('OS u„) 

^ ' ' Ih.-ft. 

Work done per second by this couple 

% W R (r, ('OS a, - Vf, cos '• ^ 


_ W(7^cos^c • 7^0 cos 


If Vo is jiarallel to the axis of the wlieel, as is reiiuired by the 
condition of no whirl at the outlet,* then 

,,, , , , 11 WVf'/r<^s(x, , . 

Work done [)er seco»iA on the w'tiee^-= ^ • It. -lb. .. ( 1 ^ 0 ) 


, , , W'Vr'iCosfi, . . 

n.t*. dcneloptm - . ( i • ) 

• • 


In this result, no allowance has l)oei| ma^e for wasted energy 
while the waiter is passing through the»wheel, nor for the frictional 
waiste in the wheel bearings,* etc.^ ^ 

Regulation of th(» jKiw’or.develoiied in this type of turbine is 
effecten by meaus of gales or sluices, wlw h close as many as mav be 
required of the guide orifices. 
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Fig. 683 shows ni (Jiilline part of an ouluaid How impulse liirhint* 
suitable for high falls, i'he water Hows from a |>;Lss;igc A through 
Mo//Ies B, and thence tiinmgh the wfieel 
ixis.siiges. As before, the \\at(‘r tlows m 
streams along the t oiu a\e sides of the ulu el 
blades, and the pressure is kept t(|u.d to 
that ^f the atmosphere by means of side 
openings. 

Eeaction turbines. The Jonval turbine 

m.iy be taken as an example ol an axial How 
reaction turbine, and is shown in outline in 
Fig. 684. 'i he water tlows Irom AA ihiough 
a nug cfguul. .a, lavs IIH, aial lla nVc 
through the wheel jiassages Both guide 

pass.ages aud wheel p.issages iiin full ol water, and the liirbiiu* wheel 
, may be Oelow the le\el ol the Kill watei, as shown, llcnielhe 




Fie ^>84. * AcII'Mi in « Jiinv.il reution (uilnnc 


w’hole head U is ’axailaUe in this t)f>t of tuibine. For greater 
accessibility, the turbine nj;iy l)e iiu losed in a l asing and placed 
above the le\el of the tail water; the whole f>ead H will be axailable 
still if the ^iseh;u:g(.* from tlie turbine" ( asing is arranged through a 
suction tube which., hits jts hiouth ofKming below the level of tht; 
tail water 'The suction tulx* must run full bore. 

T'he diagrarps showing the xeloi^ties' of the water and the angle.s 
of the guide and wheel blades are gbs*n in Figs. 685 (a) and {l>). 
'I'ho constructions are the -.ame a‘ *for the axial -flovj impulse turbine 
already described ^34^, and rhe diagrams are lettered in the same 
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fi.jo 


manner. I'he guide and wheel blades are shown separatel*/ in 
^ Fig. 686. 


r b f 



Pressure variation in an axial-flow reaction wheel. thi.s ty[)e 
the inlet and discharge areas of the nheel are ecjual ; hence the inlet 
and outlet velocities of flow //, and //o in Fig. 685 (a) and (/•) are ccjual. 
It will he evident ther(‘fore from these diagrams that the relati\e 
velocity at the outlet, t,„ lepresented by hi, must be considerably 
larger than the relative velix'ity at tl^? inlet, rei)resented by /a. 


A 




I' iw 680 i’l.itlrs iM .m a\i.»l How re.iction turbine. 

• * ’ • * • 

In Fig. <>87, ("TD is the wheel blade,‘and KFF shows approximate!}^ 
the j)ath of Mie water ^^hroiig^i the wheel, the discharge vekx:ity 
Uo^Vo at F being axial. At awy point \\ the actua^ velocity ii of the 
wafer is made up of a constant component V, ^(|ual to tl^e circum- 
ferential velocity of the wheel and a comivmefit 7 ;> tangential to the 
blade, and increasing frbm a talue 7 Vi at the inlet to 7Vo at the outlet. 
In consequence of thi* incre^i^e in velocity, there will be a decrease 
in pressure from ^he inlet^to the oiglet. 

Let OX be taken as a datum leveV the top ol.Uie’ wheel beii;g at 
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(Mf 

an elevation //« alx)\t‘ OX, and appl> Hernoulirs e(|iuui<)n, neglecting • 
friction. l>et I*, and l‘„ lx.* the preb.sure:> in lb. pei scjimrt' loot at the 



inlet and millet resjiectnel), and let re lx* I In* weight ol a Cuba' loot 
of watei. riien 

1 , 1 . jr 

't- "f/Or + 
re 2,;^ re Ji; 


fx't //, and //„ 1)0 tlu.‘ jin'ssure heads (.orresjMinding to 1‘, and 
resoeclnely. 'I'lien tin* al)<)\(‘ eijiiatuin may be wiitlen : 


v", , P".,, 

//, + ' + H » 

1? - v~ 


(0 


represents the poition of the total available head H, which 
IS utilised in ^oercoming the^pressure rcMstaiue^n the wlxel; the 
'rcmai^ier of H ma,^’ be u.sed for giving the velocity to the water at 
the discharge edge of tlm* guide J)lade. In l*ig. 685 (/^) 

V' -f Ho - V- + Ui\ 

» 

• As may be seen from itispe4:tion of f 1^. 685 (e), no great error will 
be made by assuming that*//, and 7',„are eigial. Hen^e, 

• ^ - V- + t'^^iearly! 


We may iherefoic write (i*), 


• • • 

V- 

0 ^ ^ nearW. . 

yr 




D.M. 
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Hence the head available for producing the velocity is given by 
Velocity head ho) 

V2 


= H 


2<' 


-f htr 


( 3 ) 


And 


Vi 




Practical values for the velocities are 

Uq = //j = o- 1 8 v/ feet per second. 

V = 0-647 21; H feet per second, 

2'i = o-772^’'H to o 872^,dl feet per second. 

The relations of the velocities and angles may be deduced ^rom 
E'ig. 685 {(i) and (A), giving ei|uations similar to those already found 
for the (jirard turbine (j). 635). II theie is no uhirl at the outlet, 
the vvork doru' per second and the horse-power may be found in the 
same manner as for the impulse tuibme, and will lead to equations 
similar to (10) and (11) (p. 63H). 

WVzt'- 

Work done jier se('ond on the w'heel ^ ‘ foot-lb {4) 


H.r. developed = 


W’Vrc, 

550c ’ 


Also, \\^ork done per lb. of watea * loot lb. 

linergy available per lb. of water == H foot-lb.; 

Vzvi 


(5) 


■(0) 


.'. hydraulic efficiency 

V 

Inward flow reaction turbine. 'I'he Thomson turbine, of w* -ch an 

outline diagram la given in Fig. 688, is an ecample of the inward-flow 
reaction type. 'I'he water enters a large casing furnished with guide 
blades, which cause the watiT to whirl as it moves towards the centre 
of the casing. The water flows through the wheel, and is discharged 
through centiul orifices Which Open sidewavs. Velocity diagrams are 
given in Fig. 689, and a part cross section of the wheel isAhowm also 
in this illustration. AH is one of the guide blades, and the water is 
delivered from it at H with a velocity v,. By tneans of the parallelo- 
gram of velocities is resolved into K radial component u, and 

a tangential component Uu. .The guide blade at B is tangential to 
cB, whioVi makes an angle a with ^/B, the latier being tangential to 
the inlet surface of the wheel* at C. 'I'he circumferehtial velocity of 
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should l)e radial. Draw Dw radial and c(}ual to make /D eijuai 
to V„ and complete the parallelogram \^lmn \ f/,,^will he given then 
by //D, making an angle with the tangent /I) to the wheel at D. 
'I'he wheel bladg at 1 ) should be n)ade tangential to //D. 
i 'I’he dimensions of a wlieel of this type are determined from the 
reijuired flow of water and the area of the outlet passages required to 
accommodate this flow. In Fig. 689, let 

and Ro the inlet and outlet radii respe( ti\ely, in feet, 
lb and lb, ,, „ breadths ,, „ 


'Then, since the velocity of the wat(‘r perpendicular to the exit 
( ircumfcrence of the wheel is w'e have 


Flow of water z/y x 27 rRrtH,/ cubu' feet per second. 

1'^ usual to have the same \alues for the radial ('omponents of 
the inlet and outlet water ; heni'e and Vo will be ccjual. *Now', u, is 
the \elocity ol the water perpendicular to the wheel inlet surface. 
Hence, 

Flow ol water //* x 27rR,lb 

X 2FR,lb cubic feet per second 
As the inlet and outlet flows must be equal, it follows that 
27rRoRo ~ 2rR^Ib-, 

or R„Ho-R»l>i. 

It is advantageous in the 'rhomson turbine to make R, double oL. 
Ro ; hence Ho '^iH be double of H, In making the above calcula- 
tions ol the flow of water, no allowance lias been ftiade for the aregi 
abstracted by reason of the thickness of the wheel blades. 'I’hc* 
wheel shown ‘fjction in Fig, 689 in double, and 'lias two side^ 
dist'harge orifices at the centre, each of radius Ro* assuming the 
velocity of the water through these is,r'o, we l!a\e 


Flow’ of water = x 2wRo’- cubic feet per seepnd, 
a result which enables Ro, aitJ hence the other wheel dimensions, to* 
be calculated ^hen Vo is k,nown.., • 

Variation of pressure in a radial-flow reaction wheel. .^It will be 
noted from the diagrams of velocity jn Fig. 689 'that tlxT outlet 
relative velocity is considerably larger' than the inlet relative 
velocity f',,. Hence, as^explayied on p. 6^0, there will be a fall in 
pressure as the w'ater glasses through the wheel, the fall bc'ing given by 


f ^ 

Fall in pressure d\ie to tlJe change^n relatUe vel{H'it))i= 


2^" 


feet. 
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'i'here is also {'cntrifugal ai iion on the water vvhirh is jxissitif; 
through the wheel, the efl'eet being aKo to cause the inlet pressure to 
lx.* greater than the outlet j)resMire. 

In Fig. 6go, the ac tual jwth of the water through the wheel is 
blM^, ami CD is the wheel blade. At anv [x>int F, the absuluU 
velcK'ity o| the water ina\ be resobed into ('oni|>onents r', tangential 
to tjje blade, and V in the direction of motion of tlie wheel, 'i'he 
• magnitude of will be pro})c)rtic>nal to the whcrl radius at F, and llu* 




centrifugal effec^jS c)wing to \' may be examined by referenc'e to 
^T'ig. (k)i {(!} AlU'I) is a closed tul)e full of watc*r and rotates with 
anguliir velocity (o about a \ertical axis llie cross section of 

* llT«„ ” c.ter is uikeii as one scpiare loot in area, afid the radii are 
mea.sured in feet. Albany radius the pressure c)n the section KF 
may be found from the general ecjualion : 


McFR V 




In thejiresent case. 


M mass cef water m AFA-'F 


I X r')<7V {Mjunds. 


R* o-sr. 


, r 



.s 


-*11). per^cjuare fc^ot. 


Hence, 
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Now, the circumferenlial velocity of the tube at radius /-is giver? by 

V ^ Mr \ 

. uni' ,, 

^ • ' ' 2(,’' 

Ix;t // be the pressure head eorresjKMKliug to i’. 'i'lien 

, V 7<' 
h-~ ---- feet. 

7V 

At sections IK' and (HI, wliere the ciiciiinferential vel(x:ilies are 
t'l and 7'.j respectively, tlie j)ressure heads will be 

^ ^ ' fec't, = feet. 

'I'he differeiKe in j)ressure heads at IK.’ and (ill will be 
7.',“ 


//, - // , - 


2.C 


• feet. 


In Mg. 6()i (/d, h .utd r have been plotted ; it is (‘vident that, as 
h varies as v\ and 7 / \aiu‘s as >\ tfa* shape of the' curse is parabolit' 
Applitation of this result to the radial How turbine (I'lg gives 
for the dilTcrence in [)ressure (Mused by (entrifugal action 

. - , ^ V,’ V,;’ 

hr - //„ =- leet 

2.C 

'Taking .u'count ol the 1 hange in pressuo' head due to tlu' < hange 
in relatise velo< ity, we have for the totaT diffeieiHC in pressure heads 
at inlet and outlet 

V.'- Vo’ 7’” V- 

K-h- : + . 


'This expres'fi^^n tgives the poition ot the total asai’Able head H 
which is recpiirc'd in order to overc'oine the j)resfurc in the ; 

the remainder is asailable for givinj; the stflority 7’, to the water 
leaving the guide blade. 'The rt^sult is applu able to lK)th inward and 
outward radial-flow turbines. , * • . • ' . 

It will be notiet'd that an\ increase in the speed of rotation of the * 
<t /V,- _ ^ 

w'heel will cause ( ' ) to increase, and heiK'e the dinjprence in 

the ''pressures at jhe inlet and the outlet also ,^vill increase. In 
inward-flow’ turbines, the effect of thi^ increase Tn j)nessure will be to 
diminish the flow' of w'afer through the wdieel ; the w^ter is held 
back, as it w'ere, by ^h^? ii\i\^e;ise in centrifugal force. Now^, a 
diminished flow of ^\aler r(.*sults in \ess poM,»er being developed, and 
.'thus will tend to lower the speed of «the wheel ; h^nce inward-flpw 
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turbines are tn a certain extent seirj;()\trning. In the T homson • 
wheel, advantage is taken ot the sell ri'^iiiating rentnhigal action l)y 
making llie outer diameter of the wheel double of tlu' inner diameter.* 
In outward flow turbines, the ('entrifugal action ('arises an increase 
in fl(nv if the s})eed of rotalum of the wheel becomes giealer, aivi 
thus is entirely oj)|K)sed to self regulation, ^■ol this reason, outward- 
flow ^turbims ha\e the whtrl diameteis at outlet and iiiht more 
• nearly e(iual . the outer diametei m pou lue ma\ be fiom i-.* to 
1-25 times lh(‘ inner diameter. I’raitual \alues of the \eIo(ities 
ma) be <is tollows 

li., O l2S\^2,vn fe< I pel s(<ond 
f( el pci second. 

o 7_^s^2vll leet per sec olid. • 


I'^rticiem U's in prac tice of from 75 to <So per cent, have Ikhii 
obtained with T homson turbine's. 

Power developed in radial-flow reaction wheels. I a t 'iv, and 
iVu 1)0 the# inlet and outlet \eIo( ities ol whiil o spec'tuely, and c'onsider 
one |>ound of water passing through the whee l. 

Angular mome ntum of inlet watc r rc.R,. 

,, „ outlc't ,, 


(Tiange in angular momentum per pound of wait 1 a'.K, - rCoKo. 

, Lc‘t \\' be' the flow of water'll! jiouncls pcT second T hen 

T'olal c hange in angular moiiu ntum, per s*c ond W (/C.R; - rrvR„). 

, * , , , \V(;c.l\t - 7C„R„) ,, , 

(^oiiple iu ling on the w hc*(.l - - - Ih.-lc'et. 

’ • , 

• , . . , , , , , i' „ 

-Aork done by this couple’ --- _ - c.> li Ih per sec. 

• <V 


M I', dc'veloped 


W( 7 C,R, 7 C„R.)o 

v,55o.C 


If there is no whirl at.jthe outlet, will be /.cro, and may be 
Vi 


written Hence, 


, , * Wre.R, Vi 

n. p.* developed ^ • 

55°.;' R. 

.^WVr.Vi . 

• . 55 *.c ' 


-Mso, \\’or!» done per |^)iin<l (/I'uatcj' = ” ' - ' ft. il). per ?ec. 
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H H is the tDtal fall available, then in each pound of water sup|)iied 
there is energy re[)rcsented by H f(X)t-lb. Hence, 


Hydraulic efTiciency^ 


,CH ' 


• These results are applicable to both inward and outward-flow 
turbines. 



Outward-flow reaction turbine. A part sec tion of an* outward- 
flow turbine is given in Fig. 692. 'I'hc water flows through 



Fir,. 693.— Velocitj^diaKram’i for an outward-flow reaction wheel. 

* • 

a i^tssage A furnished with guide blades, and pjcsses tl/rough^ 
the wheel C, \vjnclj[ has blades at 11. ^In this wheel, Mhe passages 
j at H are divided into,- 4 htT‘e ' 

eompartgients by means of 
liori/ontal partitions, the efl'ect 
beiiig to prodyee'three wheels. 
Regul.ition of the power is ‘ 
elTectW by means of a cylin- 
drical gate or sluice, 'vhown in 
section at D, and cajIAble of 
\ertieaFfm#\en^cnt. by adjust- 
ing l),*one, two or all of the 
wheel compartments may be 
used, ^luis* giving considerable 
, Fig 694. -Hlades for .in iftosard-flolt- reaction variation ill the IXtWer. 

c» turhiiu. - — ‘ 
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l*he velocity diagrams are given in Fig. 6 q^{ti) and (/d, and the 

guides and wheel blades are shown sefxirately in Fig. 69^. 'I hese^ 

diagrams are lettered to correspond with those alrea<ly given, and will 

be understood readily. The tollowing praciiCiil i allies may be 

assumed : /nr. 1 * 

//, - o-25\ second. 

^ ^ I <^’55^ ‘s ‘'ccond. 

• 7\ =0-6 \ 2,yH feet jH'r second. 

Centrifugal pumps. \\'at< r mav be raised (roin a lower lo a higher 

level b\ means ol a (laitnlugal pump, in whah the water Hows 

through a revolving vvlual dnven from some 

s(jurce ol power , the lunction ol the wheel is 

to iMipart additional energv lo the water, and 

this IS (onvertid into (loiential energy by 

allowing tin* water to How up a dise barge 

) pipe into an elevated reservoir. The general 

arrangement will be understorMl bv rrhaenec 

lo Fig. be,;;, lu which the wheel is situated at 

H and takes its sujiply ol water from A. 

'I'he water is dis('harged at (' into a jiipe whi( h 

opens at I) into a tank F. A backpressure 

valve at A prevents the water llowing back 

into the lower tank when thcy,^vht.c l is at rest. 

pump may be* situated below the- levi*! of 

the sujiply water, or above this level, as showfi 

in Fig. 6 c; 5 ; in tik* latter ease, the pressure of 

.'he atmosphere causes a flow up the [)ijk* AH. 

, Jlilhirc' any ec^-ntnfugal pum|> will start dis- 
chargi .g' it must be? c hargcal lully with water. 

In Fig. 696 is shcjw n a cer-'rilugal pump 
in more detail ; water enter.s at .\, aivl is leal 
to central oriliees situatcabon both side i of the 
wheel H. d'he wheel is fuynshed with curved 
blades, and is driven in the contra elcw kwiVe dire c tion 'The water 
is disehar^(!‘d at the outcT eirc umfereti.’ e of the wheel into a c harnbe r 
('; the disc harge pipe '_,s (c'lnnca icd to this' chard)er at I). 'I he 
ac'ticm^is Cery similar tc/ that of a reverscal inward flow reaction 
turbine, and ihe theory is also similar. 

Velocity diagrams for a centrifugal pump. Velocity diagrams are 
given in Fig. bc^y. At thc^ inlet edge A of, the wheel blade .\B, the 
abs'dute velocity Cf of the inlet* water may Ik* assumed to Ik* radial, 
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* and hence is equal to Wf. 'I'lie circumferential velocity of the \^eel 
^at A is ; if be made e(iual to - Vj and tangential to the circum- 
ference at A, and a\ drawn radial and equal to Vi, then the diagonal 
/>A will represent the relative velocity of the water and the wheel 
•blade at the inlet. I’he tangent to th(‘ blade at A should coincide 
with fiA in order that the water may enter the wheel without shrv'k. 



Fit* — Scttioii». of .1 cnitrifiiK.-^^punip. 


Let Q==flow of yaler through the wheel, in cubic feet 

per»'4e'('()nd, ' , * • 

‘ Rj and R„ - the inlet and oull<;t radii respecti\ely of the 
• heel, bn leet. 

H,- and Boothe inlct» and outlet widths re;spcctitely of the 
, ‘wlieel, in feet. ^ 

Then Q - 2-R,B|//,- 

-~ ^ 2 rR,BA for radial \elocity of iid^it (1) 

'I'he wheel is made Us.s in bq'adth at the outlet surface usually, and 
as the Siifiic (luantijy Q is^ischarg.iil, we llave 
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Ht^ce, 2 rR,lJ,//, ^ 23rRoH«//fl, 


or RjlV'.-RoIUo. 

It is usual to |)rt‘scr\e the \i*1(k ily of How (oiistaiif, 


//i "■ u „ ; 


Also, 


R,lh-K«li^ .. 

V,. R, 

Vi R» • 


(^) 


(a) 


riu* \el(K'it\ (lia^raiu iua\ Ik* « onstnu ((d lor tin* outK t ll(l‘'if; 
as follows . Make Ik/ e(}ual to \’„ and lan;;ential to the wlu cl < ireum 
ferenee . dntw (/ j)arallel to Ik/ and at a distaixe Uo /o. rc'preset'jled 



tangent to the hlade at R makes witFi^lhe outer < ireumh rence of 
the wheel, and de is drawn at the angh* </» to dU. ('<;mj)Ieliop of the 
parallelogram R^/e/ will gne'the relati 'e \el( nty 7’,o^ n^iresented hy 
}i/, and the absolute \'clo(ity 7'., of the water lea\ing th(,* wiieel, re[)re- 
sented by “IV. dlie w-hee! blade at f{ is drawn tangentially to 11/ 
Vo has -a radial etauponeVit ;/o=Rc and a whirl component rr,,, 
represertled by .t,Y- 
Work done on the wheel. 

IvCt W=^lhe flow of wder, in, pounds jier second, 
a * w = the angular velocity (d the^whecl, in radians |)er second 
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'Chen, as there is no whirl, and therefore no angular monieniam in 
le inlet water, we ha\e 

(diange in angular niomentum [)er second = Wy/'^Ro. 

♦ Wyf' R 

(ani|)le which inust be applied to the wheel ° Ib.-feet. 




Work done per second by this coupler - - " oi foot.-lb. 


Also, 


\<0 ’ 


\Vu<„V„ 

/. work done per second by the couple - — UxA lb. .. (4) 


H ]\ 


. , \V'7r'.V 

rc(|iiired = — - 

550c 


O 


(5) 


It will be notu ed that these results take no a( count of any .sources^ 
of waste. 

If H,„ represents the inaxiimim height through which the water 
('ould be raised, neglei ting wasted energy, then * 

W'ork done per second - W'l (from 4) ; 

1 1, „ = fcet (6) 

A 

Let H feet be the actual height through which the water is rai^'^i 
(log. 695), and let 7'(f be the \elocity in the discharge pipe. The 
disi’harge energy at 1) will be 

I'aierg) of (Jischarge= U h^ot lb. per pounii of water. 

' . ? ?' ;* • 

It will be evident that the kiiu'tic energy*J'^ at discharge is entirely 

wasted in surging and eddies in the upper tank, ^ther sources of 
wasted energy external to*ttie pu in j)^ casing are'owifig to frictionjil 
resistances in the suction and discliarge pipes. Let H, feet represent 
the head eiiiuNalent t(^ the frictional waste of energy iiUhese pijXis. 

Then the gross lift of the punfp will he defined as • 

• # 

'Gross lift = H,.= II r- II, • (7) 

* * 0 • 

The total disposiiQ <*,f epergf outside the pump casing will be 
represeinted by 

* 

/ Energy dispo.sed of outsKic tnc pum[kcasing Mf, loot-io. per 

• • 
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rUe ratio of this (juanlily to the work done j>er second in the 
wheel, gi\en by (4), is the liydrwaUo effideiicy of the ptunp. Hence, 
for radial flow at the wheel inlet, we ha\e 

Hydraulic elhciency - W H., ; . .. (9) 

X rCu\ 0 

Within the wheel ca.sini^, in addition to liictioiul waste in the 
[xissa^^^s, there is waste from sh<Mk due to the \elotity at the 
wheel exit being greater than the \elo(il\ in tin* disidiarge 
j)ipe. It is rarely the case that any ellectue means aie taken for 
ensuring that sh.dl diminish to in siu h a mannei as to pr(Klm<’ 
an efl'ectne iiu ri*ase in the piessiire head. Moie iisuall) the wa.te is 
complete, and the jircssuie head at the comuation of llu‘ disrhnrge 
pi[>e 'to the wheel ( ase is e([u.il t<> that at the exit < ii< unifereiK'e ^ol 
the wheel. As has been noted alnadv, the kinetu eneigy ol*the 
water in the dis( harge pi|)e is wasietl eiiliiel) in the iipjiei tank, it 
therefore follows that the waste*, in addition to that due to Ira'lion, 
will be the whole kiiK lU' eiierg) ot the walei leasing the wheel exit, 

\i/. fo(jt-lb. per pound, and the maximum height of lilt gi\en in 

(6) will 1)0 rediK't'd to this extent. 

Again, a centrifiig.d pump, having been designed (or a constant 
•SjX-’cd of rotation and for a given How ol water, will have a dermite 
angle 0 (Fig. 697) for the wle^d bladi* at the entiance A. If any 
- >?+.ange be made in the speed of llu* wheel or m the velocity of flow, 
the fixed angle 0 will not suit the allercal (oiftlitions, and there will 
Ixf’wastv* of energy^:)y reason of sho< k .it A. Further, the assumption 
of radial vel(R i^’ of the entering water is ajiproximate onl), .is there 
_';re no guides in the central orTfa es of the wheel to aisure constant 
direction *ln the flow* of water. 

In obtiiining the actuaT efficiciA:y F.a of <he whole arrangement, the 
energy vva,sted iji overcoming the frictional resistaiues of the wheel 
l)earings also ^nust be co?isid(;red. 'iTwing, a.s before, a flow of W 
pounds per second raised tlwough an ^ctiial height H feet, we have 
^ Useful work done^ \VH foot-lb. per sec. 

The en^gy which must he su})j)lied to the pump shaft will be 
given by . . • 

Energy supplied to pump=---,. - foot-H). 

} ISa ' 


Florse-power f^^uired to diive the pumj) 


\VH 

5501 '-*' 
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Variation in pressure in the wheel. I'he change in pressu reread 
of the water juissing through the wheel may be deduced in the same 
manner as for the inward-tlow turbine discussed on p. 644. Referring 
to Fig. 697, it^will be noted that the centrifugal action is to cau.se 
»lhe pressure to increa.se in flowing from A to B , 7’,^, being greater 
than 7v„ there will he a decrease in pressure owing to the change in 
relative vel(x:iiy. }Ien('e, the total difference in pressure he^ds at 
A and B respe('ti\ely will be 



'riie ('hanges of pressure which (M cur in the whirling mass of water 
jjassing through the wheel and casing of a centrihigal {)ump ni^y be 

studied in more detail. In Fig. 
698 IS shown a tank \ c'ontaming 
a ()ump wheel B, whuh may be, 
rotated by means of a shaft and a 
pulle) at ('. Wilier mi^N flow into 
A the wlu'cl through the |)ipe I). 
.Suppose that the wheel is levolving 
at a gi\en sjieed, sufficiently large 
to cause the water to rise to the 
level IvF, and to remain constant 
at fills level. No more water will 
• flow into the wheel ; the water 

wheel , no How of vv. Iter. Contained in tile wheel pas.stij^es 

will whirl with the whei*l, *and the 
water in the |^inJ; will be at rest, .s;u'e for the frii tiBnal drag given 
to it by the revolving wheel. As there is flow, the changes 
in pressure head inside the vvheel^will be*owmg entirely to centri- 
fugal a( tion, and these will follow the law already explained on p. 645. 

'1 he pressure heads are slj(*wn by the jjiaded ihaji;ims a/>ai and 
iibcd \ it the water weie whirled in a revolving open cuj) instead (5f 
in the wheel, Mie form iff the viatical .section of its surface would be 
that of the curves ad and a’»/\ and the state of motiiSn is called 
a forced vortex. ^It will be noted from* what ha'^been sfiiTTon p. 645 
t that the condition lor a fon'ed vortex is tUtt the whole oUthe whirling 
water possesses Mic .sante angfdar velocity.' ^ 

The conditions illuf.tr^ted* pt Pig. 698 are realised in a centrifugal 
pump dften if the spee^ of the #heel insufficient to cau.se th^ 

• water to reach the level of tlfe mouth of the discjjarg'e pi[ve.* In^such 




FREE VORTEX 


^55 


a cajK?, there is, of course, no flow, ami lienee no work is done other 
than that against frictional resistances. 

Free vortex. A free vortex may lie priHliued easily by filliiy^ 
with water a circular vessel having a central plug, stirring ilie water 
and then drawing the plug 'The shape 
assumed by the water will l>e fountl 
to resemble that shown in fig. 
which has been plotted from (aU ulated 
results. In such a vortex, the condition 
is that although interi hanges of kinelu , 
pressure, and jK>tential energies may 
take place freelv throughout the mass 
of v^aler, the total energy per |K)und of 
water remains consUint. 

In Fig. 700 (</), AB IS a portion <»f 
the surface of a tree vortex. At anv 
jKiint B, at a distance y leet from the 
free surface level OX, and at radius 
X feet from t)ie axis ol the voitex, tiu* rc'sultant K of the c'cnlnfugal 
force F and the weight W of a particle of water must cut the* surface 
of the vortex normally. I'his is owing to the* fact that the; surlac'e at 
B IS ex[)osed to the pressure of the almosjihcri*, which is a force 
acting normally on the suifaee 


9' 



1 ii.. - \ frtT v.iriCJK 



Consider a mass of m pcTunds of witer at B. 'i'he centrifugal force 
F will be |)9undal.s, where 7' is the velcK.ity of whiil in feet [ler 
second ; the weight W v dl be ntj!^ poundals. Hei^e, 

• W ^ .gv ‘ 

F ^7!^ V- ' 

a* * * 

. Now', owing" to the change of (Kitentcal energy 'into kinetic energy 



656 


MACHINES AND HYDRAULICS 


caused by tlic water descending through a height jal constant atgios- 
[)heric pressure, we have j/i_ 2^/ • 


E 2^v 2 / 


In L'ig. 7oo(/') another point I*' has bi'en taken very close to P; 
)' i!s increased now by a stnall amount S)', represented by PV/, and x 
js diminished by a < <jrresj>onding small amount ( - 6.v), repres^mted 
by IV/, 'I'he triangles aVc in hig. 700(4/) and dV'V in Fig'. 70o(^), 
are similar. Hetu'e, 



Hi 

IV/ 

h 

al' 

P//’ 

W 


.St 

1^ 

21 

oy 


uy 

ill 


jr 

.1 


I.et (S.r and Ixaome \(‘r\ small, and integrate both sides, giving 

e f.' 

Jlog,V l<»g..\+o 

where c is a (onstant to be determined b) the given conditions. 
'I'he result may be written 1 ^ 

1 - - » 


or 



wheic a is an arliitrary constant. 


.. .(C 



FiC.. 701.— A tree vortJ'x formetl fiutskle a rewlviry ;vh«el. 
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Iti Fig. 70 [, \Natcr IS liisrhiir^etl fron» a rotating wheel into a 
circular tank, and allowed to form a free vortex. If H is the luMglv, 
in feet of the free surface Kvel al>o\e the wheel centre', K the radius 


of the wheel in feet and its nm 
\- 

or !l 

• • 

Hem e, from (j), H 

or </ 

Heme, ('(|uation (>} becomes, 


xehw ity in teet per .secoiul, then 

-’A'li. 

V- 

r; 

K.- 2/ 

V'R- 


this ('ase, 



'I'his is the etiualion used m plotting the vorti' es shown in 
Figs. 699 and 701. 

In Ivig. 702 IS shown a wheel A surrounded by a ehamber It, 
which IS open to an ordinary \olute chamber (’. 'The water whirled 



out of the wheel moves through tja* cjmmher^ii in .spiral stream lines, 
and tlie changes in pres.si/e foll(;«r th« fre<i vortc"^ law' a[)proximately. 
■ '^'his*is shown fn the^ pressure diagrams by the curves and / d' . 
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'riu.“ water in the wlieel itself follows the forced vortex law apppjxi- 
. .lately, shown by the curves dc and d'e. The chamber }i, called 
the whirl|>ool chamber, was su|^gested by Prof. James 'I'homson ; it 
li'j.s not l>een used to any great extent in practice on account of the 
very large dinu nsions re(|iiired il the (handler is to be effective in 
peimitting the changes from kinetic to (iressure energy to lae effected 
gradually.* ^ 

High lift centrifugal pumps. Phe lift w Iik h can be obtained fiy \ 
use of an ordinary ( entrifugal pump is limited b\ the speed at which 
the wheel can be run without exi ceding sale limits ol siiess in the 
material. By the use ot several wheels in seru's, so that the water 
lea\ing one wheel is delivered to the lU'xt whei'l ol the senes, almost 
any lilt ('an be obtained. Fig. 70,^ shows such a jiump constructed 



tit, 701 -- M iildidf vOirel < ciUi ifiikj.il pump fur hit;h lifts. 


by Messrs. Mather A: Platt, lor the purpose ol mine drainage. I d'hcre 
are seven wheels in senes, the fust bang that on the right-hand end 
of the shaft. 1 his pump is ('aj)able of delnermg 2500 gallons per 
minute to a height ol 2000 I^et when ruining at 1450 levolutions 
per minute, and absoibs oxer 1900 hoisr'-power at the spindle. 

Students desirous ol lurtlua information m hydraulics are referred 
to the following standard woiks-: 

(n) Hydraulics^ Prof A. H. Gibson (( '01. stable) : {p) Idydraulics^ 
Prof. W. C Unwin (Blat k), (r) Hydraulus. F. C. Pea (;Yrnold). 

* See “ FAperinients on ihe'Lflu'iency ('cntiifiigal rum[vs. " liy Dr. Stanton. 
P)<k. Imt. Miih. Eny., 19(^3, p. 

t “ The Fxoliition of-tlic TniVnne Fuinp ’ ; flopkinson Ox Chor’ton. /Viv. Inst. 
Mcih. Eng,, January 1912. 
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EXERCISES ON CHAP'IKR XXIV. • 

1 . A jet of water ha\in}; .t ^C(.tlon.il aie.i of 0-5 scjiiaie m( li ami 
niovin^^ witli a %eKKity of 40 tret per b^'toiul iinpin}4eN on a fixed tl.it jjlate. 
Kind the jire'^Mirc on tlie plate when the jet makes .inj^les of o*, 30, 45", 

60^ and <jo" with it. I’lot a diaj^iam showing the lelation of picssure and 
angles. , 

C. 'The jet of water in Ouestion I slides tanj;entially on to a fixed \anc, 
Kind the pressures on the follow in^ \anes, j^i\en that the tangents to the 
vanes at llie leavinj^ ed^tes make an^tles witli the jet of o', 30", 6o\ (p \ 
120*', 150'’, iHo . I'lot .1 dia^iaiti showm^j the lel.ition of pressmes ami 
angles. 

3 . A j(‘t of watei issues lioi i/ontally fiom a tiumi>et 01 due one im h 
diameter undei .1 he.id of 4 feet. It impinges normally on a llat plate ; t 
(.' deulate the pn ssiiK* on th(“ plate (a' when the plate is i('((‘ding ti<Kn tlie 
oiifu e with a \elo('if\ of 2 fetd pet se< ond, (/>') when the plate is .ippi'iiaching 
the orific* with a \elo< it) of 2 fetd per set ond 

4 . In Question 3, (.lUulate the iioik done m eat h tase. lender what 
conditions of plate \elo(it) would lhen‘ be /eio work done? Sketrli ,i 
diagram sliowmg ap|Jioximatelv the woik done Ixdween the limiting 
veloeiticft of plate etpial to and of the same sense as the \elo( ity of the 
jet, {/f) ctju.d to and ol opposite sense to th.it of the jet. 

5 . An overshot w.itei wheel is supplied with 2 nibn feet of watei per 
second. If the f.dl avail.ible is 30 feet and if the elfa icnry is ()0 pei cent , 
wh.it hoise-powct will be diweloped^ 

6. In an imdcishot w.iiei wheel, the w.uei is sujiplied undei a licad of 
3 feet and passes through a sffice 4 feet m width .ind 6 iiu lies in height. 

•Calculate the flow thiough the sluue, t.ikmg the coefiu lent of disi h.iige 
to be o 6 Henie i.ilrulatc the hoise powei d«,'cloped by the wheel if the 
gfiiciciu) is 40 pc*f cent. 

7. *In .1 roncclet watei wheel, the velocity of the jci is 25 feet per 
second and il ; velocity of tlx* run of the wheel is feet per serond. If 
d.e direction of tiie^jet makes an angle of 15" with flie t.ingent to the 
wheel .circumference at^thc entiame, what angle should the tip of the 
wheel vane make with the same wmgent ? 

8. In a Toncelet water wheel, the \%*lo( ity and ilirection of the jet are 
the same as tJiosc ’’given ir Qflestion 7 • 'fchc tip of the wlieel vane makes 

*an angle of 28'* with the tang^it to the wheel ( ircumfcrence. •Find the 
circumferential velocity of t/ic wlieel. » • • 

9 . A . heel 3 feet in diameter makes 250 revolutions per minute and 
has rad I.";!* vanes. ^Water flows through the wheel from the outside to 
the centre, and has a radial component of 6 feet perXecond at the inlet. 

If shejj;^ is to be avoided, ind and show m a^iagram the direction angle 
of the enter:. ig water. * • 

• • 

10 . A Felton wheel is 3ojnchcs«m nyfin diainctcr and is sujy:)lied with 
water under a head of*i50ofcct. the,jet is i inch in diameter, find the 
besi sp^ed in rtNolutions per minute of the wneel ancf also the horse-power* 
defeloped if the efffciency is 8o4)er cc^il. 
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11 . In a Girard axial-flow impulse turbine }ia\ing a horizontal wh^l, 
llje internal and external diameters of the wheel at the inlet are 33 and 39 
inches respectively, the mean diameter beiii); 36 inches. The total 
available fall is 20 feet and the dehvciy edges of the guide \anes are 
I Scinches alx)vc the tail race. 

(a) Find the velocity of the water leaving the delivery edges of the 
guide vanes, taking the cocITh lent of velouty as 095. 

The axial com{K)ncnt of the velocity (//) is to be 045 of the, result 
you have found in (u). Find the angle made by the tips of the guide 
blades with the horizontal at the mean diameter. 

(r) Calculate the flow of water through the wheel in lb. per second, 
neglecting the sectional area abstr.ictcd by the guide and wheel vanes. 

(z/) What is the total energy per second available in the fall.^ If 
the efficiency of the wheel is 75 [>er cent, what is its probable hoisc- 

POVVCCh^ * 

(e) l^ie mean circumferential velonty of the wheel is to be 0-5 of the 
velocity cal( ulated in (/z), and the water leaves the wheel with axial 
velocity only. 'I'he relative velocities at inlet and outlet aie equal Find 
the angles to the horizontal of the v.ines at the mean wheel ciicutnference 
at inlet and outlet resnei lively. Draw the cuive of the v ane. Find also 
the speed of the wheel in icvolutions per minute. 

{/) Find the absolute velocity of the leaving watei, and hence calculate 
the hydraulic efficiency. 

(jf) From (i^), find the velocity of whiil of the entering water. 
Assuming no vvhiil at the outlet, calculate the couple in lb feet acting on 
the wheel, the work done by this couple m fixit lb per second and the 
horsc-{X)wer developed by it. 

12 . In an axial-flow reaction turbine having a horizontal wheel, the 
mean circumference velocity V of the wheel vane is 16 feet per second,' 
the inlet velocity of thc'Water is 18 feet per second and the axial com- 
ponents u, and Uo of the velocity of the water at inlet and outlet aie cat'll 
et^ual to 4-^ feet per second. 'Ihe watci is discharged from the 'wheel 
without whirl. Find the angle of the guide blade ; also the^ angles of the 
wheel vane at inlel and outlet. Find the relative velocities 7 'n and 7 ')o 
inlet and outlet, and cakulate the change in prq-isurfc head in the wheel 
passages if the depth of the wheel is 8 inches. 

13 . If a plate is inserted in a itream of fluid and held at right angles 
to the direction of the stream, (“he total pressure on 'it iVcqual to the 
momentum per second which would pas^ through its area if the plate 
were absent, multiplied bye f.u tor which, for die piesent puijxise, may l)e 
taken to be 0-65. Find the pressure u|K>n a plate 4 feet square due to a 
steady wind of 20 miles per liour. ' (One cubic foot of air weighs 008 lb.) 

(H E.) 

14 . The radial vanes of an under shot vvatq.i wheel ?re acted ujxin by 
water moving at a .elcx ity of 45 fret pei second. If the quantity (h water 
which reaches the whee^ jXfr second is 2 cubic feet, and if the vanes 
of the wheel are movirtg at a‘ c eloccty of 22 5 feet per second, find 
(o) the pressure of the wat^r on,the. '.anes, th^ theoretical efllciency 

vof the wheel and {c)*ihe horse-power th^ wheel is capable of developing. 
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U 5 . .An expeniucnt with a small Pciton water wlieel jia\c results shown 
m tlie annexed table : * 


1 

1 Mran 

Net 

1 Waler 

SiKTCtl 
..f jct.in 

tVriphcul 

Katio. 

1 olal kmelit 

I.u.l OM 

IVi.sinjj 

siK-eil i>f » heel 


1 revs. 

l.r.ikc 

lliroiij;h ill'- 

ft jy-f 

vurifs. in frcl 


jrl, fiMit 111 . 

1 ix-r 

wJkcI, 

tlirliirif, III 

set , 

|>rr sr. oii.l, 


jicr vrt , f 

j iniii 

Ik 

111 {Hrr 'i-t- 
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14-1 
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VJ5 

19 2 

4 





121 * 

21 9 

4 17 
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’I'lir ( ross-sectional area of the nozzle was 0000764 s(jiiaic fA‘t. 'I'he 
mean dumeter of the wheel (< entre to < entre of Inn kcls) was 107 inches. 
The mean diameter of the brake wheel was 7*25 im lies, hill in the 
(olumns lell blank in the talzle. Plot adiivc skowin^; the variation of 

cfficiemy of wheel with \aiMtion of »'«bio A( cordinj{ to simple theory, 

th.it is, ncglca tm^’ all losses, what is the \aluc of y which should j;ive the 

inaMnuim eft’n lem v, .ind wh.it \aluc would this ma\imum cffkicncy be? 

(H.K.) 


16 . .\n a\ial-flow’ impulse turbine is to he designed. Determine, from 

the (lat.i gnen below, the .ingles of tips of the guide and of the moving 
bl.ides . ^ 

• (1) Origin. il he.id of w.iter, 169 feel : 

(2) Head w.istcd in fintion in the g^nde blades, t ffxit ; 

^ ({) Hc?ld wasted in the tail r.n c, 8 5 feel. 

The horizontal velocity of the wheel bl.ide is to be l.iken .is h.'ilf the 
hoiizontal component of the xclocity of the w.itci as it enteis the wheel. 

« • (IkK.) 

17 . .An inw.ird-flow%tuibme, wlien lunnmg stc.idily, uses 40 cubic feet 
of water jicr second. I he wiiiei enters the wheel with an absolute 
velocity of 45 feet per second, .ind its direction makes .in angle of 23 
degrees with tlvc direction, of motii^ of the wheel rim, it le.ives the 

» wheel with an absolute vifloci*^' of 8 feet {fer second, and its direction makes 
an angle of 112 degrees with the diicclion of motion of the wheel rim. 
The internal and external radii of*ihe wlfbel arc i S and 2-8 feet re- 
spective'/. Wlwt horse-power is the turbine receiving? Stale the 
pnncip’vkon winc^i you c.ilculatc. 

18 . Art outwiyd'flcw turbine wheel has an internal diameter of 5 35 feet,,^ 
an wrternal diameter of ^*50 feet, and u mak#s 250 revolutions per minute. < 
The wheef has 34 vanes, w'hich may be takcn,as 0-75 of an inch thick at 
the inlet, and 1-25 inches thick th^«>utl^. 'The head available above 
the centre of the w 4 iee] fs 145 feet, and the wheel cxhaiftts into the 

’ ay^nosphere, •The effective width of t!ie w-flr d face at inlet and outlet w 
‘ inaies, the fjiAntity^of waftr supplied per second is 250 cubic feet. 
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Determine the anj'les of the tips of the \anes at inlet and outlet, so tfeat 
• the water shall leave the wheel radially. You may neglect all friction 
IcLses, (ii EL) 

19 . I'he wheel of a centrifugal pump is delivering very little water ; show 
in curve how the pressure vanes fiom inside the wheel to .i j)Oint 
some distance outside the rim. Show this when there is a considerable 
delivery of water. Draw the shape of the vane of the wheel. (B.EL) 

20. 'I’hc radi.il speed of the u.iter in the wheel of a (cntiifug.il Ptjmo is 
6 Vect j)cr second ; the vanes .iic diret ted backw.irds at an .angle' of 35 
degrees to the run ; what is the re.il velocity of the watei lelatively to the 
vanes Wh.it is the conijxvnent of this winch is tangential to the rim 
When the water h.is left the wheel, wh.it is its veloiity m the tangential 
direction if the run of the wheel moves at 20 feet per second ? (H E.) 

21 . The rim of a turbine is tiavclling at (yo feet per second ; 200 lb. of 
fluid enter the wheel per second with a velocity of 70 feet per .second 
the taflgcnti-il direction, leaving it at the s.une r.idius with no velocity in 
the direction of the wheel’s motion. E'lnd the momentum lost per second 
by the fluid, and lalcul.ite the hoi sc power given to the turbine. I C E.) 

22 . In an invv.ud'flow tin bine the sjiced of the wheel .it inlet is 0-657' ; 
the velocity of flow, .assumed const. int thioiighout, is 015:'; the ou^r 
radius is twice the inner radius, .and the flow ,at outlet is ladi.il 

whcie h IS the he.ul above the tiiibme centre i ind, in terms 0*1 //, the 
ccntiifugal he.ul in the turbine, the vekxity at inlet and the hydraulic 
crtlciency. ' (L.U ) 

23 . A Pclton wheel runs .it (700 levs. per min , its diametei being d feet. 

750 g.illons of w.iter per minute .ue supplied fiom a hydr.iuhc mam at 
250 lb. per s(j in at the nozzle. Find the .ictu.il horse-power, allowing a 
rc.isonablc efficiency for the wheel. E'iikI,- also .1 suitable value for (/. 
Sketch the form of Imk ket .md sh.ipc of nozzle )oii would use, showing, 
how the section.il .irea of the jet may be varied. (L.U.) 
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J5ydraiilic experiments. Most laboratories c(|uip|)e(l for apjilicii 
haiiK's now possess ajipaiatus suitable for »an\ini; out (Aj>en 
nicnis b\(hauliis (ienerall\ speaking, these are on if small 
.S('al(' ; to larry out expenmeiu.il hv<iraiilies on a pi.K lK’al scale 
rc'ijuires vt‘ry(ostl\ app.ir.itus oeeupMng niiK h space, owing to the 
nature' of the expeiiinents. it is best to ha\e a se-pariite laboratory 
(‘ntirely**it compUtmess i-, aimed at In tins see t ion, the espeTi- 
ments (leseril)e(l aie em .i small s< ale usuall\, anel arc sue h as may 
rmd a pi, ICC m any miehanie.il l.iboi.ilory with great bciiedU to 
the sliident. It must be* boine m mind howe^er, th.it the e\’ 
l)erimen(;d results oliiami-d b\ sue h apjiat.ilus e'annot agree well 
with those given by large > .ippar.itiis For example*, the* results 
ior the flow' threaigh a eli.iwn copper tube* 05 me h in diameter 
could scaieelv ^e ('ompare*d with those «(oi a easl-iieai or stee*] 
Whterjn.iii, 4S me he-s m diameler 'I his, howe\(*r, does not detract 
..erious!) fiom the eduxalional value of the: e\perime*nls, and the* 
''tudent h,is the s,itisfae tion of having the w belief app.ir.itus unde:r 
hi.s o\,.. control wiThon^ the ne’ex*ssit\ lor a multitude: of assistants. 

Apparatus for some general •hydraulic experiments. In h'lg. 704 
is shown a{)[)aratus m a e emipae t fori^i for en.iblmg experiments to be 
^ made on th6 flovv ejf v.aier *t[uough c/iAie es and over gauge negches, 
and a’ 10 on the |)owe‘r aid effie lene v e^f a small I’elton whee:l. A 
IS a closed vesse*! siipplieel with w.ite*r trean a pipe P liaving a 
regulating^ valve T. 'I'he [lyie P insiele the ve-ssel has its lower, end 
plugged, and is *])crfoiated with a number of rmall holes. 'I'his 
|X)rtttt«i is'* surioTmded 1^' a gau/e eage,^ which has the effect ol 
stilling most of the edeiies in the cnteriijg ^vatcr. In cases where 
the head in the ordinary ^vatcr #nai»fs msuTTieient fejr exyerimenfal 
' purposes, a pymp may b6 used for delivering water 'under pressure 
inlo a! In th^ •autlujr s laltiralojy, the pressure of sujjjily may 
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he 100 !b. jier square inch. Any head up to this limit may*l>e 
thtained in the vessel A by retaliating the vahe and this head will 
be maintained steadily by the action of the air t ushion in the up{)er 
pi^rt of A. If v('ry low heads are re(juiied, an air vahe I) is o[)ened, 
thus rediK'ing the pressure on the surface of the water in A to that of 
tlic /itmosplu're. 'I'he head is measured then by means of a glass 
tijibe gauge I'Aq which is (.onnec ted to A near the toj) and b(jlV>m. 
For higher jiressures, the [iressure gauge G is used ; this is graduated 
in feet of water. 



For experimervfs*'on the flow tlirough*v)M(i(,es, a fi.ing^e J is secure^ 
to the tank A, and brass plates having \arious^ orifices may h. boiled 
to it. 'I'he discharged jet is caught by a IwifTle plate K, and is 
directed by it into the trough L, and thence into the measuring 
tank M. 'I'he latter tank ha»j»a small cAmpartmeiA af one side, and 
the water may be directed into this or in|o the larger comj^artment 
as required, by means ol a swinging shoot N. Isach comimrtment 
has, a plug and waste pipe, and' the larger holds a Uriown Quantity of 
water when the su-face is level with the point* of tlfe hook 0 

A small Pelton whet^l is situated at 'F, and 'is coitVie(;ted by 
means of a pipe to ;he tank A and has a regulatSig cock Q. 
'I'he exhaust water is *.ed by <i pipe R .into the trough L ; baffle 
, plates S, S, and a wire gii'uze' sert^en 'I' get rid of any turbulence , 
’ and ensure that the water will flow ([ifietly in the Irjft-hand pdrtidli of 
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L. • 'I'he l\‘it()n wheel is fitted with a hmke aiul a revolution 
counter for the horse-jxiwer estimations. • 

'I’he left hand end of the trough L is fitted with a gauge notch V, 
which may be exchanged for others of dilTerent l>pes. The head^of 
water in L may be measured by means of the liook'yaiige U, which 
consists of a graduated rod ha\mg a hook at its lower c ud ^ind sliding 
veriicaJly m a fixed tube. ^ 

Expt. 50. — Flow through vaxioui orifleos. Shut the ( o( k Q, fix the 
recpiircd orifice at J and arrange the shoot N so as to discharge the 
water into the smaller eom[>artment ol M. Plug the larger < 0111 
IKirtmcnt, which should be ([iiite empty, and adjust the \alvc (' so 
as to seiaire stead) (onditTIins at the leipiired head. W hen sleade 
nf*ks has been si-eured, suitih N o\er so as to dis< harge into the 
larger comiKirtmc-nt of jM, aiul nol<‘ tlu* time. When M is fiiV up to 
(), agam^note tlie time, and rei nid the duration ol the tent. Plu* 
e\[)ornnent m.iy he iep(.ite<l by swiii hing the w*ilei into the smaller 
c'ompJirtment, and tlun emptMiig the latger, wlmh may he done 
without an\' inlerteieme with tlu* a< lual How liom tlu; onlice, 'I’he 
mean t 4 me of the two expennKmts should he t.iken. Scweial ex- 
jieriments should he m.ule under diffeient heads, and the results 
tabulated as follows 


lAI‘h Kl\tl< M osj IHH Dtsen \KI. 1 - IKoM .\N OKIIKI'. 


N’.i vf .jiihcc, 

o,iir 

--j • 

I I 

I ^ ' 


Hri<! .,f 
supply 

11 frtt’. 


1 i...s in 
^ time 
/ sr. s , 
(Jl CllliU 
ffpi 


1 iiit.tiinii ' 1 l''w per 
"f tr I, ' , 1 f , 

/'fiotl'is ‘ '/ '-llliK Mfl 



C'-ffllClCIlt nf 
(l|.l.liat|[f, 1 


'■ Plot a curve showing the relation of H and Q. Useful shajies of 
orifice are circular, s({uare, rectangular, triangular, trumpet mcnith- 
piece and thck H^irda moiitljjaeee. (^ire must he t.iken in measuring 
the dimensions required *tor cahulatiiifj the area A. In tl\e case of 
the trumpet orifice, ihe^coetfa leiy of discharge (Vmnd from the 
experiment will be the Poefheient of \elo< 'Ay. In the Korda mouth- 
piece, as^imc that the ccaeftiident of contraction is 0 5, and calculate 
the coethTient o^ vel<»^'ity from your experimental value of the co- 
efficient oC dischijrge. 'Pjius, 

A ' • * ^ 

= #• * 

* ^XPT. 5 1 . ~r Measurement of for I toUM orillv. It is difficult to. 
Obtain ^he coefffclent of contrition, by direct measurement of the jet 
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0 — 

( urvr of a )rt of watn. 


diameter in small scale experiments. 'I'he follovsing method ma)»l>e 
ysed to determine roii^ddy the coeffK'icnt of vel(K ity, and the coeffi- 
cient of contraction may l)e calcvdated then from the known coefficient 
of discharj^e. 

^Usc a circular oril'n c under low head, whi('h should he n^aintamed 
very steady. '1 he ( urve of the jet is shown at APH in Kig. 705, and 
* the dimensions H and D should 

he measured carefully. 'rjie,ori- 
I'k <■ Is at A. At any jioint P on 
the cur\e, the actual velocity i) 
will he tangential to the ('urve, 
and will ha\e horizontal and 
\erti('al ('oruponents 7 ’^- and 7'^ 
respeclnely. It may he assun^al 
that 7V is ( (jiial to the vehx ity 
with which the water le<ives the 
orifice, and that follows the law' of a body falling freeh.* Hence, 
if f/ and // are the ('oordinales of P, and / is the time taken tf> flow 
Irom A to P, we ha\e 

./ . (i) 

// .Je/’. . (2) 

If H, is the head under whi< h the w'attT lea\es the orifice, then 

< < l' N -,N, I 1 I . 

Hence (i) l)C('om<“s /v'^ 2^1 1 ,, 

2<dl,. (3) 

Division of (3) In (2) jjnes 

o.-/-x2yHi 

// 

4<r’H, . 

'This icsull will he true for all points on the durve. 
to H, we have , 

H 


•. • • (4) 

AppVing it 


4 H,H’ 

/ V 

Vu.kf 


(5) 


'Phe experiment snould be performed three pr fous- values of 
Hj, and D and H measure’d ^>r each. dTie \alues ot K calculated 
from each set of mcasur.'ntent^ ^hoidd agree lairly well. 


, Exi’T. 52. — Flow, over «^augV nBtchea. 
‘(Fig. 704) by means of a blank flange. 


Close the, orifices at J 
Secure «the whegl* of'kfie 
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C<>7 

motor so as to priMiU rotation, (ift rt-ailv tlic nitasunn^ 
tank M as in the previous expentnents, l'i\ l))<‘ exjx rimental j;auge^ 
not( h at \\ ii\ nuans o| a lon^ steel strai^lu eiiue laiJ on the sill ol 
the notch and on the point ol tfu' lunik f^au^e L’, and brought level 
by use of a spml level, find and note the zero leading' ol the iiook 
gauge. Open and regulate llu' (tak (,) until llu* liesired head is 
obtained in the trough L and the water is liowing steadil)’. bkiit 
and jtop the nuasuieinent of the water in M .is ilnei'ted jirev iiaisly.^ 
.The exjieriinein should be rejieated lor several heads and the results 
t.ibulated as follows . 


hAPlKlVIlM ON nil 1 I ovv ovru .\ (,\t(.K XOJCM. 


1 

1 

! 

i 

Dinirii ^ llri.l 



( ofllulM 

t of 

; No .? 

1 Vs, |l|l SJOIIS ll\ 

.,f , l,.,..k 

' m timr r Nf ( . 

V i 

iimIi 1), I 

(^> ; 

K( 1 l.ii'giiOi j 

; Kvpi 

l.otO. l.otO. ■ 

< 5 , 7 .’.)';, 


i 

1 1 fr, 1 

* 

'<■‘•1 ,uN K 

n* 

(1 i/.ioid j 


% 


ri(Jt .1 ( Hive lor ea( h lugi h showing the n lalion ol i) .ind 1 1. 
Useful nol( hes for exjieiinu'ntal puij)oses .ire triangular, hav ing 
angles of 90 ,ind do’, re''t.ingul.ir, h.iving two side ( onlr.u lions, 
aiKjliicr h.iving <i vertu.il plali' lilted so .is to give one side con- 
traction and a third having 

side contr.K lion. 

» 



Expt. 53. — Bernoulli/ law/ In f'lg. ^o6(/r) is shown a b*>x A of 
waryirm cross-scgtional dimensions "find* littiRl with, a glass i)ancl on . 
' thd Jront'jjde. Wr/er uiider a^^given^ head may be supplied from a * 


y\o siK h plates in order to idiminale 
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tank n fitted with a glass tube gauge C. Other three tube Ifiuges 
are conneeted to A, and show the pressure heads at r/, b and c. As 
the l)o\ A is horizontal, there will be no change in potential energy ; 
hence, neglecting friction, the sum of the pressure and kinetic 
energies at a, b and c will be eipiak Thus, 

I — + > { t ) 


where and Z/^ are the heads in feet and 7 V, 7 ’^ and v, are thv 

veloc'itics in feet per second at b and c respectively. 

Z/a, hu and Z/,. are given by the observed heiids in the glass tube. 
Kind the (jiiantity of water flowing per second by measuring the time 
taken to discharge a given ijuantity ; let this be 0 cubic feet per 
second. Me.asiire the cross se('tional areas A„, A/,, A^, in .sijuare 
fee\, at a, b and c respi'ctively. As the same (juanlity pas.ses each 
seclil)!! per second, we have 


Subslituiion in (i) gives 


Inseit the observed (juantities in eiiu.ition (2) and note the 
diverges e from strict eijuality in the results. 

I'APi. 5.^.— The Venturi meter. small meter of this type is 
illustrated in Kig 707. 'riieaxis of the meter is arranged horizonti^lly 
in order that the potential eneigy of the water may remain constant. 
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feet secotul. Apply your results to eqiialioti (3) (p. 596), and 
so ascertain the value of the coeflicient whu h must he applied to the^ 
right-hand side. Ke|)eat the experiment with several diOerent ratc^ 
of flow, and obtain the rot‘fh('ient for each. Plot curves showitig 
(a) the relation of the flow in cubic feet per se« ond and the pre.ssur# 
head diflereiK e in feet . {/') the relation ol the coeflfident and the 
pressure-head difference in leet. • 

j 55. — The critical velocity In a pipe. Prof. Osborne Reynolds* 

has shown that, when water flows in a pijK*, the niotit^n may be 
steady, t.e. free from eddies, or unsteady, if. sinuous or broken up in 
eddies. TIte critical speed is tliat at which the flow ceases to be 
steady; at higher speeds the water is bioken U[) into eddies. In 
Fig. 706 (/^) is illustrated a sinqile form of Reynolds’ ex}>enment, 
vvhi^h serves to illustrate tlu' })oint. A test tul>e of glass, A, having 
a l>ell-nu>uthed entrance, is iiudosed in a larger closed glass t^be H 
and discharges into a sink. B is su[»plied with water from a pi|>c C 
having a regulating valve; two gaii/e screens I) serve to prevent 
turbulettce in P. A small vessel Is contains a coloured litjuid (red 
ink serves well), and has a small glass tube which enters IJ and 
discharg(#i a fine band of coloured lujuid into the bell mouth of A. 
At low velocities of flow through A, it will be found that the coloured 
band will travel unbroken throughout A. If the velocity be increased 
slowly, it will be found that the stream becomes broken up at a 
certain velocity, thus showing the presence of eddies. 

Reynolds also investigated the laws of resistance for these different 
methods of flow, and found tl^t the resistance varied a.s the speed at 
sjneeds l)elow the critical value. At speeds liigher than the critical 
value, the resistance varies as some power of ^le s()eed, approximately 
tl^ square. * 



Expt. 56— Frictional rosiit^cef inaDij>e. •d te apparatus illustrated 
^in Fig. 708 consists of*a straight p*^ A B of as nearly uniform bore as 
is p^fisil^le (sol^d^ drawn copper or brass dbes weU for a small scale * 
exfiferimertt), connected j to a,*tap ^t A and di.scharging into a 
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Kk. 709.— Sff t 
pressure ti 


measuring vessel C. The pi{)e is arranged horizontally, and is*con- 
^nected at I) and E by means of rubber tubing to two open topped 
glass tubes E and (L A scale permits tlie levels of tlie water in 
the glass tubes to be observed. 'I’lie connections 
at 1 ) and E are shown in more detail m Fig. 709. 
A collar having a recess inside is soldered to the 
pipe, and has three screw plugs and a nozzle for 
connecting the rubber tube. I'’our very imall 
holes, two of which are shown in Fig. 709, are* 
bored through the pipe so as to conned the recess 
in the collar to the interioi of the pi[)e ; care 
'>f should be taken that no arras is left round these 
holes on the inner skin of the pipe. 'I’he water 
rises to heights in the glass tubes proportionai to 
the 'pressuies at I) and 1 C, and the difference in these heights gives 
the ld.->s in pressure head due to fiictional resistances. 

Measure the diameter of the pipe ; this may be done by use of a 
taper gauge inserted into the pipe end, or by filling a nu'asured 
length of pipe with water and lemoving the water to be weighed ; its 
volume may then be found and the diameter of the pipi^ may be 
calculated. Measure also the length of the pi[)e between the small 
holes at D and E. 'Turn on the water gently, and adjust tiie flow 
until steady conditions are attained with the desired difference in 
levels in the glass tubes. Care must be taken to get rid of air from 
the pressure gauge tube connections. At a noted time, turn the 
disi'harge into the measuring vessel and note the time taken to 
discharge a measured (juantity of water. Repeat and take the 
average of the two times. Repeat the e\j)enment several times, 
using dilTerent velocities of flow, and note the ckfference in heads 
and the times of flow for each. 'rai)ulate these as follows . 


EXPKRIMKNI’ on THK FKKTIONAI, Rhslsl'VNCKS jn \ PH'F. 

► _ • , 
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U is useful to experiiucnt on two pipes of (lilTercnt diameters. 
Very fair results may be obtained b\ use of solid drawn eojip^T tulx;;^ 
of 5 inch and I inch diameters on a length L o( 5 leel 

Kxn\ 57. — Loss of head at bends. The apjiiiralus is shown m 
Fig. 710. 'rile right angled bend ^ ^ 

Ali is supplied with water at A B 

from a tap and discharges into a tt^ 

meifsufing vessel ('. ('ollars similar /v ‘R (hi * 

to that in Fig. 709 are soldered 

at the beginning and end of the ^ 

curved [wirt, and are connei ted to I ^ * 

two glass tubes 'I'he difftieme in | 

level shows the loss in luad. 'I'he ^ | ^ 0 ^/^ 

pijK.' is arrangc'd hori/untally in A( 5 )~ J ^ 

order th.U then; shall be no c hangi* u // O * 

in the {xi^enliai energy of the water. \\ c // 

Measure the bore of th(‘ pipe 
and ttie radius of the bend, and /q1 

find the flow in the same m. inner 1 ' 

as that^usial in the [irevious e\- ■ / 

periment. Do this for seveial 
(lifTereiU velocities of flow, and 

tabulate. A coefVuieiU lor the head lost may be found fiom 


// , 
^ 2 i’/{ 


'I'his result cx^ressis the head lost in teftns (»f the kinetic energy 
^ llie flowing watei 

F.'^'KRlMrNl oN'^TMh lll-\l) 10^1 .\\\\ bl-ND. 
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Expt. 58 Lois of head at an elbow. 'Ehis experiment is cariied 

^ut in the same general manner as for a bend. If the pipe ABC 
(Eig. 711) is cut from a piece similar to that used 
in finding the frictional loss in a .straiglit pipe, the 
frictional loss //j feet per inch length of pijx; wjll 
be known. Measure AB and BC along the pipe 
axis in inches, and let the sum be /. 'I’lien the 
frictional loss apart from shock loss at the; elJ>ow 
will be h^l feet. 'I’his .should be deducted from 
the difference in head shown in the tube gauges, 
and the result \sill then be the shock loss. 'I'he 
calculations in reducing the results are similar to those for the bend, 
and the valiu* ol c is found in the same way. 



f'lr,. 71 1. 


Expr. 59.-1108868 at sudden enlaiigrements and contractions In a pf]|) 6 . 

'I'he ajiparatus shown in Fig. 712 consists of a pipe AH having both 
ends plugged and smaller pijics A(' and HI) fu led to the plugs. 
Water is supplied at I) and is discharged into a measuring vessel at 



Ki(. 71;.— Apparatus for the losses at siuUlcn enlargements and contractfons. 


« • 

C. 'I'he^'e is thus a sudden* r*nlargen)^.‘nt 'at Hand a 'sudden con-, 
traction at A. ^ 'The pressure lu^ads arc laeasured at E, F, G, H, K 
and \ collars rescmbliiig that in Fig. 709 aie fitted at these places 
and^are connected to six glass 4 ubes hu\ing gradu^^ed sctfl'es. 'i'he 
following record <j[an actual experiment* will, dlustiate the'^nethod of 
• recording and reducing the results. ^ , , 

'The pipe diameters wtre fiHind by filling a measiw^^fi leTlgth of 
j)ipe with water, and thfc a^eas A^ and A., of the sections of the small 
and the kirge pipe respective!)* wefe cal^ulate^ then. 'I'hese were 
, found to be Aj - 0-^0053 i»aiu^ A., 0 003^6 sejuare fg?t. 'I’he pipe • 
•lengths are given in Fig. 713. 
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Na j Heads in feel above pij* ernire,’ showtj by (^auKts. 

Tckt. { I A, I A. \ A. i A. 


20 • 2-875 2-633 2-775 2-775 '2775 >'217 


Kl«w in 

Duration 

1 / »e(t>ndi>, 

of iMt. 

[ 0, tubit fe«l. 

/ soc-onus. 

1 

1 0-0^ 

33 

• 


II ^^ 1 II be noted that the pressure is lower at F than at G ; this is 
* owing to the formation of violent eddies at the sudden enlargement. 


1 . IrinifH : • 

K ■ 8 - ■ - 4-^1 M-t - 14 -f 4*^1 f" 4'4 - - 

• 1 - 1 ( 7 . 713 Scciion of fhe tube shown in ti|(. 71a. 

« 

I he pressures at G, 1 1 and K were equal so far as rould l)e detected 
by mean.', of the gauges employed. The absence of violent eddies 
at K is showii l)y tht' pressure there bt'ing e(iual to that in the body 
of thcPlarge pipe. I'he velocities of flow arc as follows : 


Flow jMjr .second 


-0-00242 cub. ft. 


Velocity in the small pil>e = rr, = 7-32 feet per sec. 

Velocity in the large pipe 0-628 feet per .sec. 

The pi{)e being hori/onul, there were no changes in [>otential 
energy, and ])res.sure and kinetic energies alone are con.sidered in 
the following calculations : • 

* , SUDOKN ENI.AKOI-MKNT. 


Kiiirilc 

enen[;«s, I 

I'ressurc energies. 

TflCal energies, 


U, lb, per poiin<l j 

ft. -lb. per (x>und. 

ft -lb fer pound 

Energy 

.1 1 -! 
r.,*_ , 

! at 

i V • 

at K, 

A, . 

• 

at G, 
A,,. 

at K 

at (]. 

expt,, 
ft- lb. per 
pound. 

0-835 00061 5 1 

2-875 , 

* 2-775 

— ----- 


' 2-781 

r 

• 0-93 


The energy wa.sted may be calculated from the eejuation given on 
p 6 1 9 and the re..ult com[)ared with that found by experiment, 'lihus, 

^ (v ~ V 

Eng-gy wiy>ted*per^lb. of water = -1 

* y'' • ( J 

V foot-lb. 

^ f • .#• 64*4 

, experimtntal wjKte«_ • 

, ’• • calculated waste * 
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SuDDKN Contraction. 


No. 

Velocities, 
ft. per sec 

Kmcttc energies, 
ft. 11). per poiitKl, 

Freisure cnergio*,, 
ft *11) per pound. 

Total energies, 
ft. -lb per pound 

Energy 
wasted, by 
expt , 
ft -lb. j)er 
pound. 

A. 

at K, 

J’j- 

at J/, 

7 -, 

at K, 

.It I., 
-1=. 

at K, 

at L, 

at K. 

,tt L. 

,20 

0-628 

7'32 

0 006 1 5 

0.835 

2-775 

1-217 

2-781 

2-052 

j ' 07*9 


Ratio, - 0.873. 

kinetic cncrj^7 at L o <S^5 

Hence, I^vncrf^y wasted - 0-873^^^^ foot-ll) per lb. of water. 

('omj)are tins result with the equation given on p. 620 

Isxi'i'. 60. - Pressure of a jet impinging on a plate. The 
apfiaralus used is illustrated in Fig. yep A tank A is fuinislu^J with 



a trumpet mouthpjece B-in the 'V)ttom,'and discharges a vertical '' 
downward jet. The head may^ be observed by- means cT*a glass 
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tube C and a {^radiialud sc'alc. 'I'bo head inamtaiiu'd tonstaiU 
during the e\{)erinient. riu* jet im[)mges on a plate 1), v^iiuh jj- 
screwed to the end ol a Ixdance lu-ain K. lujuihhrium ol K Is 
secured by mo\ing the lounterpoise F. (i is a c>lmdit of lrans|mrent 
elluloid, arranged so as to catch tlie waste water and delive' it 
nto a sink. * 

In making an experiment, it is best to pnm ed as lollows. Place 
L kpown weight, sjiy 0 2 lb, <'<iurally on tlu' plate 1>, and mo\e the 
■ounterpoisc' until balaiKi- is nsioud. Remoxe tlw weight and 
urn on the jet. giadiially im reasing the hca<l until eiiuilibrmm 
)f the balani e lx am is r(*storcd. lie* piessiue on llu* plait* will 
low be 0-2 lb, and the he.id II liom iht Mitlaie lc\(l in tin* tank 
o the le\el ol the plait* slioultl be noted 1 he exjxiinunt 
ilt^ailtl be repcalt d tor serial difl'erent piessuies, and also loi 
it'veral plates * 

It is iiselul to ha\e a Hat plate, .a hemispherical cup anti a tup 
)a\mg a b[) angle ol 45*, ^,l|u.^llons l(»r these aie gi\en on pp, 1125 
mil t^2t), iind the exju rimeiilal \ahus ttl the pn'ssiiies should be 
'ompared with the tali ulatetl \alues. 

rile How ol water teat lung the plate jx r sectuid should be lound 
))’ a separate -.erics ol ttsts on tin.* tank (tiifite 'This senes should 
'o\er the range ol heads used in the abtive exix-i imeiits, and should be 
ariied out in the same manner as lor the dis< haige Irom an orilice. 
’Vom the results of this senes, 

r.et U ^mass of water di^ harged untler a head //, leet, m pounds 
per sec. ^ 

' //j -- the head over the plane of the oiifit'c, m feel. 

//,--the height from the plate to the^orifice, in leet 
• 7> = tile \ eltx ity of the water reat lung the plate, in feet per sec. 

'Fhen - +// .. 

* Also’ nearly. 

« • 

Momentum reaching the plate per set ond - 

'I'his result will take tlu^place of ^\z;-7rt)in the eiji^ations given 011 
)p. 625 and 626, and will enable the pressures on the various plates 

o be calculated • 

• • 

Exff. 4 i. — H^^rw-powojj and efflcienoy of a Felton wheel F ig. 715 
illustrafts 8 blnall Felton wheel s|)eci»lly c(?nstructed for experimental 
work, rhere is one nozzle only, and the snp^y of water is controlled 
by means of a needje valfe. "Fho^njckets are of the I)#ble type, 
w shwd to receive the jet* with little fhock possible, and cut 
av^af^he entrance edge as^shovyi in the .side elevation, in order 
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that the bucket entering the jet may do so with the minimum 
disturbance. 'I’he exhaust water is discharged from the lower part 
of the casing into a trough having a gauge notch, thus enabling the 
water consumption to be measured. 

I'Vhe brake horse-[)ower is measured by a simple |)attern of band 
brake, consistirig of a band lap[Xid round half the circumference 
of the brake wheel ; the ends of the liand are connected to a 
pivoted wooden lever which is under the control of a -siting 
balance. A revolution counter driven by the shaft enables the 



wheel Sj)eed to he measured. Provision is made for running wate; 
into the interior of the brake wheel sliould it show any tendenc y to 
become hot. 

'I'he supply water may be taken from an overhead tank, or from d 
tank similar to that in Pig. 704. In the former case, the head H fec^ 
may be measurec^ from the constant sue face level in ine lu.ik to the 
level of the jet ; each pound of water leaving the' nozzle w’!' ;x)ssess 
H foot-lb. of energy, neglecting the frictional waste in the pipe and 
nozzle. In the latter case, the head H feet in the tank (Mg. 704). 
may be measured by means of^a pressure gauge, and, as the water in 
the tank, is practically at reit, this hoad will represent the energy, 
supplied to the wheel per jx)und of water, again neglecting friction in 
the pipe connecting the Unk to the wheel casing as well as the friction 
of the nozzle. 

Sometimes the arrangement consists of a vowe»-dri\on centrifugal 
pump, which delivers water to the nozzle of ihe^-Peltoti wheel without 
any tank intervening. In this case, the pre.ssure head feec of the 
supply water may be measured by means of a pressure gauge con- 
nected to the supply pipe. Fro,.i a know, jdge of the diameter of the 
pipe at the point of connection o/’the gauge and also.of the flow of 
'water, the velocity v feet per secondMnay be calcinated, asu hepc'e 
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the kinetic energy — f(x)t-lb. [Xt jxnind of water may lx frnind. 

-K * • 

Supjxise also that the (X)int of (onnec'tion of the gauge is h feet alx)ve 
the nozzle le\el. I'he total energy of supply \m 11 then lx‘ 

1 1 ^ pressure energy + kineti<“ energy + jKUentiAl energy 
foot-lh. jXT j)ound of water. 

('(instants required in reducing tht‘ results of the tests are the 
ladius R, feet from the cenlte of the wheel to the axis of the jet and 
the radius from the wheel (entn^ 1\._, feet at whuh the hiake spring 
balance I'xerts its pull. We .dso fi.ive 

• ; 

Velo( it\ of the jet -'A', - to o-ijss 2:,’H feet per sec. • 


Let N be the revolutions per minut(‘. 'I'hen 

* \\‘lo( ity of the bu( ket \ , ^ h-et per sei'. 

If tlfc brake is of the t\pe sliown m log 715, and if the spring 
bal.int (j IS e\( rting a jiiill V Ib , then 

Rx jrR.x N 


Let 


\\ the How in pounds p« 1 minute. 


'I hen Isneig) asailable in the supply water -Wll f(M>i lb. pet mm, 


Hor.se-j)ow( r supplied 


WH 
3 poo 


^ Actual eflicuaicy - *— 


•33000 
Px :«trR.,N 

= wtf ■ 


To make a series of test-s, maintaui consftnt the head of the supply 
water alid kecy constant the settling of the needle valve; the flow 
will theiT be coifstant, as Indicated by the gauge notch readings. 
Put a gii'en l^r^d m'l the brake and read the revolution counter • 
every fflinrA tor, .say, live minutes, •'riu'^completes one test. Alter 
the brake hxad and again note the revoljttiAns ; this process should 
be repeated until jnlorr^atiom ha^*becn obtained regarding the 
revolutions j^er minute dorrespt.ftding t(* brake loads ranging fron| 
U\^to a l«ad which nea*'ly stops the wheel from rotating, /t 
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new series of tests cun then be made by altering the head of dhe 
^u|)[)ly water. 'Lhe results should be tabulated as follows : 

'J'KSTS ON A PKLTON WHKKL. 


^S|K*P(l of 
No r wherl 
of 1 in revs 
'1 esi I |)er inin 
N 


A. lual 
tfTicn IK y. 


Net 
brake 
lond, 
in lb , 
P 


1 otal Water 
head supplied, 

available , in lb jicr 
111 fret, iniinitc, 

H I W. 

I 


V,locit> ofjil, I 

in for t IK r si, i 

I in Irrt per sec 



Plot the 15 . 11 . r. and tiie revolutions per minute; plot also the 
elhcieiK'y and ratios 


KXERCISKS ON CHAPTER XXV. 

1 . An experiment on the discharge thiough a round orihce in a thin 
vertical plate ga\c the following results: Diameter of orihce, 0*5 inch* 
head of uater over the 0 ntie of the oiitice, 25 fee^ ; time taken to 
discharge 450 pounds of watci, 216 seconds. Find the coefficient 
discharge. 

2 . A veitical jeL discharged thiough ^a trumpet oiif!ce i inch in 
diamctei. Under a head of 22-68 inches of water, the discharge was 
found to be 112 jKtunds m 31 seconds. Find thevcoetlicienl of v'ciocity. 

3 . In an expeiimenlal Boida mouthpiece, the internal diameter of the 
lube was 0-89 inch. E\[x:iiments wcie made undei heads of i-6 and 
2-12 feet, when the ihsch.irge j\AS found to be 450 pDiiitd/i in 314 and 
278 seconds lespcctivcly. Assume the cfiethclent of vdocity to be 098, 
and calculate the coefficient of toiUraUion in bach case. 

4 . Experiments weie made on the discharge o\er a 90 degiPf" V notch. 

At heads of 0123 and 0-165 'feet, the times taVen to discharge 
450 pounds were found to be 537 and 259 secondt."resj)bcti\ ely. , Calculate 
the values of the coeffu lent of (hscharge. , ♦ 

6. An experimental rectangurar gauge notch, 4 inches lohg, bad both 
end contractions sunprcfse^r by means of vertical plates. At heads of 
0-08 and 0D93 feet, the times taken »to tbscha'^rge 459 pounds were 296 and 
240 seconds rcspectucly. <Calo:ilaft. the \ allies of thq., coefficient of 
” discharge. 
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^6, Tlic folluuing mcaMircments were iii.ulc in calibration tests on a 
small Venturi meter Diameter of tul>e, 0 75 iiu h ; diameter at thraat, 
0-375 inch. , * 
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I- ill in the < i)lumns left bl.ink. f ind the a\ ei.i^e v.due of tin* ( oellu lent 
I IMot a cur\r showing; the relation of the a( tiial disdiai^^e in (ubic feet 
per selbiul ,uul the ditferem e in piessuie heads in im hes of mercury. 

7. Kxpenmenls ueie m.ide on the fiu tional loss of ho.id in a smooth 
solid draan topper tube, 077 iiu h boie and 5 feet between the gauge 
braiK'hes I'he billowing obsenations weie made • 


^ - 




— - - 


M.uvu, 

Til 

( k 

1 OSS n( ll, i,l. 

Vcloi Uy. 

c - ■' 

illons 


i 

iiitlu s o| w.iter 

feet i>er sc<. 

Vntl 

30 

• 

45 

276 . 



30 

5 

35 

75b 



3 ^ 

I ^ 

3 « 

Ibb8 



pb 3 i-, ; 

! 4 

•9 « 

27 2 

• 



i ^ “ 

47 

62 3b 

• 




# 

, . 

1 




Fill in the blank rtilumns ; * is the toeffuient m the Che/y formula. 
Idot a cur\c pluming the rel.ition of t^Ki heads lost and the velot ilics. 

8. Two ])u res of sritooil? solid d*i^'n <oppcr tube, 033;^ inch bore, 
were stjldered togetlier sft as to fonn a iiKht-anglcd elbow. A gauge 
branch was attached m each jioitum .it 4 ijt( hes froift the junction In 
one exf/iViment, ihe ditference in was 8 inches of water and 5 {rounds 
of wateT* passed* in tip seconds. It was known that 7'^8ov^;/f for a 
st.aight pipe of the^s. me lK)re and mateiial. hA'^iress the head lost at 
the ciiHjwd. »vei^is of ihi* kinetic energy |m^ jioiind of water flowing. • 

9 . In the apparatus illustr.ited in Fig. 7 #I 4 ^''»' determining the pressure 
on plates, preliminary U^ts sljowjj|i*that iffe (oefllcient of draharge 
through the irumpc! oiifi^e had a\jerag^ value of 0888. he 01 dice is 

inch di.mipter. Tests wc|'c made on lliree pknes : A, a flat plate jit 
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90 dej(rees to the iet ; B, a hemispherical cup, the jet discharging int^ its 
centre ; C, a cup having its sides at 45 degrees to the horizontal, the jet 
^ (discharging into its centre. The following observations were taken : 




Head of w.iter, j 

Observed 

Expc 

No.« 

Plate. 

to plane of 
orifice, 
h\ feet. 

to plate from 
orifice, 

//J feet. 

pressure 
on plate, 
lb. 

I 

A 

1.972 

0-028 

0-07 

2 

A 

2-232 

0028 

008 

3 

A 

2-542 

0028 

oo(; 

4 

i 

t -572 

0028 

0 10 

5 

H 1 

1-672 

0-028 

0 [ I 


H ! 

1852 

0028 

0-13 

7 

C 

1-672 

0-028 

o-o8 

« 

C 

r -802 j 

0028 

oo(; 

9 

C 

1-972 

0-028 

o-io 


F'lnd the pressures on the plates in each case by calculation. 



TAHLKS. 


Useful Constants. 


I iiK h 
I mctic 
528<3 f('Cl 
6 feet 

^ I ('luntcr’s ('ll. nil 
8o ( luntei’s < Ii.iins 
I kiloMictri' 
r scjii.iic iiK li 
I s((u.ne inettc 
t ( ullK IIK li 
I ( iil)i( metie 
I litre 
I i^rillon 
1 bushel 
I tadi.in ^ 

TT 


5t (entiinetres 25 4 millimetres. 

39 37 UK Ik s. 

I mile. 

I f.ithom. 

^/) f('Ct 
I mile. 

0621 mil(‘ 

645 scjii.iie ( entimeties 
f 550 s(jii.iie IIK lies 
i6 3<^ ( iil)i( centmK'tie^ 

6f ,0 : 15 ( iibn IIK lies 1 )08 ( iibie N ,ii(ls 
[fx>) t ul)K <entimeli(‘s 1 762 juiit. 
01^1^ < uliH foot 4 !;4i lities 
1-284 <iil)K feet 
57 3 (leKiecs ♦ 

3- 14 16. 


I Knot ~ 6080 fyet pci hour. , • 

f)0 miles per houi -^1 mile per minute -88 feet per se<dn(I. 
t'^he v.'wliV of at Lon(l(^i==32 182 feet jier scm . per ser 

I 

One [KKincl acoiidupois - 7000 ^^rams- ^53 6 ^^rams 
One kilogran ^ 2 ^05 jkiuik^Is * » | 

One gallon of pure w.iter at p2'K weighs 10 lb. 

One cubic foot of pure water at 62" K. Veighs ^ 3 lb. 

Weight ciri fxiundjn London -445,00(3 dynes. 

One cubie^fcor of .'^r at 0’ -Aid r atmosphere pressure weighs 0-0807 lb. 
One (’ubie f(K>t of hydjrogen .it o" C. and i atmosphere pressure weighs 
oo^ 59 ;\.-* • . 


I atmosphere = 14 7 lb. per sjjuare me h^ • 

= 2116 lb. per fequarc f'jot , ^ 

=^i</ ^ynes p>cr square cenlimelre nearly. 
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I kilogram per square centimetre = 14*22 lb. per square inch. ^ 

A column of mercury 760 millimetres ( = 30 inches) high produces at 
* its base a pressure of i atmosphere. 

A column of water 2*3 feet high produces at its base a pressure of 
^ I lb. per sq. inch. 

c 

I foot-lb. = I -3562 X 10“ ergs. 

I metre-kilogram =7-235 foot-lb. 

I horse-power -^33,000 foot-lb. per minute = 746 watts. 

I horse-power-hour — 33,000x60 foot-lb. 

Volts X .imperes -watts. 

I elcctiical unit — 1000 watt-hours. 

I H.T.U. -■ f; lb. -degree Cent unit 

, — 252 gram-caloiies. 

AbsoUife tem|ieralure t = /° C. ■4-273*7 
= F.-fgbi. 


Joule’s cciunalent 


f 778 ft -lb. -- I I? T.U 
1 1400 ft.-ll). -- r Ib.-dcgree ('cut. unit. 


To convert common into Napierian 01 hy|)eibohc logaiithms, multiply 
by 2*3026. 


The base of the N.ipicnan logarithms is c- 2*7183. 


Table of Coefficients of Linear Expansion. 

(These are given as the increase in length which a bar of unit length 
undergoes when heated through one degree Fahrenheit.) 

Steel alloyed w iili 36 % nickel - - 0000000483 

Wrought non and mild steel- - - 0*00000^)73 

C.ist iron « - - V** - 00008063# 

Copper ^ S-0000096 » 

Zinc - ^ - 00000162 

Biass 0*0000105 

Phosphor bronze • * -• o e>oo8^)7 



Table of Ultimate Strength and Elasticity of Materials. 
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ANTILOGAKITHMS. 
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^.S3 

2388 

2393 

1 

1 

2 

2 

3 

3 

4 

4 

5 

38 

2399 

2104 

2110 

2115 

21 :i 

2127 

2I3‘2 


2113 

2119 

1 

1 

2 

2 

3 

3 

4 

4 

5 

3J 

2455 

2400 

2403 

2172 

2477 

2483 

2489 

• 

2495 

2500 

2500 

1 

1 

2 

2 

3 

3 

4 

5 

5 

•40 

2512 

2518 

V23 

2529 

2535 

2.5414 

2547 

2553 

f5.51 

2564 

1 

1* 

2 

2*3 

4 

4 

5 

5 

•41 

257fil 

2576 

35S2 

25S8 

250 4 

2500 

2006 

20 V}* 

201 K 

2024 

1 

1 

•2 

2 

5 

4 

4 

5 

5 

•4'2 

2030 

2036 

2042 

2049 

26,55 

2(501 

2007 

2673 

2('»9 

2085 

I 

1 

2 ! 

2 

3 

4 

4 

5 

6 

•43 

2692 

2098 

904 

2710 

2116 

2723 

WJ9 

2735 

2T4-2 

2748 

1 

1 

2 

5 

3 

4 

4 

5 

0 

•44 

2754 

2701 

2707 

2773 

27»0 

2786 

2793 

2799 

2805 

2812 


1 

2 

S 

3 

4 

4 

5 

6 

•41 

2818 

2825 

2831 

2838 

2844 

2851 

^58 

2864^ 

2871 

2877 

1 

1 < 

3 

s. 

J 

5 

5 

6 

■4a 

2884 

2891 

2S97 

2904 

2911 

2^17 

2024 

2931 


yM4 

1 

m 

2 

3 

3 

1 

5 

5 

6 

•47 

2051 

2958 

2905 

►0072 

2979 

2^85 


2099 

8006 

8013 

1 

1 

2 

3 

3 


5 

5 *0 

•48 

so‘:o 

3027 

8034 

8041 

8048 

305.5 

806‘» 

3069 

807^ 

8085 

1 

1. ^ 

,3 

4«4 

5 

6 

6 

•49 

3000 

3097 

siov 

8113 

|8llfc|S126 

^8133 

3141 

S14f 

/I55 


1 

2 

8 

1 

4 


6 

6 
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i 
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P^tj 
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4 

6 

« 

T 

• 

1 

1 

a t 

4 6 1 

3192 

3199 
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3214 

S‘.»-21 

S028 


- - 

1 9 

i 4 4 

42t><V 
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3-2*' 1 
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a.'uti 


9 2 

.1 4 5 

.134*2 

38.'.0 
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9 0 
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3499 
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3516 
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pivVr 
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2 2 

jS 4 5 
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S5.S9 
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3(14 

34 -T O 


2 V 

1 .1 4 5 

:08.4 

3n73 


3(-'*0 

3(.9^ 

3,07 


2 S 

1 3 4 5 

37 '8) 

3758 

S7t-: 

3776 

37^4 

8793 


2 S 

1 3 4 5 

3S.C 

3m0 

38 '-5 

3''('-» 

S.- . .1 

38'' . 


2 3 

4 4 5 

3920 

3930 

8945 

3954 

31*1*3 

8972 


2 8 

4 5 5 

4018 

4027 

4)).8i 

4046 

4(».55 

400' 4 


2 3 

4 5 6 

4111 

4121 

41.1(1 

4140 
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2 8 
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42<»7 
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2 3 
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4315 

4 - 5 
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4345 
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2 3 
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4406 

4416 
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4457 


•2 8 

4 6 0 

4 508 
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4,560 


2 8 
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llf.’l 
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4( 45 
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2 3 
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4721 

4732 

47 4 2 

4 ', 53 
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2 3 

4 5 7 

4831 

4^61 2 
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4875 

4887 


2 3 

4 0 7 

4943 

4955 

41*181 

41*77 

49b9 

51*00 


2 8 

5 0 7 

'-058 

5070 
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V(9.3 
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/.•224 

5117 


2 4 

^ 6 7 

1,6 

.5188 

.5.'(»0 

5212 

5286 


2 4 

.5 0 7 

'' 2 »7 

.53t/(» 

5 !0 1 

5 (.3.3 

5::4(. 

5358 
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5 6 7 

54.*0 

5 43.8 

.5 4 4 5 

5 4 5H 

.5470 j 

5488 
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5546 
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5572 

.5585 
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5010 


8 4 

5 6 b 

5075 

*/,H0 

5700 

.5715 

5708 

5741 


8 4 

5 7 8 

5808 

5821 

5 ,4 

.5■^^H 

58(.l 

5875 


8 4 

5 7 8 

.5943 


i '.M 

5' (8 4 


oorj 


8 4 

5 7 8 

t-Ohl 

(let 

6104 

6138 

6150 


8 4 

6 7b 

62-23 

6237 

(-2.- 2 

6260 

6281 

6295 


3 4 

1679 

6368 

0383 

63'i7 

6410 
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6440 


8 4 

^5 7 0 

tv516 

653 1 

t. ,4u 

65i>l 

6577 
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2 

8 5 ' 

0 8 9 

( -<’-(’-8 

6083 

6 ,‘i * 

(.714 
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674' 

2 

8 5 

6 8 9 

(•n23 

6839 

(» 55 
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6902 


8 5 ' 

0 8 9 

o9S2 

6998 

7015 

7031 

7047 

7063 
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6 8 10 

7145 

7161 

7178 

7194 

7011 

1 

7208 

2*8 5 

7 8 10 

7311 

7328 

7.(4 5 

7'((V2 

rj7'* 

7:96 

2 

8 5 

7 8 10 

74S‘> 

74^*0 

7516 

7534 

7551 

75CS 

2 

3 5 

7 9 10 

7656 j 

7'-7 4i 

7(6*1 
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7707 

7745 

2 

4 5 

7 9 11 

7S31 

7S52 

7870 
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2 

4 5 

7 911 

8<117 
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^70 
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2 

4 6 
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‘ '04 
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>2 

4 •(. 
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2 
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R'.4^ 
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8630 
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8 10 12 
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8b5l 

bST^ 
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TRIGONOMETRICAL TABLE 


TRIGONOMETRICAL TABLE. 


Angle. 

RiMllftIM. 

Sine. 

Tettgent 

Cotangent. 

Coeliie. 



0* 

0 

0 

0 

00 

1 

1-6708 

90* 

1 

■0176 

•0176 

•0175 

57*2900 

•9998 

1*5588 

80 

2 

'0340 

•0840 

•0349 

28-6363 

•9994 

1-5850 

88 

S 

0524 

•0688 

•0524 

19 0811 

•0986 

1*5184 

87 

4 

0608 

•0608 

•0690 

14-8006 

•0976 

1 5010 

86 

A 

•0873 

•0672 

•0876 

11-4301 

•0962 

1-4836 

85 

« 

•1047 

•1046 

•1051 

9 5144 

•0945 

1 4661 

84 

7 

•1222 

•1210 

•1228 

8 1443 

•9925 

1 4486 

88 

8 

•1806 

•1802 

•1406 

71154 
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82 
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6-3138 

•9877 
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81 
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•1745 
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80 

11 
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1-3788 

70 
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2070 

•2126 

4 7046 
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•2260 
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•2309 

4-3315 
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1-3430 

77 

14 

•2443 
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1 3265 

76 

18 
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•2588 

■2679 
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•0650 

1 3090 

75 . 

16 

•2708 

•8756 

-2867 

8-4874 

•0618 

1 ‘2916 

74 

17 
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•2924 

•3057 

3 2700 
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1-2741 

78 

18 

•8142 
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•3249 

8-0777 
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1-2566 

72 

10 
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67 
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66 
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66 
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50 

82 
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•8480 
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58 

88 
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•8387 
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57 

84 

•5934 
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•6745 

1 4826 
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•0774 

66 

85 
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5736 

•7002 

1-4281 

•8192 

•*>599 

56 

36 

•6288 

•5878 

•7*265 

1 3764 

•8090 

•9425 

54 

87 

•6458 

•tK'lS 

•7536 

1*3270 ‘ 

•7986 

02 0 

53 

SS 
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•7K13 
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•7880 

•9076 
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89 

•6807 

•62^18 
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40 
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•'.J60 
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50 

41 

•7156 

•6561 

•8693 
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■7547 

•8552 

49 

43 

•7330 
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•9004 
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•7431 
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48 

48 
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•7314 
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47 

4A 

•7670 

•6947 

•9657 

1 0855 

•7103 

1-80^9 

46 

45 

•7864 ' 

•7071 

I’OOOlf* 

1-OOQO 

^ -7071 

•7854 
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Coeine. 

C'>tnngont. 

Tangent. ‘ 

Sine. 

Radian*. 

Angle. 



ANSWERS. 


Chapter I. Pa^e 17. 


1. 

19,500 lb 

2 44(X) vpure leet 8. 1 200 vpiare feet. 

4 » 

(j) 

{/>) 6.r-35r*. 


(1 ) 2 cos a t 3 sin I 

(</) 2 sin i csts 1 2 cos I sin i -ff 


(<')3.tn'Ocosi 30 

*s‘ » sin c ( / ) 3 see* I + sin I 

5 

I. 

6 I 2 ; / 4. 

7 

{. Pi 

(0 (.) 4 » 2<'-'t;H^. 


{</) jx ^ + qi ) I 

U ) 0 ^logvty. 

8. 

I “|o, 55 o 

9 . I ■ 1 70 7 



Chapter II. Page 36. 

1. 

(<;) 12 6 lb weight .It 

o' o' to the 9 lb. force. 


0) 12 15 ,, 

if 27' 


{'} 78 

26' 2t' ,, ,, 

•2. 

i < j ) 587 0 0 

to" 54' 


{/') 677 ,, - 

24 3 S' 

« 

(0 «I 5 0 0 “ 

17" 30' 


X 4 9 lb. wei^^lit. 4 2 <; lb. wcijilit. 

6. 90 I 11 *. woi^iit : 1 12 lb weight at 36' to AC. • 

6. 154^', I'./, weij^bt. ^ , 7 20 14 lb. wci^;bt, 

ft Q - 19 24 tons wcM^^ht ; T ~ 7 76 »>ns weight. 9 . i lb, wcij^'bt from O to D. 


I Angles, (]tgre«, j 

170 j. 172 


1 176 i 

08.1 179 

•18O 

j Q. lb. weight - j 

232 •! 285 

jX' 


II4(*| 2299 

1 Infinite 


11 . P = 2S<tt^ tons wi;ij;lit ; S -45 95 tons vm*ij^ht ; V = 17 67 tons weight. • 

12 . Tie BO, 502 tonJ wi!g'i'‘ puir; strut ('(), 7 tf>ns weigh^push. 


^ ^femb«•. ' 1 

liC 


i’teaction at t\ 

Reaction at C. 

Force in mcnilx^r, 'j ^ 
tons weight - i 

29^ 

^A ,1 

J • 

^ • 

3 77 

•1 23 


14 .« 3^’9 tq^s vscigU i^sli in ea<h lep; 30 t^iKS weight pull*in the Iwickstay. 
n. M. * 2 X 
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16 . Push in AO=i-57 tons weight; push in BO = (>59 ton weight; push in 
, CO =817 tons weight. ° 

16 . 25 Ib. weight. 

17 . 38 8 lb. weight pull ; 86 8 Ih. weight push at 26“ 40' to the vertical. 

18 . j 464 11) weiglit ; 17321b. weight. 19 . 4081b. weight. 

Chapter III. Page 56. 

1 10 29 inches from C, on the same side as I) ; 46 lb. weight. 

2 . 10 95 inches from A. 3 . 4531b. 4 . 23 46 inches. 

6. Reaction at A -4 975 tons weight ; reaction .at H-4 275 tons weight. 

6. 6 55 tons weight ; 7 44 tons weight. 

7 . Reaction at A -4'57i tons ; reaction at 11 = 3429 tons. 

8 . Measure ('!) -lo inches .rlong (^ 11 ; diaw l)<i- 3 464 inches at 90° to CIl ; 

,0 IS the centre of gravit). 

9 . x-q 583 inches ; j = 1 08; inches. 10, 50’ 12'. 

11 . 305'lh. ; C4 2 Ih. ; 17 3 11 ). 13 . A, 0154VV; 11 , 0402 W; (', 0444W. 

Chapter IV. Page 74. 

1 . Top hinge, R= too Ih , acting upwards away from the gale at 29° 48' to the 

horizontal; hottuin hinge, R -- lOO Ih., acting ujiw.irds towards the gate at 
29° 48 ' to llie hori/.onlal. 

2 . E = 2 828 II)., acting downwards towards the right, at an angle of 45'’ to the 

horizontal and at a perj)endicular distance of 3535 feet from the left lower 
corner of the square and to the left of it. 

8. R=l 732 11 )., acting downwards towards the left, at an angle of 30° to the 
liorizontal and .U a perpendicular distance of 1 5 feel fmm the right-hand 
end of the base. 

4 . An anti-clockwise couple of 5 196 lb. feet must be applied, 

6. Vertical reaction - 1638 lb. ; incline«l reaction = 3992 lb .irtmg at 37“ 30' to 
the horizontal. 1 

6 . Reaction at A - 711 i lb,; reaction at 11 - 1227 Ih, at 54" 35 to the horizontal. 

7 . Reaction at 11 = 825 9 Ih. ; reaction at A--950 Ih. at 62'' 8' to the horizontal., a 

13 , 4 47 Ih. at 26'’ 31;' to the horizontal. < 

14 . Reaction at A = 5-44 tons ; re.action at 11 = 5-56 tons. . 

17 . 4242 11 ). acting along DA from 1 ) towards A; 625 Ih. at C, dolvnw'a*- ’ 

towartls the left at an angle of 36“ 54 to llC. 

18 . s — side of Mjuaic ; point rv juired is outside the squaie, at distances . 
from tile 4*11). mrce .and o 5 horn the 3 lb. force. 

Chapter ''V. Page 89. 

1 . See Fig. 716 (p. 691). 2 . See t'ig. 717 (p. 691). 3 . .S^-e Fig. /l8 (p. 692) 

4 . See iMg. 719 (p. v>92). 6. Sec Fig. 720 (p. 693/.’ 6. See I-ig. 72 i (p. 693) 

8 . Sec Fig. 722 (p. 694). 9 . 2 308 tons. 

10 . The link jxilvgon solution is shown in Fig. 723 (p. 695) ; reaction .\I1 = 2400 Ih, 

reaction K \ = 3440 ’h, 

11 . The suhstiluted frame solution' is si.own m Fig. 723 (p. 695) ; reactior 

AB = 2400 11).; reaction K.'\ = 3.^40 11). 

12 . Reaction AH = 3471 Ih. ; reaction K A = 3430 lb. , - 
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See h\g. 723 (p. 695). 14 See l-ig 724 {p. 696). 

15 , 10 , See hig. 725 (p. 696). ^ * 

17 . Q~iioo Ih. pull; 1 ’- 12.^50 III. push; K 14,300 Ih. push laking the 
l)ars in order from the iMUtoin, llie hmes are: 21,000 Ih. pull; 9700 lb. 
push ; 10,500 II) pusii ; 2l,o00 pull 

10 . AH, I 02 tons push ; H(', 02 ton push; Cl), 09 ton ^usii ; DA, 0^7 tor 
pull ; AC, o 46 ton pusli. 


• * Chapter VI. Page 128. 


1. I 78 inches. 2. 86 7 tons. 

3 , inch; f* - 2 '^ in< hes ; ettuienc) 096 [)er cent.; U'aring stress-6 8}^ 
Ions })er s(j. incli. 

4 , (/- li iiulus; / 4j'^ inches; cfficicnc) - 74 7 |X'r cent. ; iK .uing stress - 8 8 j 
^ tons |X‘r v{. im h 

5 , 1 1 riNcts on e.uh side of the )omt ; 45 37 tons. 

iflifuli; 3 71 tons per s<j nu h ; 1 .S5 tons jn-r m| in< h. 7 . 257 im h, 

8. 1 ‘Atension in length o 10 im h ;< onir.u lion in width ooot 370 jimh; rontriiC' 

tion in thirkiKss. (xxxxyi JO iiuh. 

9 . f) 0485 inch. . 

10 . (,'h;inge in di.uneter o 00176.S in< h . ( h.mgi in length -000^635 im h ; ih.mgt 

|in \oluine - o 57 1 2 < uhn in< h. 

11 Hulls of I o 'S tons. 12 Hiislusof ^5 2 tons ; tl ^2 tons jx-r sip iiu h. 


13 

In the copjier, 0 730 ton |x r mj 

mi h ; in the steel, 

1 S<)5 

tons jht 

vp inch. 

14 . 

1 61, 9^)0 11) ; 53,025 Ih. 




15 . 

6 , degrees ' 0 

, 30 45 : 

()0 

1 <)0 


• 

I / , tons per vj inch 1 00 

' ) ^5 25' 

3 75 

I 5 



1 1 0 

2 165 25 

2 i()5 

0 



• - - f 


I 16 67 5 tons , .It 1 1 I feet from the edge hasing the greatest stress 


, 17 . 

18 

^9. 

20 . 


\ii) 36itotis; o 107 ton |XT vj inch (A) 239 tons; i 905 tons per s<| iiuh 
28,^1 Ih^jXT V] f(H)t ; ^00 Ih per s(| fixit ; l ^^ioplh. |xt v) foot .1145 
to the hori/i^il.il. 


riiickness of pkite, l^ich 

I Safe lo*d per / Single slic.ii 
I rivft, tifis ( DouMe ske, 

3333 sep inch ; 1333 11: 


1 \ 

, 


•1 1 7 


- 

"" : 

4 1 H 1 


4 32 

i 

432 ^ 

432 ' 4^ 

4 13 

55 

6875 

7 57 *7 57 


|xr VJ. inch.* 


f • Chap^r VII. Page 160. 



« ^ SctliiJn ^ * 

At 6 lisitl, A#4 tons lojil • 

At 3 tons load 

1. 

M, W>n-feet - 

f 29 6 , • ^ 3}? 0 

27^ 


S, left of load, ‘tons . 

■ ‘ . .04 

- 2 6 


S, rigm ,, 

JLi ^ 

f I 4 2 6 ^ 

^ * 

-46 
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t 2. Dislaiu'c of section ] 

• fr(nn A, feet / 

M, ton -feel - - | 

' S, tons I I 

Distance of section \ \ 
« from A, feel j | 

M, ton leet - - ! 

S, tons - . ‘ 


o ; 1 833 ^ 1467 1 -t 19 U 1333 
1467 I -1367 I 267 - 333 


5 "7 4 - I 

4 !t If -'’ ■331 I , , 

^ ’ ■ \ I 2 GO D ^ 


3. 

Distance from 7\, feet 

0 

2 

4 6 8 10 


M, Ih -feet - 

1 

0 

>3»440 

21, 120 i 22,080 15,360!^ 0 1 


S, 11). ■ ■ - 1 

1 8,000 

t 5i 

+ 2,240' i,3f>o 5,440 10, OCX)! 


0. 15 inches from the 4 5 inches c-d^e, 7. 4 inc'hes fiom (he holtom edge, 

10 . 900 1 1 ». 

11. I{.ir on Mat . (^7) 2420 Ih per s<j. inch ; (/>) 19^6 Ih. per scj inch. V 

,, edge . (7/) 1210 ,, ,, (/;) 968 ,, 

12. (ii) 2 sf) per scj. inch; {/>) 233 tons per s<j. inch.; (/ -022S ton per 

Mj. inch. 

13. 66 2 feel. 14. W,:W ,-;/2 1. 

16. ( 77 ) I'arahohe ; (/ - i 335vV, wliere r-^the distance of the section fioni one 
end i 3/ at c'entie 5 67 inches. (/») I’.irallclogram ; --^o 298 v ; S at centre 

-5 37 inches. « 

16. 2^ 11), per sc|. inch. 


. 1 





. IL 

— 

— 

Distance from N.A., inches 

0 

I 

2 

3 

4 









Ill ucl» 

In tl.uige 

i 

Shear stress, ton^ per scj. in. 

I 00 

0 986 

I 094 

0 S65 

0J5S 

0 

0 710 

* 00887 


— 


— 






18 . 3 - 1 357 inch units ; /•--0799 mch , • ^ 

19 - 1'.’^ - 9 4 6)ns ; I\n ~i4 6tc)ns; M = 84 5 ton-feet. 

20. R 'V 75 tons, passing tlirough t^c^ column axft, at 5 15 fecffrt^i the Uasc and 

inclifted at 14 5 degrees to the axis ; M 1^9 7 5 )n-feet, • * 


Chapter VIJL Page 188. 


\h 

1 ° 

3 6 

t 1 ^ 

— ’ . 

9 ; If 

.15 Si8 

-•-# 

' 

r • 

24 

• ' 00 

3^.6c3w 16.800 

* 1 

I r, 200 ^.400*6,720*5,600 

4,800 4,200 


.2. /■ - 000286 radian ; A -- 004*^7 invh.*^ 

3 . 00515 inch ; 0 001^9 radian ; 23,^00 inches. 
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4 , «p-0429 inch ; o^i 148 n\(lian : 34,950 mciics. 

4 . 2314 tons ; M at centre <417 t(»n inches; M at ends - 41 7 |uii muIrs; 

S for left half of iKMin - t 1 157 tons; S for iii;ht half 1 157 ‘oils * 
3472 tons, M ut cenirc 20S15 in»hcs; \I at ends -4I 7 ton iiulus; 
Sal left end t 1 7 ’^o Ions , S .\l 1 i^ht end -- I 7 tons ; Satienlic o, 

7 . 0^03 inch : 0041511.(11. 8. A -00761 nuh; / -g o txjlo<>6 

9 . 23 0 11 ). -int lu s ; iS75imlus. 10 . 0 3704 nuh. 

11. 64^800 liu lies ; o 444 in< h. • 

12 . * 3000 11). ; .\I at wall Sooo ll>. Uii , inn\inunn |msMi\e M--4(;ooll) ft ; 

i>oints of conirafh sure are at llu fue end and .it 0 fei t from tiic fret end ; 

S at free end- jux) Ih ; S .it wall-- i st)OC> Ih 

13 . 11 25 tons; I'l ^7 5 tons; the |>oints of < onli.ifU \iite (k'ciu .at 

5 feet on e.ich side of (' ; in.ixmnnn |))‘sili\( \| 42 2 ton feet ; in.i\iniinn 

ne^Mtne M ( It t )- 75 ton f(ut ; ‘-v 4112510ns; .S e lose to ( ' on ( he 

left— iS 75 t"ns ; .S close to (' on the nj^ht - I i8 75t<»ns; .Sn^ - 1 1 25 

* tons ^ 

14 . 006 inch. 

15 . I 19 t'^os 0^1 e u 1 ) Ollier t>( .un ; 2 f >2 tons on iiiiici Ik .1111 ; 5 36 tons |>cr s(j. mi h. 

16 . (,/) 9600 II) ; (/') 25,f>rx> 11 ). ftet, l<).oooll. ; (,) 2 fc< I from the wall. 

17 . I fcS 16. 

18 .Maxiniuiu N| (.it ( iids) 23 f')25 ton hn 1 ; M .\l ((iitu | 1 7 625 Ion fci I ; 
jX)inls of (. 01)1 lath suit .It 5 ;5 In t li oni ( .i< h ( nd. 

19 . Wfi \\t) I K)^; /,, ./(, 09S4; A,( Sh I fS; inaxiimiin fn - Ions 

per s<| inth 

20 . At a feel fiom one end, ^l (l^c 70) ton !< < I for tlic i nd |)orlions; 

M -(101 r* 40) ton feet for the cintio |>orlion ; in.ixiimim M is .it 
the ends .uid is 70 ton fe- t. 


1 . 

4 . 

•V 

6 . 

7 . 

% 


10 . 

11 . 


Chaptf,r IX. Page 224. 

I 28 mrh-tons ; ^000133 hr h ton p- r cuhu inch 
12 tons jK’i s(j im h ; 021^ inch 3 . o 5^ inch. 

7 083 tons jur vj. inei) ; 1 1 29 s(j iiv hes 

Maxininm M lai Csiitn )_75ton feci ; inaxiimim .S f^l ends) - 4 10 tons. 

^ - 168 7 Ion (eel ; ,, • - f 22 5 Ions. 

M.ykfftftini C()inhnM*tl ^ 105 ton 6 et ; at the left end, .S varies from \ 14 

to 4 4 tons; at the n^it tnd^S varies from - 14 to 4 ions; the eeiilr.il 
ic for( ( s (d l)oll) hinds 


16 67 feet h.us shearing' for( ( 

Dist.anctfo? v-ctiori froin^ i f 

one* end, (eel - * ^ 




15 20 


25 ' ^ ■ IS 


Maximum M at seel ion, ) 
tftf-feet - * • - • / 


Ma: 


o 

- . . » 

0 ; M II ^ 67 t 4 )n feet ; .M 


t; I- 


71 i no' ) ),)' 141 I oV 110 7 ' 




1 1 6 ton feet ; Mo -O. 

Ra ^3^ tons ;* Kn ^^^fiton,; R(~j8to#s; K[)-8titims. 

(^uantiti^s rtKjuired for the di.ufframs T.ikii^ iftn-c simply supjKirted s))ans, 
M at centre of AH -= too 5)n-fcet ; centie m HC -=28 12 lo| feel .M at 
centre of CD. • ^ _ 

Sn = + 23 3«lons ; Sb (left)- - 16 7 tons ;• Sn (right ) -+ 3 0 tons ; 

Sc - I f- 1 ions ; ^ Sc ^^ght) -jrf 6 7 tons ; 'Sd— - 8 3 tons. 
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12 . At -9 64 .sTj. in< lu-s ; Ar - 1 1 25 s<|, incht*', ; two j)l;ites ni tension 

^ eiu'li thick ; two pl.iies in compression flange, inner plate thick, 
outer plate thick ; web plate thick ; pitch of rivets, 3 indies. 

13 . .Nfoments of resistance • - ( 'ompression 11 inge • angles, 39'6 ton feet; i'*' plate, 

^ 505 ton feet ; 2'’'* plate, 456 ton-leet ; total, 1357 ton-feet. Tension 

flaiifje : angles, ]6 4 ton-feet ; T* plate, 51 '4 ton feet ; 2"‘* plate, 54 o ton- 
feet ; total, 141 8 ton feet. 

14 . (Vnlral bars, upjier Ixioin, ^6 tons push; central bars, lower btioni, 32 tons 

pull; inclined f>ar nc.irest support, 2828 tons jiush ; inclined l>ai* scc^^nd 
* from suppirt, 16 97 tons pull ; vertical bar second Irom siij)[xirt, 4 tons push. 

16 . 45 tons push ; 40 tons pull ; 42 42 tons ; 2J 57 nuis pull ; lo tons push. 

16 . p-067!; per cent. ; A^-O 1004 wp inch ; N.A. is I 53 inches from the top; 

M -6(X>8 11 ). -inclies. 

17 . N.A. IS 907 inches from the lop; use stiesses <‘c = 6 oo, /i (==8865 lb. per 

vj. inch ; M —489,000 lb -inches. 

18 . 6 foot-ll). 19 . 5 72 s«|. inches. 

20 . 913 tons per S4j. inch. 21. 7 33 tons jier s<|. inch ; ^1 86. 

22. I denotes push ; - denotes pull 


I'.uifl No 

. 


i 

4 

« 

s 

LJpper l)o(»m, tons 

1 144 

1 iJ (> 

1 3<^4 

t 33 

f '44 

LovNcr ,, ,, 

- 96 

- 264 

- r>6 

- 264 

- 90 

laid posts, ,, 

1 144 


— 

— 

1 144 

! Diagonals, ,, j 

i__ . . i 

- 20 38 

X< 8 4 

X 34 
^ 34 

X- ',i 5 » 
^ * 3 4 

X 2038 
i ' > 58 


Chapter X. Page 248. 

1. 01141011. * 2 03305 t(»n. 


Ratio h‘.k 

40 60 80 ' 100 1 120 140 ; 160 iSo 20C»|* 

' I 

' ' • 1 - # 

802 i 5564,2005; 12 84 891 6f5 Is 01 ^6 j 521 

p tons per s<j in. 


' - - - ' * ■ ' • - 

1 11^* 1 1 ^ 

Ratio L : /• j 

40 1 60 80 100 1 120 I 140 160 [ 180 200 

! ' t ' ^ ^ ^ ^ - 

p ti»ns per stp m | 

321 j 142 6^4^0 2 1 51 3^1 35^4! 262 l^oofj 1584 1284 ^ 


6. o 1325 ton. , 576 tons 7 . 41 3 tons. 

8. I I tons. 9 . F43 5 in#lies. , , 

10, 0 2395 ton per .scj^inch push ; 00521 ton il'r s(j ,mch pjill. 

• 11. o S82 inch 12. looolb./eet. 

13 . 11- 130 tons; >37 tons; ? 43 tons. 

14 . 57,700 lb. ; 52, loolb.^* X 15 . 103 84 feet; 0 38 inc.i. 

16 . I 98 ti 4 is per s(p inch push ; oS?S toi^ |x:r s<j. inch jiush. * 

, 17 . (rf) 35 tons ; {/d 32 tons ; 66 "^ ii.fhes from the top ed^e. ^ 

* 18 . 4 67 Indies ; 0 461^ inch. 1 ^ ; i»/-4 42, yicK units ;^l^ 3 ^or^s.- 
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Chapter XL Pa«e 276. 

1 . 2 - 1 Sq itM hfs 3 5u()o lon-iialic^. 

4 4 ^20 (niMiu lies ; 1179. 6 j(),240 III. inclu**. 6 10 5S df^rtrs. 

7 . 0 25 tk-j^rccs. 8 . So 7 9 1 42 iiu hcs. 

10 . 7 54 Ions jKT vj iiK h pull on .» M« iioM .It 40' 16 to AH ; j, 

146 .. IJO 10' ♦ 

11 . 4 9(35 Ions jXT vj tin h pul! on .1 Ml u<>n .It 7 ; 9' to AH ; 

5905 .. M IHi^l^ •. .. «t>J 9' .. . 

12: {ii) 11,210 11). iiuIk-s: (/') 7210 11) iniluN, (r ) 2110 IH. )xr mj. mil) pu.'J) 
(x)5 11) [XT vj null j)ull ; (./) 1 >>7 lli pi 1 Mj nuh. 


13. 

32,800 11) nu h 

.s. 








14. 

(</) 1 An^K w ith .l\l^ 

di-Kti 

IS, 0 

50 

Is 

.«> j 

90 


• 

■Sliess, 11 ) 

pir V 

1 nu h 

: '"‘i 

"> 1 7 S 7 « 

(>() JO 

5sS‘’ 

j201) 



(/') 42 (X) 11 ' |X 

Vj n 

u h. 





• 


15 

3 



16 

0 48 iiu h 


17 t, 

I II). 1 

nches. 

18 

1104 1!) 



19 

0 70 nu h ; 

0603 

nu h. 



20 

9*j)l.Ues ; 077 

inch. 


21 

1 7 t3 tons 

ix-r Mj 

nu h 



22 

366 11) 



23 

8 5 IIU lu 

.•S 




24 

6 tons |xi vj 

1 iiu'h 

pull .11 

tm^' 1 >n . 

1 s< < tioi) mi 

hill (1 .It lS“ 28' 

to ho 

ti/oiital 


!; 252 tons [)( r vj. nuh push .ntirj^ on .1 sislion nuhnoil .it KxS 28' ti 
hori/on(.\l 

Chapter XII. Page 290. 

1 . 1927 (lij.;iios 

2. 1740 11) .It 4 foct from till- h:\sc. mil hoii/ontal 

3. 2160 11). ,, 3, .it 20" to till holi/olit.U. 

* 4. 1752 11) ,, ,, hmi/ont.il. 

6 2180 11). : ,, ,, ,, , 

•8. 2215 II) a\ 4 fci'l from the Kim- .uul nu lined .it 40'* to the hoii/ont.il. 

• %7. 3*340 11) .it \ f‘el fioni the h.tsi, .md hori/ont.d 

8 . K f.ijK ouH>d'’ the middle thud, .it 1 07 K*‘t fron% ihi iintre of the Uise 
m.ixmnnn ‘'tr^-ss-- 2313 H'-’*' '^ 1 - piidi ; mmhmnn stiess-iuji Ih 

^)?*rV| l<K)t * 

\ 4 48 feel S lOW 5 9'htt. 11. 3 84 feel 

12 . Resultant ruts the Kim- .U 955 fiit from the earth face, hence outsu# th< 
middl^ l^nrd • * 

* 13 . 41° 50'. • • • *• 

Chafter XIIJ. Page ^22. 

1 6000 Jons per sij ir.ch. • 

2. 4950 nins jx?P S(^ inch ; 2 31^ tons jx-r s<j inch ; 000097 inch. 

3 . ’ Ultmfttc t' n^-nJe- slrenj^th, loe^S tons per sij. mi h ; #l.istic hunt as indicatee 

1)^’ t^e lx-an> drojf^unjj 7-2 tons per s«| nu h ; |xrri nt.ij^e stretch on 8 inches, 
loC'l perceiitaj^c stfeUh on 2 m^he^ at r/.n ture, 15*, contr.iclion of area al 
fraclTire, 19 5 per cent. ^ t 

4 . 12,650 K)ns per .sq^ inch ; 196 t^ns \itr sip inch. 

^^6. ^'.alculatei^ratio, 1087; ‘experimert^hl^-atiof M 65. 

' S. 23*44ons pc*i*s<^ inch. 
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7 . At dasiic i.reak-,lawn. Cc = 68olb. per sq. inch; 0,200 II, oer so inch- 

. 

«. 5 '^ tons per sr,. mcl, ; 7 5 tons per sq. inch ; 6 19 inch-lh. per cubic inch. 

9. 2880 tons per «|, inch. 10, ,^,2,0 tons ,«r sq. inch. 

11. •48(io tons per^p inch. 12, 8,19 tons per s.), inch ; i^. 

3 

Chapter XIV. Page 360. 

V 600.000 foot-ll>. ; 0 727 : t 32. 2, 1,656,000 foot-lb. 

3 . 475.200 foot-ll). ; 1,584,000 foot- 11 ). 

4 . o 000007 35 ^^ ; o 0000804^/ ; o 0000667// ; o 000565//, 

0. 15 ; 36Q 11). ; 33 33 per cent ; no. 6 142,400 foot -I h. 


II14 If 

). 9 . 

4 IVst 

T()r(|iip, 

No. 

« 

Ib.-im htb 

1 

0 

2 

80,640 

3 

108,864 

4 

181,440 

5 

254,016 

6 

33^.668 

7 

43 f ,424 


10. O 828 (lej^^rcc. 


Diffcretu e in 
vt-riuer re.i(lini/s, 
intlics. 

Angle of twist, 
6 = 51 inelics, 

l»y vcriiitrs, 
rad 1.1 n 

'lofMOM 

meter 

le.idings j 

1 

0 

0 

0 

0 1725 

0001642 

1985 

0 2300 

0002190 

26 75 

0 .5875 

0 (xj 3692 

4460 

05425 

0005165 

6265 1 
J^2 75 

0 72<K) 

0006860 

09250 

0 008810 

10550 1 


7 . 823 If.p. 


Anisic of twist, ^ 
1- -25 1; iiiclirs, 
I)) torsion-nu'tcr, 
radian. 


000082^ 

OOOIII4 

o 001857 

O 002 <^5 
o 003450 
0004396 


I ’ /V r 6n4<\940ll> -Indies; (/•) C- 1 1,93c 000 16 

tneh ; (/ shaft Iwiso poaer -oo647«N ; shaft-lmrsc |>,mer -4250. 


12. 74 6 ton-inches. 


13. 7450 11.1'. 


15 - 48; 31 31 ll>. ; 53 I iierccnt. Is’ 20' 


un^ls : 33 8 per cent 


14 . 225 foot-ll). 


unajter X V. , 

1. 40 Ib.-feot; 37,700 foot 11). ; 48 5 ii r.u 

Q / 11 . . 1 . 


* 010. 


V' 


1 

0 , degrees • 
l\ lb. - 

^Vork done, foot-lb 

• — - — 

“ • 

I tlegrees 

liMb, .. 

I Work done, foot-lb. 


0 

1 

0 25\V 

0 242VV 0 

0 25\V 

0 233\V 0 


30 


45 


a 60 


A 


- I . J.s.v ,05W 

0 25\N |0 233 \V o 2i8\V,o 2VV !o 1 74VV o 129W 


o 25U’ 


#♦ 

lojW 

933V 


60 


75 90 


30 1 4^ 

I n 7 1 6\V I o 884 \V 09/31 \V I o^W j VV 
i ‘ 1 25W j VV 

- ^ — 


6 . 


0 , degrees ^ 

0 ,j ,{ 

30 j•^ 5 * 


, 7 > 1 90 

IMb. “T . 

Work done, foot -lb. 

• 1 

o 9 .S \\';0 5 t 4 VV 

ce ^;2 07W, 

0 967W'^i 667 VV 

1 o 75 W^ X 667VWI 

35W 

2 02 VV 

$9 5VV j 00 
IS 92 W| ~ 


l*~0O vvbei)..^- 

— 1 — 1 

^ 

^ 


1' - 00 wben^^ := 76^cgrees.^ 
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7^: 


^ 91 lb. ; 28 pt r cent. 8 . 38 5 lb. 

9 . 232 Ib. -inolus. 10 19 571b. 

11. 730 lb. 12. ((f) 1^00 lb. ; (A) S75 lb. 

13. (a) 3242 lb. -iiu lies ; (i^) 3660 lb. -uicbcs. 

14. i6,S6o lb. incbos ; inner .uij^lc 2'" ; outer .uijjlo 2 2^ 18. S 9 -, 1 . 


^ • Chapter XVI, Pa^e 403. 

•1, 2 .\iul 3 


Crank nnnlc, 1 

1 Ust-itKC, 

VNrrajir \tl . 

\ , 1 .U llUri \ (1. 

.'\\iT.i>:c .l( 1 rl , 1 

A.crl ai u.iri 

d*'^;lrts j 

f.fl 

Kcl i>t-r sfn' , 

<ft 1 J><*l xri 

n jx*r vt |>cr so, j 

ll i>cr >c( ^K‘r 

O i 

1 

0 


0 1 

j 

1 

1 

4' 3 : 

44s 

• 30 1 

1 j 

IS 4S j 

nS| 

1 

240 j 

3^4 

60 

^>505 


1S4 1 


ins 

• 

JO 15 


i(> iS 



1 127 

1 

18 S5 


•>2 

1 • 


16 1 


1 • '^>0 5 


120 

1 y>s 

1 

1087 

1422 

1 

24b 2 1 

222 

1 


1 I S97 

7 ^7 

-.05 

262 2 

! 371 

iSo 

1 2 ouo 

0 


1 - 207 


( r ink iiink , 

l)isntKc, 1 

\M-r..K. S.-I. V,1 

u iDicrval, 

\st*( i;^< ,'n L( 1 , 

a. CCS ; 

fcLt 

(( 1 t ^ 1 SI ( ft l* 

|KT SCC 

fl |>i r s< < j)t r st'i 

0 

00 

8 24 1 

1 8 

454 

30 

0 229 

> 7«5 1 

14.1 

169 

60 

0 723 

1 

1925 1 

19 1 

' 10 8 

()0 

I 26 

1S8 


« 


16 2 


1 ’ 2085 

^ 1 20 


^ 9 =f> ; 

130 

275 5 

150 

I 97 

54 




^ los ; „ 


* 291 5 

iS* ' 

’ 2 < jO 


2 7 


* '*1 


012 


, 24S [ ' 

210 

; «'^3 1 

j 

96 




* 12 9 


’ , - 19S 

; s ^40 

;,I 48 

» ,» 

'5 I 


• 

iy^l 00 ’ 

/7 27 

iSS 

, 133 

«70 



^ • 

, - IS 7 : 


f 64 8 

' 30 «. 

04 .S J 

\ : 

1/ 


> 


! -139s : 


4 306 


0 092 

1 ' 1 ' 

S 5 

) 

a 

j' " 33 ^ .1. . 


, +335 

360 

j 0 0 

?S 

i , 



as 


704 '• ANSWERS 

5. 217-4 seconds. 

3-32 feet ; o- 16 feet per sec. ; 004 f«iet per sec. per sec. 

7. *334 feet. 8, 2 66 seconds ; 57-8 fe<;t {)er sec. 

8 . 5-59 feet per sec. per sec. ; 11-56 feet per sec. * 10 , 0-667 ft^ct per sec. 

11 . 1088 feet per sec. ; 912 feet per sec. ; 1003-8 feet per sec. at 84“ 58' to the 
*une of motion of the train. 

18. I 047 radian pet^sec. ; 00087 radian per sec. per sec. 

18. 0-5436 radian per sec. per sec. ; 37-5 revolutions, 

14. 3 75 radians per sec. )x‘r see. ; 30 radians pejr see. 

18. ^2 07 feet f>er sec. at 105“ to original direction. 

16. 1,778,000 feet |)er sec, per sec. 17, 1-358 feet per sec. per sec. 

18. 20 94 feet per sec. 19. 49 5 radians per sec. ; 198 radians per sec. per sec, 
80. {a) 8-8 feet {)er sec. forwards; 8 8 feet per sec, backwards; {b) 176 feet per 
sec. forwards ; o. 

*81. 58-2, miles per hour at 20'’ to B. 22. o 328 second. 

88. 2 h. II m. A.M. to 3 h. 169 m. a.m. 


Chapter XVIL Page 428. 

932 lb. weight, 2. 976 cms. per .sec. per sec. 

9-77 tons weight. 4. 7 99 feet per sec. per sec. ; 2 237 seconds. 

9-767 11). weight. 6. 312 foot-tons ; 26 tons weight. • 

13-38 ton -foot-second ; 20-8 tons weight. 

Truck has a velocity of 6 feet per sec. in direction opposite to that of the man. 
54 4 lb. weiglit. 

49-5 feet per sec. ; 76 9 weight ; l)olli at 135* to direction of jet. 

260 lb. -feet. 12. 860 pounds and feet units. 

9 49 tons and feel units. 14. 82-5 pounfs and feet units. 

26-2 pounds and feet units. 16. i 414 feet ; 9 7 foot-tons. 

1-25 foot-tons. t 18. 2-147 !><**■ 

3270 11). weight. 20. 49® 29'. 

[a) 57-8 foot tons; (/i) 2 138 foot-tons; (c) 5994 foot-tons. 

28-9 11). weight, at JQ^^o the tangent. • 

160 I feet. 24. 29 4 tons weight ; 21; i^ions weiglia 

. • ' 

Chapter XVIJI. Page 451. 

22^, ICO |^und-l(fet-sec. ; 312 lb,-4.4.-t, , t 

1-84 lb. -feet. 8. o533«radian per sec. 

176-4 lb. weight ; 18^85 fe^per sec. * 5. 39 second. 

I'5 5pet; I 36 second. • 7. 2/cct from the t«p^end. 

0-97 foot from the 4 mund mass ; 44 42 pounJand ^oot urfts. * 

8-1 pounds at end of bar ; 2478 pounds at 2-694 feft friJhi the § l pounc 
mass. , •, 

(fi) 98 feet p<T sec. per set. 98 feet per sec. per sec. ; i8 l ridians pci 
sec. per^ec. ^ 

1 13,500 jx)un l-foot-sec. ’l 10. 

\ 198 Ih. weight. 14. i 255 pound and fqpt*unilj^ ^ 
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M. 248 Ih. \U‘ij^l)1 at I till l'< V fii in i!u' miss n line. 

16 . 124lscoon<K; 52 ; 11 *. w i 17 o ?<)_• . on<l 

18 . 5-1'^ .it a\." . f><:i poii'iiK at i^kil Ii>>m t\i'' .tn*! 'H s'liu ^uln i*l tit; 

, till. ( (.litre of i^t.u li t ; 46; 8 Ih -fei t 

19 {(i) ( ai turiini” '"ttUilN lli<- lu'l.t. In M uli i,ln',<*l In 11*. ttiij^lit, 

I'aiL a\Ii f.' saiiK < \l( nt , [' 1 i 11 ! .nnp.' (owaoK (Ite le't, (lie 

forne i ti.i. .'s m i< \(, i 1 1| 

20 u t)(|\ ♦ 1 ilhaiis j)< r Sc , 


Chapter XIX. Page 491. 

1 7 7 f( ( ( pel see . spu MiK to n.;l 1 it 2 ; 2 S 1 ,. \ 1 1 pi* .lin.. d 

2 8 7 It 1 1 pi I VI ( , u p it 11 dv to 1 i/!ii it ’ }(j’ • " \ 1 ) 
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I J70 1 .’pi ! 2 II 

1 1 


o| ilws. 

h' id. Ii et pi 1 VI 1 

1 l) (,(X) 077 

' loi) 7 Ss 1 01 0 ‘ 

4 

( M I 1 ; 1 i.li I 

Imp , vii . ,•■) 

1 01 ’ il 1 1 

i " 1 i . . ( 

) <1 piS 1 kImh ] 

*i 1 Ml 

f> 

y>( ' piodiii 1*1 

t'l 1 . M o()'i 

loi.t 

0 ( P 

J s U lit* In H 
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I 27 0 

12 27 ' 2 1 2 

dt si 

8 

! ( I ink .iiiLd* 

1 

. di pKi s U 

i' 

■ ,1 

) 120 1 ISO 

180 

0 

I'l mpii . I!> 

111! Ik v * * ) 

1 1 Is 

-■v'l ' .Oi 

|S 1 p,o (iSo 

0 

9 

47 7 111 \\i tp^d . 81 5 11) t\( e: 

d,t 

10 7SS •- 

\ 1 pi 1 mil) 


11 . 

A( ( ( 1 It 1^')', 

, ’,7 pt' 


. It IIIIK 1 

d< 'd poll,!, I 2: 

i fill lie 


■ <910 111 , , 

1 . .It oiiti I di 

k 1 polMl. 

7 s It.i p' 

1 1 1 < 

S'Si 111 . 


)(*> It. 





12 

[n 87701k f 

L.l. (/i| Sj, <1 It* 

h i 1 

13 sold 

1 pi 1 S, . |M 1 M ( 


14 


,U ii^lit .ui^d' s I 

0 md .Old 

f\ fi ( t (101 

1) J In ( Mill. pin. 


15 

16 

wi* I'A',... 

Inm 1 de.id poii.t. cj pi ; 1 

lilt' 1 d .id 

p'-int, oj 

1 Pt 7 , .d iS'i < 

n; r 


all 111 ladui 

,v p, , 




/ 

17 , 

{a) 0 71^3 Slit 

* { 0 } 04 Jt.vK 

. 1; 



/ 

20 . 

2 5 J^W 11 ki (e 

<t t ) 

- 21 

2V6 s (, , 

' P'< ' ' PS' 


22 

48 1)11 Iv s , ^ 

}S0 11, ; IMO 11). 

nptt 'idv ; 

p.-plli 11 

1 llM 'dll ink 


23 

V(‘t p. r 

ve,. . 24 1 

pi in. Ilf V , 

- o’ I 11,1 1 , 

1 . '.^It 0 S() ol the 

stioki . 


J 2 d. i4<>o I I i o , 

' ’ ‘ ’ . Chapter XX. Page 522i 

1 . 6 25 ^'M'Mii 2 ' . r t I'l lit ^ 3 . 9l2rt‘'s |(U mint 

4 . 7940 rets pcrpniti ^ 6 I }t> h f I p<'i^( 'i 7 . 07^' [k.iiivIs 

8 . 128 foot y*. 9 9;';rp'A p' 1 in.i' 10 . 7 2.^>)uiid.s. 

dtl. retV ^er ini ■ ;*lS9 3 >r( t'«^ p* 1 in^i ; 10 jVi c id. 



7o6 


A'NSVVERS ■ 


12. 10 r radians jX'r ser. ; 2 816 II ►, ftet. 

1066 lb, ; 17 76 11». weight j)or inch conipre<si()n. 

14 . 1^9 revs. |:><:;r niin. ; 17 revs, per nun. ; 133 lb. weight. 16 . See Fig. 726. 
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16 . 6 6 pounds at l foc»t laduis ; 90 lb. weight. 

17 . Angles made with tiie direction of tlie force at A: C, l66° ; D, 235"; 

1'^, 30° ; 14 7 11). weight. 

18 . 33i pounds inahing 1 S9' with the adjacent crank. 

19 . 515 t^'iis ; angles with No. i ciank • No. 2 crank, 1446'", No 3 crank, 

2^5 h'^ ; No. 4 Clank, 55 5°. 


20 . ( ranks A and (' di.unetrically ojiposite crank H; mass of A-^-^ -M; 

' mass of ( ' M. 

(u I 0 

21 . (u) Revolving masaes • let F, 


M,a)V 

A" 


foK'es halame; resultant 'couple 
= 2l\/'sj2 in a plane at 45'' to tlie veitual Reciprocating masses: let 
f'.j primary forces balance ; primary cou[)le = F.^ 's 2/ ; secondaiy 

forces h.il.uK'e ; sec ond.iry couple --- F._, \ \ 2 /> 

{h) Revolving masses fences hahnee; ic-sultant cou[)!e- 2F,/\''2 in the 
hoii/ontal plane. Reciprocating massft a *j)iiin.ii) loices h.danc e ; jiinnary 
Couple'S balance ; no secondary Ion es ; no secondar) c'c)U()le. 

22. 1635 levs pel min. 23. 822 ic\s pei imn 

24. 1S70 ie\s. [)ei min. 25. 126 2 inches 


Chapter XXI. Page 561. 

1. {(i) 240 and icaHo .evs per mm (//) 22S and 974 7. ecs.^rer nun. % 

2 . One counlersh.ift. 36 nub pulley on line shall ; n .old 19 5 inch pulley'^ 
» on countei sh.ift ; counteishalt iiins .it ^6 res.'^, per luin 

3. 'iV^^jiSlh ; _ ^ ^ 

I 1 I [ I ‘ 

Angle, rkgices o 30 j 60 I 90 120 '^o , 180 

I Tull in belt, lb: | .pao ^'>07 9 2/) 2 | 1S2 I 140 1077 j 8315 

4 . 14,700 11). 5 . IS 77 inches ... ' lOS ''). 

7 . 68 2ie\s per nun ;* 4 1-5 inches, 8. 19 n i'. -• 9 . ..So llV ^ 

10 . 15 on lathe mandicl, geaiing *1111 36 on stud ; 18 on stud geaiing j /ith 45 on 
lead screw, '' 1 

11 17s; 12 ; 8 gearing wit’ 36, 12 gearing with 32. 

12 . 5 02 ; 9 jK ; 22 S. 14 . 2f, cli'ckwise revolutions, 

15 I 5 clockwise revolutions ; 3 Ciockwise revcj)atic)ns Id. r/D:WH = l: 2 . 
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19 . 


w of driu n sh.iti 


O JO (^J w , I ?5 I So 325' ^ 7 ^'^ I 

155 1 iX)^ 0 021 ‘>S0(1 090 j 155 o<)<)joS(>() I I si; 


Chapter XXII. Page 589. 


1 1200 111 ; 400 111 ; JU) It) 2 11^.000 It) ; !i;.9ioll). ; o»xv) th 

*1029 tons ; 92 () tons, K 9^6 4 tons .U to ^>0 loot lonn iIh‘ l>otloin. 

4 . 18S5 1!) ; Ji 44 111 

5 16,500 16 . ; 2 c/) iVit U'low tlio top of tlw tipcninj;. 

6 670 tons ; 7 Si 2 foot 7 I7 4Sions. 

8 Tr.insvtrsc* IIM 9 >8 ftrt ; loii|;itu<liiul HM - 104 1 Kv i 9 . 291 (Ic^pri’s 
^0 57 , 1 <X> 16 .it 24’ \o to till' \filii it .iini iiifiisulinj; tho Isisi* ft .i p' .nt 
1225 Ktl Iroiii ihi* w.itrr l.i< c, .ind hcint l.dlini,; witliin tin muidli thud, 

52 ,S'X> 111 tiliv; tlio t),is( MitH.ilh .It OIK thud its widlh fiom (hi’ 

w.Ucr l.i' 0 


K' .lill.KU fou'r, 


tiJI 


3 

10 

20 


:;2s 16 . \t rtli .it ; 
u Sj 4 loot from w.itcr fn c 
60J0 16 , 1.4 S' to \ ( iiK d , 
j 5 4 li'i. t (10111 W.itl. I ( u ( 

I 2vO<>) 16 ; 21 5' li> \( itK .il 
7 7 J k • I. lioiM u tier f.ii'c 


525 16 ; \LrliiMl : 

0 S ^ ; loot Iroiii w.ilt 1 r,u ( 
5S 4 4 16 ; \t ith .d ; 

2 7S !(■<. t (loin u III I f.u u, 
: ; 2 4. 400 16 ; .il ; 

I 5 55 ktl llolll \\,l0 I I.K ( 


42 . 1 2'* 7 p dlons pci houi : 2 21 p- '<0 p< r hour. 

13 4 72 111': 4075 11 I' 14 21,1 40 foot 16 15 17.550 foot 16 

10 26.95016 ; 55^oni6u im hrs ; J2 4,400 (o<»| 16 

17 , () ; 1467 It . 95 i 16 . 10 (t'l-l 

18 il 88 Luhic f. I ' . (u) 5J4ot6 pusli ; (/^) 511716 pull. 

JG 1 4 64 IP' hcsdi.iiin I< I ; 21 ^4 nil hcsstioki ; I20,rxjd^o()i 16 pci nun ; 6 07 1 ! 1 ’ 

20 io 4<T16 : *7 jh. 22 1965 16 . ' 

23 . .^ccTipiuhitor dt^ '^1 4 16 per srj inch .it the top; 891 16 jkt srj iiuh at 

the hott.un .\( ruii) J.itoi ii|* 891 16 ptr sq. iiuh at the toj) ; 91 J7 16 
|H’r y[. ini'l. .it iIk 6(,noiu ^ 

24 . Sojfeo*. • • 25 . 1667 16 , i 0 loit^iom die top. ^ 26 . o^fooi 

Chapter XXIfl. Page 622. * 

1. 36^ per see > 8 62 16 per s^^ iiuli • 2 o 352 cuhtc feet jkt se?. 

3 0047 (Ti6 p le' ^ p|i sec. , 1X57 gallons p< r hour ^ 

4 . d 072 ^ul' C fijpt fhr.sci^ ; 1620 ,;a!lon^ p< rjiour. 

j 5 . 12 1^6 feet per see, • 6, 4 54 cu6i< feet |)er sec. • 7 . 1228 Ih. 

8 0 267 evil I' leet pe. sec 9 |r>^ ^eillons per hour. 

10. 2233:^2 29 ; 2 J5, all in ruhic feet ^-r see. 

11 . 10 ^ 255 - • * • • 12 ; 

'Is. 442 feet [>’* s<«' • I 8.8o.(xX) fiifiie fe*t tar d.i\ * 14 . 2 17 feet jx'r SC.. 
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15 . 7 8<; fcrt per sec. 24 65 rulnV feet per sec ; 5 56 feet |)er sec ; ij 45 cubic 
i> feet per sec. 

10 . 3 244 miles 17 . 00767 foot lb. 18 o 046 fool-ll), 

20, 36 2 feet per sec. 21. 426 feet per sec. 22. 40 f- el [>cr sec. 

23 , I I jot per .sec. ; 314 lb. jk-r srj inch. 24 1,440,000 J:,^'^llo|)s per hour. 

25 . I 09.:! lb. ; 25 miles f)er hour. 26 . 669 seconds 

27 . 59 lb. per sq. 'nrli 28 5 feet jx-r sec ; 9S00 j^.rllons jx-r hour. 

29 . 18 3 ( ubir feet per sec. 30 . o 74 foot ; o loi II. r 

31 . I’riclion.il loss in the 6 inch pipe - - - I03 feet licad. 

o ,, 3 o - - -9b9^> 

I.oss at pipe entrance • • • - -- OO071 ,, 

,, the contraction - - - - ~ 00257 ,, 

Kinetic energy wasted in the lower rcservon - 00372 ,, 

lo'j oS(X) 

706 {^'allons per mm ' " 

32 222 i^M’jons j)cr min. ; 302 lect jx-r sec. ; 27 iS feet per sec. 


Chapter XXIV. Page 659. 


1. 

.Anpde, degrees 

1 0 1 

10 

45 ' 

60 

1 




I’lessure, lb • ! 

0 ! 
1 

5'39 

762 

1 9 31 

j 10 78 



2. 

\ngle, degrees j 

1 

° 1 

P 1 

60 j 

90 

1 t20 

1 1 

150 

180 


Pressure, lb. ■ j 

21 56 1 

208 

186 

• 5 ^ 

1 10 78 

5 57 i 

0 


3. I 99 lb. : 3 33 lb. 

4 . ((/) Woik done by the jet -3 98 fool lb pc sec ; (/>) work done .\gamst the 

jet - 6 66 foot lb, |)ei sec 

5 . 4 09 II I’. 6 1665 cubic feet per sec. ; 2 27 H.l‘. 

7 . 35 25 dej'rees. 8 12 feet per sec 

9 , 396 feet |)er sec , at 8' 41' to the wheel circumfeience 
10 11S4 rev> |X‘r miu ; 2307 11 r 

11. (c?) 52 78 leet per SL’t ; {b) 26“' 45' ; (r) 21751b per sec- (<-/) 43, 309 fjootdb ; 

59 1 It 1 ‘ ; (/’) 48" 49' ; J 3 18' ; 104 re\s pei^ ..m", ,/) to 7 ler^ jier set. ; 

91 1 |)ercent.; ( v) 29 2 feet per sec. ; 2960 11 -feet; 32,3(X) foot-lli j)er see. ; 

' <;8 7 H I'. 

12 14" '29' ; 72'" 23' ; 15° 42' ; 4 72 fcTt per sec.-; 16 62 feet pci .ec, ; 3 27 feet. 

13 2231b 14. (,r) 8731b.: 3^) pel cent., (<) 3 57 H P. 


SJ 



V 

V 

K 

e 

, X 100 

K 

Si 03 

67 7 

I 196 

395 

’• C 

.. 0 

88 

15 9 

2441 

505 

305 


858 

30 82 

278 

469 

294 1 

62 6*5 

838 

j 28 96 

2.06 

469 

296 

63 15 

864 

1845 

i 468 

477 

-'19 8 

50 2 ' 

1 873 

1 5 b 5 

: >5 45 

‘■.95 

C> 1 . 

838 

169 j 


♦ 2 ; 100 pci cent. 


15 
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16 . 26'’ 26' ; 45 18'. 17 . iSoii.i 18 7 f ; 9“ 52'. 

20 . * 104^ fcft |vr scc. ; 8 57 feet [xr sev ; '1 1 4J feet jxr ^e 

21. 14,000 pound foot se( ; 47 4 il 1‘ 

22. 03169/^ ; 6 : 97 7 jK-r tint 28 . 9S 2 11 i- ; i 91 feet. 


Chapter XXV. Page 678. 
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Absolute units of force, 2, 107 
Acceleration, ^85 , and force, Law 
foi, 4(76, 44^^), Angul.ir, ioi , at 
an instant. ^86 , ('entral, v)7 . 
diH' to clMiif^e of direction, 405 , 
due to gravitation, -{Hc) , Imju.i- 
tions for uniform, ^87 , ullage, 
474 , of tlie j)iston, 4O7 : -space 
;li.i^r.ims, p)o, 4O7 , -time di.i- 
grams, pSo, v><f 

Accelerations at ends of stroke-, j()8 , 
C'omposition and resolution ol, 
too 

,\cc uniLilatoi , lUdraulic, 581 
\ir-vessel, 587 
Amplitude of cibration, 400 
Angle of advMiKc-, 481 , of oblupiitN 
of stress, 122, of re|)ose ol 
earth, Natural, 280 , of resist- 
ance, Limiting, 4t»t , of sliding 
friction, 475. of torsion, 

25 } , of tuist, u8 
Angular, ac celer.ition, toi 1 -oid 
linear velocitt, Lel.ition ot, toi , 
momentum, 4^0; motion, iMpia- 
turns of, toi. 

Angular velocits’, tOO', at an instant, 
492 ; diagrams, 49 ^ , t'liange in, 
400 ; Iductuations in, 491 , Ke- 
prS a-ntation of, joo 
^ nticj- ^tje curvatiiie, i | f 
rcli, 'Linear, 24 j , Ihiec'-pin, 241 • 
idles, 2 ^'I-2 jO , ' Itending-moment 
diagiams for, >14, pending 
moment, shear' and thrust in, 
2|4, lloii/ontal t'liiust in, 2 j2, 
^-0 , Line of lesistanc e in, 241 , ‘- 
Masonrv, 241 ; Mepil, 242 ; Ke- 
actions in, 2 p) ; Stresses in 
joints of, 242 , 

reas, l^etermination of, 5, 
utographic recorders. i'M, ‘ 305. J 
records, 294. 31 1, 312, 414, 314,' « 

315. 31b. 


Averv torsion machine, Ji6 
A/iiuuth, Motion in, 4 41 

B.ilaiv es, ( 

JialaiKing, 50(1-4 18 , Apparatus 
for testing, 41 t. Liimaiv, 414, 
417, problems s<)l\c-d ^gi.iphi- 
calh, 411 , of locomotic es, 410; 
of I eeipioc.lting IIKISSO, 411 , of 
i('\'olving masses, 42<), 409, bc- 
eond.irv, 417 , Static, 127, 

Ikill healings, jOi 
L.irr’s .lutogiaiiiiic recorder, ^'04. 
Be-ain sections, Modulus ot, 1 17 
Le.ims, JLnding m, 142 , Bcndirig- 
inoment di<igrjims, IJ4, 14(1, 

I jo , Heriding-inomeut diagrams 
by calculation, i 54 , Bending- 
moment ehagiams by graphic.d 
inopu-nts, I jo , Beiiding-monientf 
diagiams by link jiolygoii, i yi , 
Bending moments iind shc'anng 
foiees in, IH , ('fintinuous, 201 , 
('uivature in. 16 y 164 . Detlec- 
tion of, it)^ , 1 tetcrinin.ituAi of 

moment of lesistance 111, i j | ’, 
I'l.istic bending of, 29(> , h'nca-'- 
tre, 176. 1 iment4 yn,, 2(jo, 

^12 , fo’i'’t4pu.d eases eif, 147 . 
draplu'al solution ot slope anel 
defledioii 111, 171-174, Longi- 

tudinal strains jn,«.i42; Longi- 
t udinaBsti esses iiT, 14^, Moment 
of res»^t.ince in, i ^ j, 14 j , Nature 
of sticsses in, i ^2 , Neutral axis 
in. 142 , of I section, Stra»gth of, 

1 4-4 : of uniform / urvature, 184 ; 
of ’-niform , strength,*, 14J-146 ; 
IVoportion^P'aws of strength of, 
142, I ij,re bei‘iding ' irjr 141 
Projiped, 184 , Keagtions of, jO, 
47. S’J'. 55 > Bcinfob eej concrete, 
2ig ; kelatums of Slope and 

- — — rf.fx Shc<4niig 

- ' o 
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lorce at a LOiu<ntiatMl KumI 

MO, Shoarin;^ fonr tliagiaiiiN, 
I ^5 , • bl()j)C a!i(l tion in 

sunph Mipjioi trd, i(v.> |-!_ 17s. 
btu*'5^0'> due to Ix'iuiin^ in. 
MO 

Belt. Dri\ 11114 by. ^33, ) intntn 
ota. 52<). 1 cni;(h of. 5 p" , pnU. \ 

ai rangLinent, 5^^ , stiiKing gtai-^, 
^ 5i5 

Belt pullcM, 1-ileMs ot ihaneini^ 

#tWainelci of, \iloi.ii\ latio 

of, 547. 'iJ*) 

Belt^, ( eiitnlugal 1i.nsion in. 3^4 
Hoiie power fiansnntltd b\ 
5-i2; Ojiell and uoswd, 34<> , 
Slip ot, ,47 

ifk'nding inoiiKiit, di.ii-iam !• i a 
Loniu ^ t mg lod. ) , ^ , in 1 x a lu - 
mm on a mi L lod, p» , . 1 “oinm 

of /CIO. 1 M 

Jii'iidmi; ot a In mi, m t . M- 
Hendiii:!^ t( st , KO'ioid ot u\c‘iMd 
f I - . OmI ;o ; ,14 

Iiell«l^, 1 OSS ot la id at. o; i 
iJc iiioiilli's law , vi'o O'); 

Be\ el \\ lieeK, I i u t ion, 3 y > , tool lu d, 

Uf 

Blow , .\\ eiage ton 0 ot a, M * 

Boida nionthpic‘ce 004 
Bow s .Notation, |4 5, txi 
Biake, Band, ^ M , 1 iigio-p' c d, 

M M II\diaiilii- ^ ( j 

Brakes, M t , B'd" - f I'* 

•Biaki w haeU, t ooling o|, MI 
Jiiidge giidi IS, 414-410 • 

ibidgfs, Siisju'iision, 4j0 
15u( k«’t pump, 

Jfutfer stop ^ \\ I r.ige resistaiu i in 

too 

45nlk modulus, i(»j, 2<f(f 
liuik %iodnli^ iioiii c xpcll^iinrn 1 d 
d^t.r, 400 • 

^bioyancy, 30<j. * 

faleulus, 0 


(.\ntie ot gra\it\. l)\ calculation, 
g ) 31 b\' e\ jHiiiiM lit , so, gia * 

pliuallN, 34 , (d a lloatiiig l)od\, 

*> r X • 

C« ntii , of mass, p 4 , of p.i*'. i!l<^ 
Ion cs, }S (,i pn's>me, 371 
( c ntiilugal ton c, |4 s ^ 

< cntiiingal pumps Oj.» 033 . (ooss 

lilt m, (.•)4 . ll\dianlu clncicmv 
ot ('St: Muliiplc' w lu c 1, ('S^ , 

\ an itimi ol pn ssui • in. (is ) , 
\clo)itus III, (>io, \M)ik done 
on, <> 1 1 • 

tciitnlngal 1< iisum in Inlfs, st| « 

I bim. 1 »'iisi( 'll in a banging, . t 

< bains, 1 nm luisMon ol motion 1)\. 

S p , 1 \ pi s of di i\ ing, St/, 7) tO ,• 

Wolk tlal.smitlt d liN , gs 
( 111 /\ loi mill. I bn I'lpc s. ^ 

( in l( . Motion 111 a, :os ^ 

(in ulai Ik mling 1 3 (> 

( lapi \ K'li s tliion m ol tbn e mo- 
m< nts 4o() 

( o.ub spnngs, 47t ^ , 

( "( till i< lit, ol ill I b.ii u’l , ()Oo, (|()S , 
ol 1 n|'l me, t M . ‘d \ t loi lU , (>on, 
<,(>] 

( Ol III' i. nt ol I xp.insioii, I 1 s, 0 .S 4 , 
ol I III lion, t ) |, t-)') 

( oll.u -, 111' lion of, ^ ,() 

( ollision, Wasir ol (iiMgs illlllllg, 
(07 

( oluniiis, 44^-4 1 1 , I nil 1 's ( ui \ '* 
loi, 4 t 4 , I id( 1 ' . loi iind I lor 

long. 44 ^ , I w mg , bn imda f"i , 

4 t M I iMi'ft Bie I ml . ol, 4,1 . 

( .ordoii's bn mnla toi , 4 ;(' , I t .1 1 
laiflUs oj g \ 1 it 1011 ill, 4 4 , 

Maximiim sbi .11 ^ I n ^ m, 1 4 ) , 
Non a xial b lads on, 4 , / , Bam 
kini 's ffni mula loi , 4 , Bi 111- 
lon i d I oiK^c tc , Mo S( I oiul.ii \ 
lb-\uie in, 4 17 , Stiaiglit line 
loriiiiil.i bn, 4 |o . StnsMs on 
obliipm sii lions of, 144 , ^faille 
of coi iliMc tils bn, 43s , J 'ds on. 


Cams, .p>q» • • 

Cantikwers, dropped, , ^Slopr 

and deflection in, if>}-yb<K 171 - 

175 

Carii)|^M xi^rings, 273 
Cast iron, i<ci of tests on,»ti H 
Ceineiif . ^(fonipoMtu^n of, ^4|/, 1 im*- 
nchs o*f, .Vetting Innr ot, 

321^ ^oundftcss of^ 521 , Sjxii 
fic graMtj of, 34cr , Strength ol 
321 : t£s|ng. # 

Central fOTce, 425 , 


• ?oniii nients of .f ton e,*4 I 

( ompi^ssioii tests <)ii ecment, buck 
.ind sloiu , tJI 
( OIK n tr, I oenjiosition of, 

• ( oiijngatc* sfnssis, 4'3 o 

( oniKi Img lod, Ai 1 1 b r.itioi^^ia gi^ 
of, J7I . *B>endin;: monunt dn^ 
inertia cm, 4^7 , Inertia n - 

• .K lions diie*to the, , Infinite, 
ijf* . fMotion c)f, j/i , J<csultaut 

,♦ ■’ fore e on the, }75 * • 


Centre, Inulantaneous, 45^. ^ «{ Coi^stants, Useful, (jiii. 
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Continucms beam -., 20}-20tS 
Contractions in test pieces, Lateral, | 
312' ' I 

(^ontraflcxuro, Points of, i.Ho , in j 
colninns, Points of, 2^1 1 

Couple, and I of a bo<l\, Kelalion | 
of, 413 , and i<itc of change of i 
angular momentum, 4^1, de- ; 
fined, 4^, Efpi^’iluant of a, 5«>, | 
71; MoiiKMit of .1, vt . Pesultant 
of a, 61 W'ork done by a, ] 
Couples, Pro[)etti('s of, 59 , Kock- 
, ing, 420 
('ouplings for sliafts, 

Crab, l''xp('i iment (»n a, i2<) 
'Crarik-eltoi t, {70, diagram, |ob 
Crank pm, Pin lion ol a, tyi 
Clank slCift beaimgs, I iiction in, 1 

Crank, Turning moment on, |0<,- 
471 

(deeping in test pieii's, ^{lo, 
('rossliead [)in, i'liilion ol <1, ^72 
"^Curvat UK', P)|, in beams, Anti- 
clastir, iij, in columns, 220, 
Uniform, 185 
Cv( loid, 5so 
Cylinders, llmk, 112 

Pt.iK V loi mula for pi[H's, 61 { 

1 )(‘. id angle's, ^71 

Delleetion and stiess, Rel.ition of, 

1 87 

Delleetion m bi'aiiis, Measiiiement 
ol, 200 : of In ams, lO ^ 

Di'lta metal, Record of tensile 
test on, 312 < 

J tensity, 2. 

Dei 1 ic k Cmne, b'orces in a, 3^ 
Dilleiential, Calculus, y, c.o-elli- 
cients, 1 able of, 1 1,; 

Dilfeieniial gearing fcir motor cais, 
5 \ 5 - 

Dist.iuce-timc' diagrams, ySi, 38^ 
D^iiaiVuMl systems, I-apinaleiit, 
4 tU'n-Vl 75 - * 

Larth piei^ure, '2 79-2()o ; Ran*'' 

kiiie’s tlieoiv of, 280; Wedge 
theoiv ol, 283. ( ^ 

r, 

f^Xyntfie, 480. 

EccemdTUs, ('omponent, 481, j8( 
Efficiency of a scictv, 3('7 . of 
’ machines, ^28 ' 

Elastic break-down. Points of, 310. 

U't- . t) V 

El.ystic limitf 108 , changed by* 
oyerstrainmg, 31 1, 313. ^ 

Eiisticity, 108. . 


Elbows, Loss of head at, O72. 
Electrical horse-j)owc>r, 344. r 
Klectioniotor ariangecj as a dyna- 
mometer, 378 
P'lhjise of stress, 262, 281 
fan .istrC beams, 17O-181 
hmergics of flowing waiter, ^cyy. 

IDiergc , 326; Chemic.d, 32O , Con- 
scivation of, 326, I'lastic, 326, 
Electiical, . Eluctiialioris in, 
j«j|.4<gj, Heat, 32O, H\draiiln 
transmission ol, 581 ; Kinetic, 
326, pn). jic) ; of a rolling wheel, 
420, Potential, 32b, transfor- 
m.ilioris in How mg water, 5c} ^ 

I'giic yc hr leduemg gc'ars, 517-549. 

Iiaiiis of whc'c'ls, 5}b-5p4 
Ppu \elc)id, 531 

fajii.itiotis of ec|uihbiium of iini- 
pfinar forces, <>3 

)d|mhl)Mnt, detinecl, 21 ; of an\ 
nnipl.uiai loicc-s, t)) , tc^rces 
111 the same stiaight line, 21 , 
ol two inleiseeling lorees, 22, <23 , 
ol uniplanar foiccs, at a pennt 
20 

Idjiiihbiuim ol forces in ])<S.'allel 
pl.ines, 3 1 2 

Idimhbi mm, bl<iles of, 32 
I'.nlei sloimul.i loiicolumns, 228 
Ewing’s extensoiiL'tc'r, 307 , foi- 
imila foi eohimns, 2 3 3 
laxjiansion, ('oc'flu U'nl of, 115, of 
a gas, Woik done cliiiing, 580,1. 
Strc^.sc's due to, 1 1 3 
I'Ateiisions in test pieces, 31 1. 
I'^xtensoinetei s, 3** 7 

Eac'tois of s,ifc't\ ,19 1 
l-allmg bocl\, I'dpiations fora, 3S9 
heed jufmj), 588 * , 

i fdy wheel, I time nsi*ns of, ac||^ , JCx- 
})eument4»b' 4 18 , Kinetic energy^ 
cut, 493/, M of a, 495. Moment* 

, of iner’ii.i of, 437, Necessary 
t moment of inertia oi aj^i99 ; and 
1 shaf^t, '^.orsional pscillations of, 

! 43 ^"^ o 

I < h'h w heels, 418, 420, 494-499; Cen- 
I tiifiigal tension in, 498. 
w Malice stress. 1 3 3 * 

Eloatihg J,)odies Centre bf gra^’lly 
of, 375 ; Presume on, 569 , Sta- 
bility of, '572-5 7b ^ 

Fine illation in energy Coetficient 
of. P17. \i , 

i Fhncl Iricbon, 33J3, 392 
Lt'dui^l prc:'Ssiire, IK'suktant, 5^>8 ; 

I To<al, 567 ; Work done ^579. o 
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I^uid, Stresses III a, , stiess 
fiiagraiiLs, 3(37 , stress. 1 <]iialit\ 
of transmission < 4 , 300 
Fluids, Normal siresse-, in. 30^ . 
Pro}>crlies of, 3(11 

Force, Abstdute units of, jo; , 
Centntu^al. .)i3 , diaitiams, ;«> 
8() , Dc‘liniti(»n of, i , .Measun-- 
ment of. ^ , Moment of a, }i , 
Kect.int^uKu lomponents of a. 
0 2^; Representation ol a, lo . 
Spaco-aveia^e of a, |io, s\ s- 
terns in paiallel planes, 31 j 
1 line a\ er<if^e of a, t u , I ni( » 
of, 2 

Forces, ac line at ,i point, iom'> 

• l''\tcrnal ami Internal, 7.S , Im- 

piilsiv ('. 1 1 1 . in tie sanii’ 

sliai.ehl line, 10 , I'aial!' I |o 
P<ual]eloe>‘‘'>i of, 21. 22 . l’oI\ 
eon ot, 2S , S\ >{( Ills ot iinij'l.inai 
(if, ^ sl( Ills ot iinipian ir i on- 
t III lent, 20 . 1 iianele ol. 2 1 

Foundations 1 )\' P.iiikine's theon, 
2. So 

I'oiii-bai chain, }3S 
I'lu t<?in, ^ 3 ^ , .ineli s, t , < )o l( 
for journals, p'S ( <>( lie u nt 
of, tS-t. isS. , IMh I t of sp( » (I 
of rubhme oni 331, 333, 3,0 

ecarine. 3 v'^ . ni t’u 's, ,-,2 , 

m m.u Iiine beai iiies, 333, in 
sere s, 300 , ot ,i sink r, 3 ; ■> 

• of b' Ms, 320 , of collars. 3 'e . <1 

* dry sill tai. es, 33 j , of Hat pi\ o' . 
33.S , ot fluids, 333 , ol Join rials, 

I S33-i 3'''. o,T im lined pi. ines, 

V'f , KmIImo’ k'l, 373 . 

I’loiftle d\ ii.iiuoim ter, 3 p; 

IfHuide’s law , ti2 1 - 

% ^ 

(>as \ 

Dauee noo.l), lue taiier^ar, Co.^ , 
^'Inaneul.ir 603 I • 

Dauge nob lies, bopboj, (>pr> 

(iirard tin Iwiio, 3 3 - * 

Girders, Paralh ^braced bi*!e» *212 , 
I'late, 20S , of \ .ir\ mg* dejith, 
I 3 rulge, 21O , \\ aircn, 21.S 
Gordoij^ formula foi lolinuns, 230 
Governor arms J.Hei 1 of, 303-^3^3 
Governoi ,^T.:!oi I of^, 5o,'S,^Hait 
ncH, 307 , Kos njHiom , 30^ , 

Paral^ilfe, 3otf, Sen^iAceness of 
a. so;, ^t.iliility of a, 5<^3 , 
Watt, I » 

Governors, to3, ,to<^30o , Friction 

• or Porfer, 5<»i , 

Sin^li? forms’‘of^ 500 t 


('■ra\ it.itional units <if force, 2. 
tiia\il\, 2: Spec It 1C. 570.^ 

i.un metal, Kts 01 ds of tests on, 313^ 
(.^ration, Radius <'f, 131. 132, ttf'f, 

I |o 

(.Mostat, 1 itect of fiietion 435 , 
Modid. |3j , Wiiiluk's anil roll 
mg. 133. wilt el, I hange of 
\ t lot it \ m .1, pn 

i.Most.itu .ufion, tou[iIe, 

I , 

1 1 uigiiig t ords, 72 

llt.iting, Mres-,es ilue to uneijii.il, 

no 

I k In .d blot Ks, 3 3 3. 

I It lu al ,ei .11 ing 3 )'• • 

Hoi-lmg t.ii kit 3 32 
llttpkinsoii lining loi sHm-nu tt 1 , 

1 biolvt s ( tiiiplmg, 331; 

llooKt s I.iu. IteS 

I base power, 3 -:t» , Jk.ike, 3 ^ , 

liulit .it( il, 3 37 . Mi.dt , 3 1 I , 

. ti.in ihittt d Iw be Its, 3 32 , toms 

I nuitetl b\ lopes, 3 3), ti.iiisinil 

It tl b\ sii.ifiiiK- . 23; , li ,111 amt tetl 
, In toot lit d W III t Is, I [ 

■ I iump.igt gi ai . •) )S 
lliitltai's lormul.i loi wind pii’s- 

stile, Iot» 

. 1 1 \ ilt.oilii , ail iimula tor, 3S | , etii 
I It III \ , ftj's , ( ngine, 37i> , e\- 

ptnments. hi)f, gr.uln nt of .1 
jupt-, tfo.s , nitr risitier, 3S , , lift , 
im an dept li, (>1 1 , powei 
I install. itioii, .3S2 . piess, jH 3 , 

1 pump, S.S3 , ti.U) ^iiiissioii tif 

I emig'v', 3^1 

j Jf\tli.iiilu TUibme, .\Ma) '1- w im- 
; jud m. (1 3 3 <f3h , Am.iI Ilow le- 

.11 lion, () 3<) , liiw.uti liiA\ le- 
' ^ .11 tion, t»|2 . Outw.iid flow, jm- 
' pulse, t)3(j, ( )utward-1ke le- 

II tion t»j,S • 

'll. mill tinbirns, f)32#t>|<m Im- 
pulse, 0 32-t>3o, pHssiire v.ma- 
‘ tion i,«» 0)0, 0^) , Reaction, 

^ll\pnt \i loul, 331. 

bile w In f Is 3i|2 
linp^it of mel.istit lx)dies, 617 
ImpuGiv e fon uh, )i i 
I I mjiiiLsivi- lo.ids, 11)3 

Jp.tliffi*, rek r.ition tti an, ViO- 

• I'l.un running down .m, )oH^, 

WHeel rolling down an, ^2i -.42,41 

' f -I 5 « • 
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Inclined planes, Function on, 
Indicated work and power, ^37 
Indici^or, 337 , di.igrains. 337-339 , 
rparallel motion, 336, 461 ' 

Inertia, 3, 406-45 j, reactions on 
an engine frame, 476, 51 H , Ke- 
sistante due to, ^07 ; Rotational, 

Integral calculus, 1^3. 

Integrals, Table of, 1 7. 

Intcnsificr,* Hydraulic, 585 
Ins4antancous centre, 457 
^Introductory principles, i. 

Jet, Path of a, 666 ; Work done bv 
a, 628 

Jets, PiessuK' of imj)ingiiig, 625- 
629, 671 ; Reaction of, 60 1, 

Jonval tiirh^ne, 6 3<) 
joule's me('hani(al c<iuivaleiU of 
heat, 326 

Journ<ds, h'riction of, 355-358, 368 , 
Tlcating of, 357, 1 ioise-j>o\MT 

w.isted in, 3()() 

Kinematic ch. nils, 155 
Kinematics, Delimtion of, i 
Kinetic energy, 309 , of rotation. 

419. 

Kinetics, Definition of, i 
Klein’s construction, }6(), 473 

I.ap of a V iK'(\ 471) 
Launliardt-W'i'vraiu li foimiila, 105 
Leather packings, 1 1 \ dr.tulu , 58 3 
Le Chatelier cement t^st, 321 ^ 

I.ever, Pent, 0 3. 
laft, HydraulK', 58 3 
Link, mechanisms, 4 55^ poh’gon , 
(>7-70, 82, I’ossibk; yel(Hiti(‘s in 
‘b 457 * 

Liye load forces in bridge girdeis, 

Loa(l\^A single ti<i veiling, 107 , A 
iim^nit travelling, 200. ^ 

Loads, AUern.it ivg and var\infj 
19) . applied gradu.illv, i<)i , j 
applu’d impulsi^eh, id 5 , ajv 
plu'd smUlenlv, ny , Combined j 
y,4le.nr.ind tiavelhng, 201 , Dead 
n^;di\e 19 1 , in columns, Non- 
axial, 237, Non-utifoim tra\« 4 - 
ling, 20 3 , NN'orking, i()i. , 

Lock gate. Stresses on a, 567 
I ocoiuotiv'e, balancing, si^.^puk- 
^ing up w.a<er, 412 , side Tod, 464*. ^ 
I.oganthms, OHj-tjS; 

Iiubncants, testing of, ^77 


Mass, ( entre of, |i2 , Measuremcnl 
of, 3 , Units of, 2 
I Maten.ils, Testing of, 292-322 * 

Mathematical formulae, 5 
M.itter, Idefinition of, i ; Measure- 
ment of, 2 

Maxwell’s needle, 296 
Machini's, Ivffect of friction in, 328 ; 
Iclhciency of, 328 , haiUjitions 
for, 332 , Mechamc.il advantage 
ot, 327 , Reversal of, ^32(1 ; 
\'elocity ratio of, 327, 328,** ^32^ 
f 3D 

Mec ti.inic.il adv.intage, 327 
Me( Ii.inic.il etficiencv, 3 3() 

Me( h.inisms, Ac cider.itions m, 463, 
Ineiti.i ette( ts in, )62 , Paths in’ 

I 50 , \'elo('ities m, 156 < 

Midl.inby brake, 3 1 2. 

Meiisui.ition, 5, 

Met.icentie, 573 

Middlc‘-t hird iiile, 239 

M ihu'’s- 1 ).u mh'r d'lfercnti.il gear, 

Mi'ie w lu't'ls, 5 I I * 

.Moduli of cl.islu It y, 683, Kcd.Ltions 
of. 2<)<) 

Modiihi-., of be.im sis fions, % 37 ; 
ol el.istic it \', 108, of rigidity by 
diie( t torsion, 2<)5, 31c), 3 36- 3 p^ . 
ot ngiditv b\ |l.'\\\('irs nei'dle, 
207, of Mgui'ity b\ ])ulling 
springs. 2()() , of iigiditv by 
vibi.itions of spimgs, 2< i 8 
Monuyit, c)f .1 foH'(', 41 , of meitia,* 
' I > • I f I - of inei ti.i found 
gi.iphu .ilh . 150, of K'sistance 

m biMins, 133, c»f lesistance to 
torsion J5 3 

Moment. i geiiei.iteil In e<pi,\l foK'es, 

I I I r ♦ 

Moments, Metliod 0/ grapl^'c.d, 36, 

17 3 3 , of inertJ i, Knlc'- Jpi 1 7 , 
of mert!?i. table of, 315, Pmv 
Ci|)lo of 1 1, 55 " 

Momentum. 3. 310, Angular, 430, 
Ch.ufge of, 411*, • .\^)ment of, 

3 3'^ . ►hit(' of cfi.inge of, 41 i 
lCile^>f ch.inge of angular, 4^> - 
Kepiesent.ilion by ,i vcctoi, 
3 U r,. 

MotuHb Acei.ige Tc*>isl,ij^Ke during 
chadgeeof, 3^0. ^ 

Motion ec^ua^ioas ^01 iimforn^ ac- 
celer.itioii/* 388. * /• 

Motion in a circle, 3951 
I Motion, 'New ton’s lawsD^3 , Simple 
i harmonic, 3<)? 

J Moftor car, (Jear w hcels*bf 5.4# 
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M<|^or cars, (l^toslatlc action in 

Motor tra^k, IJankod, ^2;. 

^lClltral a\i'N, i j2 , found j^rai'hi 
^ calK , I j.s , Portion of, i 1 3 
Neutral lamina. 1 1 2 
Newton’s Liwsot motion, 3 

m 

OblKjue stress i.>2 

coupling, 1^58 

Oiitue, Ihs^liaiju' >'1 .1 p.i-' tiom an, 
t>oi , m a tlim lion/ontal jilatt 
<joo , ^ m a thin \eitn al )>! itc, 
. d'lumpet, (>oi 

Oiilices, J )is( hai i,;e fioin, )0'' O'M, 
#005 

Os( ill.itmpM n^mc pS^ 

( )sc iPation, t riitu ot. I I j I 
Osi illations, Smiplo haimoiiK foi 
sioiial, j p8 
0\ I'lsl lailtm^', ^1 I 
t)\ei(uininp, ( on(!ition> ol, \(>] 

• 

PaiaholK ( ham, 1 t n^th ol. j pS 
i’aiallel joo > s, ]o , { uific ol pS , 

not ^n the' sane plane, ^ , IxP-- 
sultant ol .m\ immlx i o), | , 
I’aiallel motions, p>o p.j 
PaiaIlelot,;iam, ol I'lcis, ji. 22 , <>l 
\ e!o( dies, p^<) * 

Patlis m nus hanisms, j 50 
iVlton w h('el, 0 p>, (>73 
^*l‘n(Iulu 11, ( ompoiind. ) |o , (y,i( 
spondmp' simple, | | j . I on < ^ 
m a, 2 () , Simple', j pi 
4 ’cii lission, ( I'ldie iW, j j„> I p) 

Pei m.iiu lit set , 1 os 
* Ihpe T'lifi, al V( lo( d\ m a, ‘^r>2, <><>') , 

%idi.UK(s, Po(^ , Mou tUioii^h 

<i unifeHim, ' 

Pipes# lariition ij imdorm, %oio, 

^)0() . l'.tt(.(l of ( 1) un,;^ o) di.i- 

nieler m, ofs j lo\. |liioueft, 
(108-620, Sudden (ontra-tioiis 
in, 610, * Suddc 4 i (irlaige 

ments in, ()iS,^(,72 
Pisti^ii rines. 2;o 
Pitot tulx"-, (>07 
Pivots, ^Vetion of fhit, ^38 
Pin ot, Sehuje , * 

Plate girders, -os-ji^ 

Plates' I^ressiiies on t.x.rl, 
625 ; %*rc^-ures*of jet'^eF, inoNing, 
627 I 

Plunger and f|Kket pump, 32#8 
Plunger pumi) 587 • 
^oissti^’b^atiD, 108, 200, 6S3 


j l’ohg(ui, of axes id tonples, 512 ; 

of litii e.s. 2.8. 20 
' Pom eh t \\ hii I. 020 
■ Poi tlaiid ( enu nt ^20 , 

Powei. ]2(} , 1 luineal units of, 

U', 

Piess. I |\dlanlh ^8 ^ >9 

I ’ll ssiiie i nergN of llmds. 30 ^ 

1 ’lessiiK (,f a liuid. s(>7 
1 nm ip.d axi s iss on sei lions 
im Imi d to, 2('i ^ 

I ’1 nil ij'.d -I i<'ss( , axe^ 2 ,0 
I’inuipai stn-s(s lor puie loii]'*e, 

2 v'' . l"i sim|ile 'lieai , 1 28 
Piopi iiii s ol mail nals (>8 \ 

I'lop, 1 ti< , ol s('( lions, 1 .i))I(' ri|, 1 c, 1 
, Pioppi (1 , .mtih \eis and lx anis, 

I8l IS| , 

Pull. \ Id < Ks, { ;2 

Pulh'Ns, loi ln-lts, 32(;f Io-kt\, 

Pull t« d' ;o2, pio 
Pit 11 , \\ r I > im<l< 1 , 2<)2 
Pumps, ( , ntnfip'al (. p» (t ,8 , 

« d'lot almu, -,.St ^s<, 

Pun. In ng 1 1\ el hi >|es, 08 
I’niK hmg li I s, gi, ;i(> 

I hill beniling o| a lx am, i ^ j 
I ’me tw nd, 231. 

Pndi 01 pull in a stiui tuial niem- 
I X I , |\ nil fill , 80 
Push tl st■^, pt p 

I 

( niadi.itn < p u.it nais, Sohdion ol, p 
< >1111 k letinn motions, 1^7 j,,(, 

K’.n k, IiiNolule 3y» 

l\ai k \\ hi el lx t\M ( n, (Ol) 

K’adms ol g\ i.rtioti, r ^2. | 18 
K'aiikini formula loi i ohiiiins, 

2 5 J , lornlula for < ' iiihnu d toi - 
Mon and Ix-Jfdmg, 2O3 . h\|)0- 

( hi sis foi sha 1 1 2() j , t 111 or \ 

^ ol ( ,11 Ih pii -sine, 280 , tlieoi^ of 
’loimdaf ions, 280 
Pali III f w hi I Is, 3 38 ^ , 

i|i( I ion di lined, ^o ^ 

Ini ai lions of a Ix am, jO , hv link 

, P) J 

Pe< i|jror,ihng masses. Inertia of, 
px. • 

l^ei iptoi atmg paits, 1 ipial lop' , 
motion of,, 313. JiipiivlTlenl 
le^h'ing sN stem, 31 7 
liei tanmdai loi^poncnP of a force, 

M . i 

P< lining gi'ar-,. Ljui ni 1%, 5 j7-5 y) 
•Keinfori cd rorii ri te, lx- mis, 2 i(^ 

• 22^ columns, iiiy 
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Relative velocities in a link, 457. 
Relative velocity. 402. 

<en(flcr.s silent cliain, 548. 

Resilience, 1 , under torsion, 320 
Reservoir wall, Lines of pressuie 111 
a, 

Resistance of ships, 620 
Resultant, defined, 21 , of forces at 
a ])Oint, 27, t8 , of forces in 
the same straight line, 21 , of 
paralleT forces, 40, 4 ^ , of two 
Intel scclmg tones, 21, 24 ; le- 
action between two boflies, ^62 
Retaining walls, for earth, (iraphual 
solutions of, 281, 286 , IRan- 

kine’s theory of. 2S1 , Wedgi' 
theory' of, 28 ^ for water, 57O- 
57*) , Pn'ssures on base of, 287 
IReiileaux \ialve diagiam, ;8i 
Reversing gear, ifelt, 5^6, by 
niitie wlus'ls. 5J4 
IRigidit\' modulus, nx) 

14 ^v('te(l bull joints, 102 
iRu’cli’d joints, <)7-io(), I'IIk leiu v 
of, 10 j , Methods of iailuie of, 

00 

Kiveted lap joints, 100 , tie-liai 
joint, io-| 

IRivets, Rule for diameter of, loj 
IRockiiig couples, 420 
IRoof trusses. ('al( ulations of n‘- 
actions of, t)C) , h'oiees in, 30, /<;- 
80. 

]Rope pullecs, 5 j j, 5 j | 

Ropes, ('entnfugal tension in, 5J5 , 
Diivmg by, 

Rotating body, Velocity of any 
jxMnt in a, j so 
Rotatu'ual inei (i.i, j r j 
IRotation, Kinc'tu cneigf of, 410 
IRoiilh's 1 ule lor 1 , 1/7 
Rujiture, (.'oelticient of, 31 j 

Scalar cpiantities defined, ip '* 
Sv^hieje ]n\ot, d'O 

Scott- Russell jiaodlel motion. • 
Screw’ gearing, S 57 ’ 

Scrc'w jack, 477 

Screws, l'!lfu'icncy*of, -^67; Friction* 
in, yio • 

^*ia4^d moment of au'a, i.js * 

Secntins (M bc'ams, Scmimdrical 
and uns\ mmeti leaf, 132 
Sections, Pn'jH'rtics^if, 131 
Shatt-horse-j)ower, 344 % 

Sh.lfts, •2S^2()(), ('ahbAliiim. »^i, 
34 s- MO. Comparison of hollow^t 
and solid, 255, ('oujdmg!* foi , < 
558 , Di.stributioi^* of sheaj^ 


stress in, 252 ; Horse-povC’er 
transmitted by, 257 ; Itftixinfum 
shear stress formula for, 266 ; 
Moment of resistance to torsion 
in, 253 ; Pnncipal stresses in, 
258 : i’ure torejue in, 252 ; Ran- 
kine’s formula for, 265 ; Stiffness 
of liollow round, 255 , ^Uiffness 
of solid round, 25}, Strength 
of hollow' round, 253 ; .S^ength 
of solid round, 253 . Twi<tii% 
moment on, 251 ; under com- 
bined bending and torsion, 264 ; 
Whiiling of, 510-322 
Sh.ipmg 111, ic lime ge.irs, 487-4C)o 
She.ir stresses, in .1 cube, 127; in .a 
rect.ingular plate, 12b, jiroduee^ 
l)y lor(pie, 252 

ShcMnng force in beams, 1 33 
Shc-aring s(res^, in beams, Distii- 
biilion of. i56-i() 0, on^inclined 
s(‘( tions, iiKiMimim, ibj 
She.ii mg tests, 30 3, 315 
Sheer Ic'gs, borces in a ixiir off 31 
Slu'lls, Strc'sscs m cxlindiiial, oj , 
StK'sses in sphcTK al, <>(>. 

Ships, Resist. UKo of, O20 
Side contractions m gauge notches, 
605 

Similar flow' in fltuls, 603 
Simple harmoriK, motion. 308, 
\ibr.itions, 1 3() 

Simultanc'oiis eciu.itions, Solution 

oi,,P 

Slidei-crank eh.iin, 455, 456, }57, 
briction in a, 372 , Inertia in the, 
R.b ^ 

Slide-\.ih(‘ ge.ir, i7<) ^ ^ 

Slope .Hid cletlc'ction, Lxjierimental ' 
lelat^ons of. 301 

Slope 'll be.inis, Measurement 

ot c^oo 

Slotted-b.^- and crank, Fncfion 
•a. 3701 Inertia of, j()2 , \elocity 
and acceleration in a, 300 
Sp.ice,* yelctcity, tilnc*. Relations of, 
3f»7 a * 

Spea ifi» grant \', 1, 570 
Spei'd, Coefticicnt of fluctuation 
m, job, cones 536 , bit#* nation 
ifl.^|()(> • 

Sjinnj* i*ngs, >yo 

Springs, 2()(v2)b , cairpige, ' 27 3 , 
Longitirdirial \ mralions f-f, 298, 
Torsional osc ill.tlu|ns of, 298; 
unddT pull, 2bb, f^ 6, under 
torsion, 2b8 • 

* S|notkot Wheels, 537 
Stabdity of floatnj|g1x>dies75f2-57(f * 
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Manton's formulae for wind pres- 
ume, 

States of ecjuilibnum, 52 
Statics, Dc-tiiiitioii of, I 
St<Md\ motion of a fluid, 50-, s'C 
StcMin-distribulion diajs'ram, pSo 
Slc(‘l, J<c'( (Jids of tt sts on •{<>'>, 


StilfciTin^,^ fenders, 2 17 


Sf raietii-iim 

foimui.i for ctj 

dimns, 1 

Stream lines 

807 

1 

St I am, it )0 

I iuigitudm.il, 

\tdu- 1 

metric .m< 
verse, 107 

Slie.u mg. itX) , 

1 Mils- 

Strains in a 

CNlmdnc.il sliell, ii<> 1 

# 1 12 

Strength, of 

IxMins, 141 , ol 

u lie .. 

1 Itimate 

tensile, 2 tM , 

iimh 1 

pull, ritim.ite, 41 1 . 

under 

juiiK lung, 

1 II im.ite, 4 1 <) , 

imd< 1 

she.ir?* 1 

tim.ite, 413 , 

undet 

(f)ision, [ 

llim.ite, 41 S 



Stri'ts and d(lic(tion, K’cl.ition cd, | 


KS 7 I 

Strrsv ffewnntt. 00, (omjx'mni-, j 
of, ^21, Idlipsc of, 202, ; 

125, .Maxijnain an^lr of obli ! 
(jijitv of, 2M1 , I’inu ip il a\» s I 

of, 128, 230 , [|i(' bleed b\' IIukU, i 
3()5 , r('iisile,*com])ic^>i\e .'.nd 
sluMriiift, 0 1 . 1 nit . (d, 0 \ 
dresses and sti.nns, Simple, ot 
dresses, ( I.issiIk ation of. ,,120 


3}i ; of wheels. 3,40, 3ji. 3^0- 

J ensile '.tiemtth. I Itimate, 31" ^ 

1 1 slinq. of matet laK, 20A ; machine 
,i« c<"«sones, mat lime 

I'aukttm’s. p)2 , maclciie lor 
torMon, 410 

Itsf pnte\ 1-ormsof, 50 p ^03, u8 
1 liomsonS print i|^le of Minilai lltiw, 
ot) { . t ni bine, 2 
1 le l>ai joiiil . 103 
1 It', lit lit 227 
1 te-^ and Sii uf s, 227 
1 !(■'<, StiesM'^ tm oblu|uc sections 
of. 12| 

limbei. lu I oitls of tt'sts on, {i |. 

1 ime of \ ibMteni, joo $ 

1 ooihed ulu t Is, ( tmdif ion (d iini 
f(M 111 aiij^iilai \ eltK t'\ in, s |'i , 

1 )i i\ inp b\ , 340, 1 ’out 1 (i ails 

millt tl b\ . 3 } 1 , \ ( Kh it \ latio 

ot, 3 }2 . 1 Mills of, 3 1 2 

1 onpit ^ 1- r]in\ .i|( nt, 2O3, 266 » 

J t»Mi<m, Aii^^le of, 2 ') ( , meter, 1 1 }, 
4 10 , Moiiu nt ol lesisfant e f o, 

2 3 p 2 37 . t( sf s ^17, J Inn t iibe 
limit I 237 , Wilts under, 

loiMtmal, t ist ill it lolls i>l splines, 
20'"^. ost illations (d wilts, 2'i7 , 
iipitlifN, 23), shams, Measure- 
ment td. h 

loutTs’ expeiimeiits on friction, 
t 33 

I M( I n\, p»o 


t'onjii/'ate, 2S0 , h.u'inj' <i \ar\- 
inp' liisliibution, I2j , in slit lb, 
ti 4 , in 1 lilt k ' ’( \ Iindrus, i 1 2 , ' 
Noim tl, tanpeniia!, oblrpie, I2tj , 
I’fineip.d, 12S, 2",o, juoducetl | 

fcbs’ eh.uige in ttonixuatn'e, 113, ! 

Kelat%)n of,^ 2 1 W'tnkiii^., i'> t j 
ltru#tu*%, Con^tituis t)f ^3|iiil.- 
^ brium in, , ('lassmtatitin of, 
77 ; Simiilf 77 n ' 

iubstituted liamts, 8«; 

)u!)stiUiti(fn, td foi ct> and* couple 
lor a pnveii Mice, 02 , .da itirt t 
Mr a 4;iveu c <ind coufyle, b 4 
diper-ele\ ation td outer lail, 427 
iusjiegiJtm bndf^^cs, 246; Stilicii- 
111^ Kn'dy''’ ‘17 
i\ stems ^ unipkmar fo’vcts, 64 . 
acting it a fxjint, st*. 

% 

fable legs, TVirces in, 5 4 
fecth, Cf^IjhI.iI, 330, Idvidnte, 
554; f’atli of cAjntact^of, 354, 
5f;^; ^ro^)rtions of wheel, 3H1 , 
Sh^'ic jf, 5 4*) ; ^Strength of w 4 iccl. 


1 Mins ot wilt I Is, 3 42-3 4() 

I M 11'^ it ion, ( out lit It uis of pure, 41 4 
I lansmis-ioii d\ namtuiiett 1 ., 4 ft 
li.ixclliiig load t)n a siisjicnsitni 
biitlee, 217 

I M\ elhng loads, i(y7-2o 4 
III. ingle td Nines, 24, Jccl.ition 
t)f ftut es anti .ingles, 26 
Tiigonomtdnt.il r.ifitis, 088 . 

1 iigfuiomt ft V, 0 
1 Mj>t)d, I on es in .1,43 , i 

^ l-^irbines, J ioi st ^lower , de\ elf>ped 
"in, 647. 0|;. H\tlreulu, O42- 

(j 41; , W'oi k tlt^rie in 47 
* I liming mt)i|ienl tb.tgi.iius, 4f»4, 

» 7 ‘> • J 

I 1 urmng numients motjdie'* , -rry 
j friction, 37 ^, 472-371 
; d iirijing mtnneiit on crank, 4O9 

; 4 w*‘’b 2|(. 

VniffTan.'iT* concurrent lirces, JCqua- 
tions for, 27 ^ 

rnvfin's formula for trying loac^, 
, 19 *. • 
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Valve diagrams, 481. 

Val*re, liquation for motion of a, 
482. 

Valve-gea'r 479 ; characteristic line 
for a, 484 : Hackworth, 482. 
Vector quantities defined, 19. 
\'elocities, Composition and resolu- 
tion of, 389 ; *in a link, 457 , m 
a rotating body, 456 , Parallelo- 
gram and triangle of, 3^9. 
Velocity, 381 ; at an instant, 382 ; 
changed in direction, 394 , ratio 
in machines, 327, 32H ; Uelativc, 
402 ; -space diagram, 399 ; 
-time diagiams, 38^, 399, Units 
of, 381. 

VentuA water meter, 595, 668 
Vibrations, Si niplo harmonic, 436, 
Time o1^‘4 ^7, 4 ^8, 400, 4 |o 
Virtual slope of a pipe, 6o<) 
Viscosity of liibiic.in{s, ^57 
Voliimcs, Uctennination ol, 6. 
vortex, ioirced, 654 , ITee, 655 

Wall crane, Forces iii <1, 31 
Walls, for earth, Retaining, 281 , 
Stalnlitv of, 3()3 
W.iiren girders, 218 
Water wiieeK, T\pes of, 631 
Watt parallel motion, )(>! 

Wedge theoiy of earth piesMiic, 
28^ 

Weight in absolute units, 407 
Weights and Specilio tlravihi's, 
'table of. s 

Weston’s dillereiitial blocksj|,33j 


Wliccl and axle, Fncticn 'A a 
37 «. 

Wheel and differential axle, 333. * 

Wheel and racks, 460. 

Wheel, Energy of a rolling, 420. 

Wheels, Motion of rolling, 393 
Toothed, 540-558 

Whirling, of a loaded shdVt, 519 
of unloaded shafts, 520^ 

Wlurl{)ool chamber, Pressuih^ 
tion m a, 657 .. 

Whitworth quick-return motion, 
189 

Wind pressure, 82-86, 196 

Wires, Torsional oscillations of, 297 ; 
under pull, 292 ; under torsic^g 
294- 

Wotk, 325; Diagrams of, 3^1 ; 
done iiy a couple, 3^9 ; done by 
,i jet . 628 , done m an engine' 
cylinder, , done i«»ele\ ating 
.1 body, jj5, done in hoisting 
.1 lo.ul and io[)e, j^5 , dvne 111 
jninching, 316; done in twisting 
a test specimen, 318 , Units of, 
i-o V 

Woikiiig loads, 191-197. 

Wrought iron, Rccc>rds of tests on, 


Yield, point, jio, 318 ; stress, 31 1. 

Young’s nu^dnliis, 109 , by bend- 
ing. 1 )etei inin.ilion of, 300, Uy 
l(>'M()nal oscillations, Deternnna* 
lion ot. 208 , b\ direct pull, 
Determination of, 293, 310. 
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